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1. Ââåäåíèå

Â ðàáîòå îïèñûâàåòñÿ ïîäõîä ê ðåøåíèþ íà÷àëüíûõ è íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ýâî-
ëþöèîííûõ óðàâíåíèé, îñíîâàííûé íà ïðåäñòàâëåíèè ðåøåíèé òàêèõ çàäà÷ â âèäå ïðåäåëîâ
êðàòíûõ èíòåãðàëîâ ïðè ñòðåìëåíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Òàêèå ïðåäñòàâëåíèÿ íàçû-
âàþòñÿ ôîðìóëàìèÔåéíìàíà. ÔîðìóëûÔåéíìàíà ïîçâîëÿþò ïðîâîäèòü íåïîñðåäñòâåííûå
âû÷èñëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé, ïðèãîäíû äëÿ àïïðîêñèìàöèè ïåðåõîäíûõ
âåðîÿòíîñòåé ñëó÷àéíûõ ïðîöåññîâ, ìîãóò áûòü èñïîëüçîâàíû äëÿ êîìïüþòåðíîãî ìîäå-
ëèðîâàíèÿ êëàññè÷åñêîé, êâàíòîâîé è ñòîõàñòè÷åñêîé äèíàìèêè. Íàñòîÿùèé ïîäõîä áûë
âïåðâûå ïðåäëîæåí â ðàáîòàõ [48, 49] è â íàñòîÿùåå âðåìÿ àêòèâíî ïðèìåíÿåòñÿ äëÿ îïè-
ñàíèÿ ðàçëè÷íûõ òèïîâ äèíàìèêè â îáëàñòÿõ åâêëèäîâûõ ïðîñòðàíñòâ è ðèìàíîâûõ ìíîãî-
îáðàçèé, â áåñêîíå÷íîìåðíûõ ëèíåéíûõ è íåëèíåéíûõ ïðîñòðàíñòâàõ, â ïðîñòðàíñòâàõ íàä
ïîëåì р-àäè÷åñêèõ ÷èñåë (ñì., íàïðèìåð, ðàáîòû [20, 50]).
ÔîðìóëûÔåéíìàíà ïîçâîëÿþò òàêæå ñâÿçàòü ðåøåíèÿ ýâîëþöèîííûõ óðàâíåíèé ñ ôóíê-

öèîíàëüíûìè èíòåãðàëàìè. Äîïðåäåëüíûå âûðàæåíèÿ â ôîðìóëàõ Ôåéíìàíà äàþò àïïðîê-
ñèìàöèè ôóíêöèîíàëüíûõ èíòåãðàëîâ ëèáî ïî âåðîÿòíîñòíûì ìåðàì, ïîðîæäåííûì íå-
êîòîðûìè ñëó÷àéíûìè ïðîöåññàìè, ëèáî ïî ïñåâäîìåðàì Ôåéíìàíà, ñîñðåäîòî÷åííûì íà
òðàåêòîðèÿõ â êîíôèãóðàöèîííîì èëè â ôàçîâîì ïðîñòðàíñòâå íåêîòîðîé êâàíòîâîé ñè-
ñòåìû. Ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé ñ ïîìîùüþ ôóíêöèîíàëüíûõ
èíòåãðàëîâ ïî âåðîÿòíîñòíûì ìåðàì ïîçâîëÿþò ïðèìåíèòü äëÿ îïèñàíèÿ è èññëåäîâàíèÿ
ðàññìàòðèâàåìîé ýâîëþöèè ìåòîäû ñòîõàñòè÷åñêîãî àíàëèçà, â ÷àñòíîñòè, ìåòîä Ìîíòå-
Êàðëî. Ôóíêöèîíàëüíûå èíòåãðàëû ïî ïñåâäîìåðàìÔåéíìàíà èãðàþò îäíó èç öåíòðàëüíûõ
ðîëåé â àïïàðàòå ñîâðåìåííîé êâàíòîâîé ôèçèêè, ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ
óðàâíåíèé ñïîìîùüþòàêèõèíòåãðàëîâïîëåçíûïðèèññëåäîâàíèè êâàçèêëàññè÷åñêèõ àñèì-
ïòîòèê, ïðè ïîñòðîåíèè ðÿäîâ òåîðèè âîçìóùåíèé è ò.ä. Ñóùåñòâóåò ìíîæåñòâî ðàçëè÷íûõ
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ïîäõîäîâ ê ñòðîãîìó îïðåäåëåíèþ èíòåãðàëîâ Ôåéíìàíà, ïðè÷åì ðàçëè÷íûå ïîäõîäû ïðè-
âîäÿò ê ðàçëè÷íûì êëàññàì èíòåãðèðóåìûõ ôóíêöèé. Â îäíîì èç ïîäõîäîâ, âîñõîäÿùåì ê
ñàìîìó Ð. Ôåéíìàíó [29], ðàññìàòðèâàåòñÿ èíòåãðàë Ôåéíìàíà ïî (áåñêîíå÷íîìó) ïðîñòðàí-
ñòâó òðàåêòîðèé êàê ïðåäåë èíòåãðàëîâ ïî êîíå÷íîìåðíûì ïðîñòðàíñòâàì ïðè ñòðåìëåíèè
ðàçìåðíîñòè ïðîñòðàíñòâ ê áåñêîíå÷íîñòè. Ôîðìàëèçàöèÿ òàêîãî ïîäõîäà è ïðèâîäèò ê
ôîðìóëàì Ôåéíìàíà. Ïðè ýòîì ìåòîä ôîðìóë Ôåéíìàíà ïîçâîëÿåò íå òîëüêî ñòðîãî îïðåäå-
ëèòü íåêîòîðûå ôóíêöèîíàëüíûå èíòåãðàëû, íî è èññëåäîâàòü òàêèå âîïðîñû òåîðåòè÷åñêîé
ôèçèêè, êàê ðàçëè÷åíèå ïðîöåäóðû êâàíòîâàíèÿ íà ÿçûêå èíòåãðàëîâ Ôåéíìàíà [6, 13, 19].
Êðîìå òîãî, ìåòîä ôîðìóë Ôåéíìàíà ïîçâîëÿåò óñòàíîâèòü ñâÿçè ìåæäó èíòåãðàëàìè ïî
ïñåâäîìåðàì Ôåéíìàíà è èíòåãðàëàìè ïî âåðîÿòíîñòíûì ìåðàì. Ýòà ñâÿçü ïîìîãàåò èññëå-
äîâàòü è âû÷èñëÿòü èíòåãðàëû Ôåéíìàíà. Áîëåå òîãî, ñîîòâåòñòâóþùèå òàêèì èíòåãðàëàì
ôîðìóëû Ôåéíìàíà òàêæå äîñòàâëÿþò ñðåäñòâî äëÿ èõ âû÷èñëåíèÿ [22, 39, 42].
Â íàñòîÿùåé ðàáîòå îáîáùàþòñÿ è ðàçâèâàþòñÿ íåêîòîðûå èç ðåçóëüòàòîâ ñòàòåé [5,

21, 23]. Â ÷àñòíîñòè, ïîëó÷åíû íîâûå ôîðìóëû Ôåéíìàíà äëÿ ýâîëþöèîííûõ ïîëóãðóïï,
ïîðîæäåííûõ ìóëüòèïëèêàòèâíûìè âîçìóùåíèÿìè ãåíåðàòîðîâ íåêîòîðûõ èñõîäíûõ ïî-
ëóãðóïï; ïðè ýòîì ðàññìàòðèâàþòñÿ ïîëóãðóïïû íà íåêîòîðûõ áàíàõîâûõ ïðîñòðàíñòâàõ
íåïðåðûâíûõ ôóíêöèé, îïðåäåëåííûõ íà ïðîèçâîëüíîì ìåòðè÷åñêîì ïðîñòðàíñòâå. Ïîä-
õîä ê ïîñòðîåíèþ ôîðìóë Ôåéíìàíà äëÿ ïîëóãðóïï ñ ìóëüòèïëèêàòèâíî è/èëè àääèòèâíî
âîçìóùåííûìè ãåíåðàòîðàìè èëëþñòðèðóåòñÿ íà ïðèìåðàõ çàäà÷è Êîøè äëÿ óðàâíåíèÿ
Øðåäèíãåðà, àïïðîêñèìàöèè ïåðåõîäíûõ âåðîÿòíîñòåé íåêîòîðûõ ìàðêîâñêèõ ñëó÷àéíûõ
ïðîöåññîâ. Êðîìå òîãî, îïèñàí ïîäõîä ê ïîñòðîåíèþ ôîðìóë Ôåéíìàíà äëÿ ðåøåíèÿ íà-
÷àëüíî-êðàåâîé çàäà÷è Êîøè | Äèðèõëå äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïàðàáîëè÷å-
ñêîãî òèïà; ïîëó÷åíû ôîðìóëû Ôåéíìàíà äëÿ ðåøåíèÿ çàäà÷è Êîøè è Êîøè|Äèðèõëå äëÿ
ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ íåîãðàíè÷åííûìè ïåðåìåííûìè êîýôôèöè-
åíòàìè. Îáñóæäàþòñÿ ôóíêöèîíàëüíûå èíòåãðàëû ïî âåðîÿòíîñòíûì ìåðàì è ïñåâäîìåðàì
Ôåéíìàíà, êîòîðûå ìîãóò áûòü âû÷èñëåíû ñ ïîìîùüþ ïîëó÷åííûõ ôîðìóë Ôåéíìàíà.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ, îáîçíà÷åíèÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ýâîëþöèîííûå óðàâíåíèÿ âèäà ∂f
∂t

(t, q) = Lf(t, q),
ãäåL|íåêîòîðûé ëèíåéíûé îïåðàòîð, äåéñòâóþùèé íà ôóíêöèþ f(t, ·) ïåðåìåííîé q ∈ Q;
Q | íåêîòîðîå ïðîñòðàíñòâî, êîòîðîå ìû áóäåì íàçûâàòü êîíôèãóðàöèîííûì ïðîñòðàí-
ñòâîì ñèñòåìû, îïèñûâàåìîé ýòèì óðàâíåíèåì; t ≥ 0. Ðàññìîòðèì çàäà÷ó Êîøè

∂f

∂t
(t, q) = Lf(t, q),

f(0, q) = f0(q).
(1)

ÅñëèL|îãðàíè÷åííûé îïåðàòîð íà íåêîòîðîì áàíàõîâîì ïðîñòðàíñòâå (X, ‖·‖X)ôóíêöèé
ïåðåìåííîé q è f0 ∈ X , òî ðåøåíèå çàäà÷è Êîøè ïðåäñòàâèìî â âèäå f(t, q) = (etLf0)(q), ãäå
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îïåðàòîð etL îïðåäåëÿåòñÿ êàê ñóììà ðÿäà etL =
∞∑

n=0

tn

n!
Ln, ïðè÷eì ðÿä ñõîäèòñÿ â ðàâíîìåð-

íîé îïåðàòîðíîé òîïîëîãèè. Ïðè ýòîì, ‖etL‖ ≤ et‖L‖, òî åñòü îïåðàòîð etL ñíîâà ÿâëÿåòñÿ
îãðàíè÷åííûì äëÿ ëþáîãî t ≥ 0. Êðîìå òîãî, êàê âèäíî èç îïðåäåëåíèÿ etL, ñïðàâåäëèâû
ñîîòíîøåíèÿ etL ◦ esL = e(t+s)L è e0L = Id, ãäå Id | òîæäåñòâåííûé îïåðàòîð íà X .
Êàê ïðàâèëî, îäíàêî, îïåðàòîð L íå ÿâëÿåòñÿ îãðàíè÷åííûì. Â ýòîì ñëó÷àå ïðèâåäåííàÿ

âûøå ñõåìà ðåøåíèÿ çàäà÷è Êîøè (1) îáîáùàåòñÿ îïèñàííûì íèæå îáðàçîì. Ïóñòü ñèìâîë
L(X) îáîçíà÷àåò ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ ëèíåéíûõ îïåðàòîðîâ íà X ñ ñèëüíîé
òîïîëîãèåé (ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ Tn ∈ L(X) ñõîäèòñÿ ê îïåðàòîðó T ∈ L(X) â
ñèëüíîé òîïîëîãèè, åñëè äëÿ ëþáîãî x ∈ X âûïîëíÿåòñÿ ðàâåíñòâî lim

n→∞
‖Tnx− Tx‖X = 0).

Åñëè Dom(L) ⊂ X |ëèíåéíîå ïîäïðîñòðàíñòâî è L: Dom(L) → X |ëèíåéíûé îïåðàòîð,
òî Dom(L) îçíà÷àåò îáëàñòü îïðåäåëåíèÿ L. Îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî (Tt)t≥0 îãðà-
íè÷åííûõ ëèíåéíûõ îïåðàòîðîâ Tt: X → X íàçûâàåòñÿ ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé,
åñëè T0 = Id, Ts+t = Ts ◦ Tt äëÿ âñåõ s, t ≥ 0 è lim

t→0
‖Ttϕ − ϕ‖X = 0 äëÿ âñåõ ϕ ∈ X .

Åñëè (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà áàíàõîâîì ïðîñòðàíñòâå (X, ‖ · ‖X), òî
ãåíåðàòîðîì ýòîé ïîëóãðóïïû íàçûâàåòñÿ îïåðàòîð L, îïðåäåëåííûé ïî ôîðìóëå

Lϕ := lim
t→0

Ttϕ− ϕ

t

ñ îáëàñòüþ îïðåäåëåíèÿ

Dom(L) :=
{
ϕ ∈ X: lim

t→0

Ttϕ− ϕ

t
ñóùåñòâóåò êàê ñèëüíûé ïðåäåë

}
.

Òàêèì îáðàçîì, åñëè L| îãðàíè÷åííûé îïåðàòîð íà X , òî Tt = etL | ñèëüíî íåïðåðûâíàÿ
ïîëóãðóïïà íàX ñ ãåíåðàòîðîìL. È â ñëó÷àå, åñëè ãåíåðàòîðL|íåîãðàíè÷åííûé îïåðàòîð,
áóäåì èíîãäà èñïîëüçîâàòü îáîçíà÷åíèå etL äëÿ ñîîòâåòñòâóþùåé ïîëóãðóïïû.
Òåîðåìà 1 (ñð. [40], ñòð. 102). Ïóñòü (L,Dom(L))|ïëîòíî îïðåäåëåííûé íà áàíàõîâîì

ïðîñòðàíñòâå X îïåðàòîð ñ íåïóñòûì ðåçîëüâåíòíûì ìíîæåñòâîì Çàäà÷à Êîøè (1) èìååò
åäèíñòâåííîå íåïðåðûâíî äèôôåðåíöèðóåìîå ïî t ∈ [0,∞) ðåøåíèå f äëÿ êàæäîãî íà÷àëü-
íîãî óñëîâèÿ f0 ∈ Dom(L) òîãäà è òîëüêî òîãäà, êîãäà (L,Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì
íåêîòîðîé ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0 íà X . Ïðè ýòîì ðåøåíèå òàêîé çàäà÷è
Êîøè (1) äëÿ êàæäîé f0 ∈ Dom(L) ïðåäñòàâëÿåòñÿ â âèäå f(t, q) = Ttf0(q).
Ç à ì å ÷ à í è å 1. Ðåçîëüâåíòíûì ìíîæåñòâîì îïåðàòîðà L íàçûâàåòñÿ ìíîæåñòâî ρ(L)

âñåõ òàêèõ êîìïëåêñíûõ ÷èñåë λ, äëÿ êîòîðûõ îïåðàòîð R(λ, L) = (λ Id−L)−1 ÿâëÿåòñÿ
îãðàíè÷åííûì îïåðàòîðîì âX . Ñåìåéñòâî {R(λ, L)}λ∈ρ(L) íàçûâàåòñÿ ðåçîëüâåíòîé îïåðà-
òîðà L.
Ç à ì å ÷ à í è å 2. Äëÿ âñåõ íà÷àëüíûõ óñëîâèé f0 ∈ X ôóíêöèþ f(t, q) = Ttf0(q)

ïî-ïðåæíåìó áóäåì íàçûâàòü ðåøåíèåì çàäà÷è Êîøè (1) (â àíãëîÿçû÷íîé ëèòåðàòóðå â ýòîì
ñëó÷àå èñïîëüçóåòñÿ òåðìèí <mild solution>, ñì., íàïðèìåð, [40]).
Ç à ì å ÷ à í è å 3. Åñëè (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà áàíàõîâîì ïðî-

ñòðàíñòâå X , òî ñóùåñòâóþò êîíñòàíòû a ≥ 0, M ≥ 1, òàêèå, ÷òî ‖Tt‖ ≤ Meat äëÿ âñåõ
t ≥ 0 [40]. Êðîìå òîãî, åñëè ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà (Tt)t≥0 óäîâëåòâîðÿåò íåðàâåí-
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ñòâó ‖Tt‖ ≤Meat, òî ñåìåéñòâî (St)t≥0, ãäå St = e−atTt, òàêæå ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé
ïîëóãðóïïîé íà X , ïðè÷åì ‖St‖ ≤ M äëÿ âñåõ t ≥ 0. Ââåäÿ íà X íîâóþ íîðìó ||| · |||,
|||f ||| = supt≥0 ‖Stf‖, ïîëó÷èì, ÷òî ‖f‖ ≤ |||f ||| ≤ M‖f‖, òî åñòü íîðìû ‖ · ‖ è ||| · ||| ýêâè-
âàëåíòíû. Ïðè÷åì ïî îòíîøåíèþ ê íîðìå ||| · ||| ïîëóãðóïïà (St)t≥0 ÿâëÿåòñÿ ñæèìàþùåé
ïîëóãðóïïîé [27, 28], ò.å. ‖St‖ ≤ 1 äëÿ âñåõ t ≥ 0.
Ç à ì å ÷ à í è å 4. Åñëè (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà áàíàõîâîì ïðî-

ñòðàíñòâå X ñ ãåíåðàòîðîì (L,Dom(L)), òî ñïðàâåäëèâû òàêæå ñëåäóþùèå óòâåðæäåíèÿ
([28], ïðåäëîæåíèå 1.5, ñëåäñòâèå 1.6):

à) åñëè ϕ ∈ X è t ≥ 0, òî
∫ t

0
Tsfds ∈ Dom(L) è Ttf − f = L

t∫
0

Tsfds;

á) åñëè f ∈ Dom(L) è t ≥ 0, òî Ttf ∈ Dom(L) è d

dt
Ttf = LTtf = TtLf ;

â) åñëè f ∈ Dom(L) è t ≥ 0, òî Ttf − f =
t∫

0

LTsfds =
t∫

0

TsLfds;

ã) ãåíåðàòîð (L,Dom(L))| çàìêíóòûé îïåðàòîð, ìíîæåñòâî Dom(L) âñþäó ïëîòíî âX .

Èòàê, ðåøåíèå çàäà÷è Êîøè (1) ðàâíîñèëüíî ïîñòðîåíèþ ïîëóãðóïïû (Tt)t≥0 íà X ñ
çàäàííûì ãåíåðàòîðîìL. Êàê ïðàâèëî, ïîëóãðóïïó (Tt)t≥0 íå óäàåòñÿ ïîëó÷èòü â ÿâíîì âèäå,
íî óäàåòñÿ ðàçëè÷íûìè ìåòîäàìè åå àïïðîêñèìèðîâàòü. Â íàñòîÿùåé ðàáîòå èñïîëüçóåòñÿ
ìåòîä ïðèáëèæåíèÿ, îñíîâàííûé íà òåîðåìå ×åðíîâà [24, 48]).
Òåîðåìà 2 (×åðíîâà). ÏóñòüX|áàíàõîâî ïðîñòðàíñòâî, F : [0,∞) → L(X)|(ñèëüíî)

íåïðåðûâíîå îòîáðàæåíèå, òàêîå, ÷òî F (0) = Id è ‖F (t)‖ ≤ eat äëÿ íåêîòîðîé êîíñòàíòû a ∈
∈ [0, ∞)è âñåõ t ≥ 0. ÏóñòüD|ëèíåéíîå ïîäïðîñòðàíñòâîDom(F ′(0)), òàêîå, ÷òî ñóæåíèå
îïåðàòîðà F ′(0) íà D çàìûêàåìî. Ïóñòü (L,Dom(L))| ñîîòâåòñòâóþùåå çàìûêàíèå. Åñëè
(L,Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0, òî äëÿ âñåõ
t0 > 0 ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ (F (t/n))n)n∈N ñõîäèòñÿ ê (Tt)t≥0 ïðè n → ∞ â
ñèëüíîé òîïîëîãèè ðàâíîìåðíî ïî t ∈ [0, t0], ò.å. Tt = lim

n→∞
(F (t/n))n.

Çàìåòèì, ÷òî ïðîèçâîäíàÿ â íóëå ôóíêöèè F : [0, ε) → L(X), ε > 0, | ëèíåéíîå îòîá-
ðàæåíèå F ′(0): Dom(F ′(0)) → X , òàêîå, ÷òî

F ′(0)g := lim
t↘0

F (t)g − F (0)g

t
,

ãäå Dom(F ′(0)) | âåêòîðíîå ïðîñòðàíñòâî âñåõ òåõ ýëåìåíòîâ g ∈ X , äëÿ êîòîðûõ ýòîò
ïðåäåë ñóùåñòâóåò (â ñèëüíîé òîïîëîãèè).
Ç à ì å ÷ à í è å 5. Óñëîâèå ‖F (t)‖ ≤ eat, ∀ t ≥ 0, â òåîðåìå 2 ìîæíî çàìåíèòü óñëîâèåì

‖Fm(t)‖ ≤Meamt, ∀m ∈ N è t ≥ 0 [27].
Ç à ì å ÷ à í è å 6. Êîìáèíèðóÿ óñëîâèÿ òåîðåìû 2 ñ óñëîâèÿìè òåîðåìû Õèëëå | Èî-

ñèäû, ìîæíî ïîëó÷èòü âåðñèþ òåîðåìû ×åðíîâà, óòâåðæäàþùóþ ñóùåñòâîâàíèå èñêîìîé
ïîëóãðóïïû [27].
Ç à ì å ÷ à í è å 7. Ñóùåñòâóþò ðàçëè÷íûå îáîáùåíèÿ òåîðåìû 2. Â ÷àñòíîñòè, â êíèãå

[28] òåîðåìà ×åðíîâà îáîáùåíà íà ñëó÷àé ìíîãîçíà÷íûõ ãåíåðàòîðîâ (ñëåäñòâèå 6.6), â ðà-
áîòå [36] òåîðåìà ×åðíîâà îáîáùåíà íà ñëó÷àé ïîëóãðóïï â áàíàõîâîì ïðîñòðàíòñâå, íåïðå-
ðûâíûõ â áîëåå ñëàáîì ñìûñëå (â ñìûñëå ëîêàëüíî âûïóêëîé òîïîëîãèè íàX áîëåå ñëàáîé,
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÷åì òîïîëîãèÿ, ïîðîæäåííàÿ íîðìîé), â ðàáîòå [17] òåîðåìà ×åðíîâà îáîáùåíà íà ñëó÷àé
ïîëóãðóïï íåëèíåéíûõ ñæèìàþùèõ îòîáðàæåíèé íà çàìêíóòûõ âûïóêëûõ ïîäìíîæåñòâàõ
ãèëüáåðòîâà ïðîñòðàíñòâà.
Ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0 íàçûâàåòñÿ ýêâèâàëåíòíûì ïî ×åðíîâó ïîëóãðóïïå

(Tt)t≥0 (áóäåì îáîçíà÷àòü ýòî òàê: F (t) ∼ Tt), åñëè ýòî ñåìåéñòâî óäîâëåòâîðÿåò âñåì
òðåáîâàíèÿì òåîðåìû×åðíîâà ïî îòíîøåíèþ ê ýòîé ïîëóãðóïïå, òî åñòü ïî òåîðåìå ×åðíîâà
2 â ïðîñòðàíñòâå L(X) ëîêàëüíî ðàâíîìåðíî ïî t âûïîëíÿåòñÿ ðàâåíñòâî

Tt = lim
n→∞

(F (t/n))n. (2)

Ýòî ðàâåíñòâî ìû áóäåì íàçûâàòü ôîðìóëîé Ôåéíìàíà. Ìû èñïîëüçóåì òàêóþ òåðìèíîëî-
ãèþ, òàê êàê âî ìíîãèõ ñëó÷àÿõ îïåðàòîðû F (t) îêàçûâàþòñÿ èíòåãðàëüíûìè îïåðàòîðàìè,
òî åñòü â ïðàâîé ÷àñòè ôîðìóëû Ôåéíìàíà ñòîèò ïðåäåë êðàòíûõ èíòåãðàëîâ ïðè âîçðà-
ñòàíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Èìåííî Ðè÷àðä Ôåéíìàí (ñì. [29]) âïåðâûå ðàññìî-
òðåë êîíñòðóêöèþ ôóíêöèîíàëüíîãî èíòåãðàëà êàê ïðåäåëà îáûêíîâåííûõ ìíîãîêðàòíûõ
èíòåãðàëîâ ïî ïðîñòðàíñòâàì íåîãðàíè÷åííî âîçðàñòàþùåé ðàçìåðíîñòè. Ëþáîå ïðåäñòà-
âëåíèå ðåøåíèÿ íà÷àëüíîé (èëè íà÷àëüíî{êðàåâîé) çàäà÷è äëÿ ýâîëþöèîííîãî óðàâíåíèÿ
(èëè, ýêâèâàëåíòíî, ïðåäñòàâëåíèå ïîëóãðóïïû, ðàçðåøàþùåé äàííóþ çàäà÷ó) â âèäå ïðå-
äåëà êðàòíûõ èíòåãðàëîâ ïðè âîçðàñòàíèè êðàòíîñòè ê áåñêîíå÷íîñòè ìû áóäåì íàçûâàòü
ôîðìóëîé Ôåéíìàíà.
Ïðåäåëû âôîðìóëàõÔåéíìàíà ñîâïàäàþò ñ íåêîòîðûìèôóíêöèîíàëüíûìèèíòåãðàëàìè

ïî âåðîÿòíîñòíûì ìåðàì èëè ïî ôåéíìàíîâñêèì ïñåâäîìåðàì íà ìíîæåñòâå òðàåêòîðèé íå-
êîòîðîé ôèçè÷åñêîé ñèñòåìû. Ïðåäñòàâëåíèå ðåøåíèÿ íà÷àëüíîé (èëè íà÷àëüíî{êðàåâîé)
çàäà÷è äëÿ ýâîëþöèîííîãî óðàâíåíèÿ (èëè, ýêâèâàëåíòíî, ïðåäñòàâëåíèå ïîóãðóïïû, ðàçðå-
øàþùåé äàííóþ çàäà÷ó) â âèäå ôóíêöèîíàëüíîãî èíòåãðàëà îáû÷íî íàçûâàåòñÿ ôîðìóëîé
Ôåéíìàíà | Êàöà. Òàêèì îáðàçîì, êðàòíûå èíòåãðàëû â ôîðìóëå Ôåéíìàíà äëÿ íåêîòîðîé
çàäà÷è àïïðîêñèìèðóþò ôóíêöèîíàëüíûé èíòåãðàë â ôîðìóëå Ôåéíìàíà | Êàöà, ïðåäñòà-
âëÿþùåé ðåøåíèå ýòîé æå çàäà÷è. Òàêèå àïïðîêñèìàöèè âî ìíîãèõ ñëó÷àÿõ ïðåäñòàâëÿþò
ñîáîé êðàòíûå èíòåãðàëû òîëüêî îò ýëåìåíòàðíûõ ôóíêöèé è, ñëåäîâàòåëüíî, ìîãóò áûòü
èñïîëüçîâàíû äëÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé è ìîäåëèðîâàíèÿ ðàññìàòðèâàåìîé äèíà-
ìèêè.
Ïðèìåð 1. Ïóñòü îïåðàòîðûL1, L2, L1+L2 ÿâëÿþòñÿ ãåíåðàòîðàìè ñèëüíî íåïðåðûâíûõ

ïîëóãðóïï etL1 , etL2 è et(L1+L2) íà íåêîòîðîì áàíàõîâîì ïðîñòðàíñòâå X ñîîòâåòñòâåííî,
ïðè÷åì îïåðàòîðû L1 è L2 íå êîììóòèðóþò. Òîãäà etL1 ◦ etL2 6= et(L1+L2) 6= etL2 ◦ etL1 . Òåì íå
ìåíåå, ìîæíî ïîêàçàòü, ÷òî

etL1 ◦ etL2 ∼ et(L1+L2), etL2 ◦ etL1 ∼ et(L1+L2),

è, çíà÷èò, èç òåîðåìû ×åðíîâà ñëåäóåò ðàâåíñòâî

et(L1+L2) = lim
n→∞

[
e

t
n

L1 ◦ e
t
n

L2
]n

= lim
n→∞

[
e

t
n

L2 ◦ e
t
n

L1
]n
.

Ïîñëåäíÿÿ ôîðìóëà øèðîêî èçâåñòíà êàê ôîðìóëà Òðîòòåðà.
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Ïðèìåð 2. Ñëåäñòâèåì òåîðåìû ×åðíîâà ÿâëÿåòñÿ òàêæå ôîðìóëà Ïîñòà | Âèääåðà
[27, 40], îáîáùàþùàÿ èçâåñòíóþ òåîðåìó àíàëèçà î âòîðîì çàìå÷àòåëüíîì ïðåäåëå:

etL = lim
n→∞

(
Id− t

n
L

)−n

≡ lim
n→∞

[
n

t
R

(
n

t
, L

)]n

,

çäåñü R(λ, L)| ðåçîëüâåíòà îïåðàòîðà L.
Ç à ì å ÷ à í è å 8. Êîíå÷íî æå, äëÿ îäíîé è òîé æå ïîëóãðóïïû etL ñóùåñòâóåò ìíîæå-

ñòâî ýêâèâàëåíòíûõ åé ïî ×åðíîâó ñåìåéñòâ îïåðàòîðîâ. Íàïðèìåð, åñëè F (t) ∼ etL, òî
äëÿ ëþáîãî îãðàíè÷åííîãî îïåðàòîðà B èìååì òàêæå

[
F (t) + t2B

]
∼ etL. Òàêèì îáðàçîì,

ñ îäíîé ñòîðîíû, â ìíîæåñòâå ñåìåéñòâ, ýêâèâàëåíòíûõ ïî ×åðíîâó èñêîìîé ïîëóãðóïïå,
åñòåñòâåííî âûáèðàòü îïòèìàëüíûå äëÿ ïðîâåäåíèÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé. Ñ äðó-
ãîé ñòîðîíû, ðàçëè÷íûå ñåìåéñòâà ïîçâîëÿþò óñòàíîâèòü ñâÿçü ìåæäó ôóíêöèîíàëüíûìè
èíòåãðàëàìè ïî ðàçíûì ìåðàì è ïñåâäîìåðàì ôåéíìàíîâñêîãî òèïà.
Ðàâåíñòâî (2) áóäåì íàçûâàòü ëàãðàíæåâîé ôîðìóëîé Ôåéíìàíà, åñëè F (t), t > 0, |

èíòåãðàëüíûå îïåðàòîðû, ÿäðà êîòîðûõ ïðåäñòàâëÿþòñÿ ýëåìåíòàðíûìè ôóíêöèÿìè; åñëè
F (t) | ïñåâäî-äèôôåðåíöèàëüíûå îïåðàòîðû, òî ãîâîðèì î ãàìèëüòîíîâîé ôîðìóëå Ôåé-
íìàíà (ñì., íàïðèìåð, ðàáîòû [21, 22, 23]). Òàêàÿ òåðìèíîëîãèÿ ñâÿçàíà ñ òåì, ÷òî ëà-
ãðàíæåâû ôîðìóëû Ôåéíìàíà äàþò àïïðîêñèìàöèè äëÿ ôóíêöèîíàëüíûõ èíòåãðàëîâ ïî
ìíîæåñòâó òðàåêòîðèé â êîíôèãóðàöèîííîì ïðîñòðàíñòâå ñèñòåìû (÷üÿ ýâîëþöèÿ îïèñûâà-
åòñÿ ïîëóãðóïïîé (Tt)t≥0), â òî âðåìÿ êàê ãàìèëüòîíîâû ôîðìóëû Ôåéíìàíà ñîîòâåòñòâóþò
èíòåãðàëàì Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå íåêîòîðîé ýâîëþöèîííîé
ñèñòåìû. Êîíå÷íî æå, ñóùåñòâóþò è äðóãèå òèïû ôîðìóë Ôåéíìàíà, â ÷àñòíîñòè, ôîðìóëû
Ôåéíìàíà, ñîîòâåòñòâóþùèå ôóíêöèîíàëüíûì èíòåãðàëàì ïî òðàåêòîðèÿì â ïðîñòðàíñòâå
èìïóëüñîâ.
Â äàëüíåéøåì èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

x · y| ñêàëÿðíîå ïðîèçâåäåíèå äëÿ x, y ∈ Rd;
|x|| íîðìà âåêòîðà x ∈ Rd;
G = G ∪ ∂G| çàìûêàíèå îáëàñòè G ⊂ Rd;
Cm(Rd)| ïðîñòðàíñòâîm ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé;
C0,λ(Rd)| ïðîñòðàíñòâî ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà ñ ïàðàìåòðîì

λ ∈ (0, 1];
Cb(Rd)| ïðîñòðàíñòâî îãðàíè÷åííûõ íåïðåðûâíûõ ôóíêöèé;
Cm

b (Rd)| ïðîñòðàíñòâî ôóíêöèé f ∈Cm(Rd), óäîâëåòâîðÿþùèõ óñëîâèþ ∂αf ∈Cb(Rd),
|α| ≤m;

Cm,λ(Rd)| ïðîñòðàíñòâî ôóíêöèé f ∈ Cm(Rd), óäîâëåòâîðÿþùèõ óñëîâèþ ∂αf ∈
∈ C0,λ(Rd), |α| = m};

Cm,λ
b (Rd) = Cm

b (Rd) ∩ Cm,λ(Rd);
Cc(Rd)| ïðîñòðàíñòâî íåïðåðûâíûõ íà Rd ôóíêöèé ñ êîìïàêòíûì íîñèòåëåì;
Cm

c (Rd) = Cc(Rd) ∩ Cm(Rd);
Cm,λ

c (Rd) = Cc(Rd) ∩ Cm,λ(Rd);
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C∞
c (Rd)| ïðîñòðàíñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ íà Rd ôóíêöèé ñ êîìïàêòíûì

íîñèòåëåì;
C∞(Rd)| ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ íà Rd ôóíêöèé, óáûâàþùèõ íà áåñêîíå÷íî-

ñòè ê íóëþ (ýòî áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé ‖f‖∞ = sup
x∈Rd

|f(x)|).

3. Ôîðìóëû Ôåéíìàíà äëÿ ïîëóãðóïï, ïîðîæäåííûõ
àääèòèâíûìè âîçìóùåíèÿìè ãåíåðàòîðîâ

Òåîðåìà 3. Ïóñòü X | áàíàõîâî ïðîñðàíñòâî ñ íîðìîé ‖ · ‖X . Ïóñòü (Tk(t))t≥0,
k = 1, . . . , m, | ñèëüíî íåïðåðûâíûå ïîëóãðóïïû íà X ñ ãåíåðàòîðàìè Lk ñîîòâåò-
ñòâåííî. Ïðåäïîëîæèì, ÷òî îïåðàòîð L = L1 + · · ·+Lm ñ îáëàñòüþ îïðåäåëåíèÿ Dom(L) =

=
m⋂

k=1

Dom(Lk) çàìûêàåì è ýòî çàìûêàíèå ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïî-

ëóãðóïïû (T (t))t≥0 íà X . Ïóñòü (Fk(t))t≥0, k = 1, . . . , m, | ñåìåéñòâà îïåðàòîðîâ íà X ,
ýêâèâàëåíòíûå ïî ×åðíîâó ïîëóãðóïïàì (Tk(t))t≥0 ñîîòâåòñòâåííî, ò.å. äëÿ êàæäîãî k ∈
∈ {1, . . . , m} âûïîëíåíû ñîîòíîøåíèÿ Fk(0) = Id, ‖Fk(t)‖ ≤ eakt äëÿ íåêîòîðîãî ak > 0

è ñóùåñòâóåò ìíîæåñòâî Dk ⊂ Dom(Lk), ÿâëÿþùååñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ
îïåðàòîðà Lk, òàêîå, ÷òî lim

t→0

∥∥∥Fk(t)ϕ− ϕ

t
− Lkϕ

∥∥∥
X

= 0 ïðè âñåõ ϕ ∈ Dk. Åñëè ñóùåñòâóåò
ìíîæåñòâî D ⊂ D1 ∩ . . . ∩Dm, ÿâëÿþùååñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ äëÿ îïå-
ðàòîðà L, òî ñåìåéñòâî (F (t))t≥0, ãäå F (t) = F1(t) ◦ · · · ◦ Fm(t), ýêâèâàëåíòíî ïî ×åðíîâó
ïîëóãðóïïå (T (t))t≥0 è, ñëåäîâàòåëüíî, ôîðìóëà Ôåéíìàíà

Tt = lim
n→∞

[
F (t/n)

]n
,

ãäå ïðåäåë ïîíèìàåòñÿ êàê ïðåäåë â ñèëüíîé îïåðàòîðíîé òîïîëîãèè, ñïðàâåäëèâà ëîêàëüíî
ðàâíîìåðíî îòíîñèòåëüíî t ≥ 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Î÷åâèäíî, ÷òî ñåìåéñòâî (F (t))t≥0 ñèëüíî íåïðåðûâíî, F (0) =

= Id è
‖F (t)‖ ≤ ‖F1(t)‖ · . . . · ‖Fm(t)‖ ≤ e(a1+···+am)t.

Ïóñòü ìíîæåñòâî D ⊂ D1 ∩ . . . ∩ Dm ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ äëÿ
îïåðàòîðà L. Òîãäà äëÿ ëþáîãî ϕ ∈ D èìååì

lim
t→0

∥∥∥∥F (t)ϕ− ϕ

t
− Lϕ

∥∥∥∥
X

= lim
t→0

∥∥∥∥F1(t) ◦ · · · ◦ Fm(t)ϕ− ϕ

t
− L1ϕ− · · · − Lmϕ

∥∥∥∥
X

=

= lim
t→0

∥∥∥∥F1(t) ◦ · · · ◦ Fm−1(t) ◦
Fm(t)ϕ− ϕ

t
− Lmϕ+

F1(t) ◦ · · · ◦ Fm−1(t)ϕ− ϕ

t
−

− L1ϕ− · · · − Lm−1ϕ

∥∥∥∥
X

≤ lim
t→0

∥∥∥∥F1(t) ◦ · · · ◦ Fm−1(t)ϕ− ϕ

t
− L1ϕ− · · · − Lm−1ϕ

∥∥∥∥
X

≤

≤ . . . ≤ lim
t→0

∥∥∥∥F1(t)ϕ− ϕ

t
− L1ϕ

∥∥∥∥
X

= 0.

Òàêèì îáðàçîì, âñå òðåáîâàíèÿ òåîðåìû ×åðíîâà âûïîëíåíû è F (t) ∼ Tt. Òåîðåìà äîêàçàíà.
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Îòìåòèì, ÷òî åñëè íåêîòîðûå èç ïîëóãðóïï (Tk(t))t≥0 èçâåñòíû ÿâíî è åñëè ‖Tk(t)‖ ≤ eakt

äëÿ íåêîòîðîãî ak ≥ 0, òî â ôîðìóëàõ Ôåéíìàíà ìîæíî âçÿòü Fk(t) ≡ Tk(t).
Ïðèìåð 3 (âîçìóùåíèÿ øðåäèíãåðîâñêîãî òèïà). Ïóñòü X = C∞(Rd); (Tt)t≥0 | ñèëüíî

íåïðåðûâíàÿ ïîëóãðóïïà ñ ãåíåðàòîðîì (L, Dom(L)); (F (t))t≥0 | ñåìåéñòâî îïåðàòîðîâ,
ýêâèâàëåíòíîå ïî ×åðíîâó ïîëóãðóïïå (Tt)t≥0; c(·): Rd → R | íåïðåðûâíàÿ îãðàíè÷åííàÿ
ñâåðõó ôóíêöèÿ. Òîãäà ôóíêöèÿ etc(·) ÿâëÿåòñÿ îãðàíè÷åííîé ïðè âñåõ t ≥ 0. Ïðè ýòîì
îïåðàòîð c óìíîæåíèÿ íà ôóíêöèþ c(·) ïëîòíî îïðåäåëåí â ïðîñòðàíñòâå X (òàê êàê êîð-
ðåêòíî îïðåäåëåí, íàïðèìåð, íà ìíîæåñòâå íåïðåðûâíûõ ôèíèòíûõ ôóíêöèé) è ïîðîæäàåò
ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó etc îïåðàòîðîâ óìíîæåíèÿ íà ôóíêöèþ etc(·). Ðàññìîòðèì
îïåðàòîð L + c, ãäå Dom(L + c) = Dom(L) ∩ Dom(c) è (L + c)ϕ(q) = Lϕ(q) + c(q)ϕ(q)

äëÿ âñåõ ϕ ∈ Dom(L + c). Ïðåäïîëîæèì, ÷òî ýòîò îïåðàòîð ïîðîæäàåò ñèëüíî íåïðåðûâ-
íóþ ïîëóãðóïïó (TL+c

t )t≥0 íà C∞(Rd) (òàêîå ïðåäïîëîæåíèå ñïðàâåäëèâî, íàïðèìåð, åñëè
ôóíêöèÿ c(·) ÿâëÿåòñÿ îãðàíè÷åííîé èëè åñëè îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ c(·) ÿâëÿåòñÿ
L-îãðàíè÷åííûì îïåðàòîðîì). Òîãäà ïî òåîðåìå 3 ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà

TL+c
t = lim

n→∞

[
e

t
n

c ◦ F (t/n)
]n
.

Â ÷àñòíîñòè,

TL+c
t = lim

n→∞

[
e

t
n

c ◦ Tt/n

]n
,

åñëè ‖Tt‖ ≤ eat äëÿ íåêîòîðîãî a ≥ 0. Àíàëîãè÷íûì îáðàçîì ïîêàçûâàåòñÿ ñïðàâåäëèâîñòü
ýòèõ ôîðìóë Ôåéíìàíà è â äðóãèõ áàíàõîâûõ ïðîñòðàíñòâàõ.
Ïðèìåð 4 (âîçìóùåíèÿ ãðàäèåíòíîãî òèïà). Ïóñòü X = C∞(Rd); b(·): Rd → Rd |

îãðàíè÷åííîå íåïðåðûâíîå âåêòîðíîå ïîëå; ∇ =

(
∂

∂q1
, . . . ,

∂

∂qd

)
| îïåðàòîð Ãàìèëüòîíà.

Ðàññìîòðèì îïåðàòîð b∇, ãäå b∇ϕ(q) = b(q) · ∇ϕ(q) äëÿ âñåõ ϕ ∈ D(b∇), è ñåìåéñòâî
(S(t))t≥0 îïåðàòîðîâ íà C∞(Rd), îïðåäåëåííûõ ïî ôîðìóëå

S(t)ϕ(q) = ϕ(q + tb(q)). (3)

Îòìåòèì, ÷òî â ñëó÷àå ïîñòîÿííîãî âåêòîðíîãî ïîëÿ b(·) ≡ b ∈ Rd ñåìåéñòâî (S(t))t≥0

ñîâïàäàåò ñ ïîëóãðóïïîé ñäâèãîâ (etb∇)t≥0. Åñëè âåêòîðíîå ïîëå b(·) óæå íå ÿâëÿåòñÿ ïî-
ñòîÿííûì, òî ñåìåéñòâî (S(t))t≥0 íå ÿâëÿåòñÿ ïîëóãðóïïîé, íî ýêâèâàëåíòíî ïî ×åðíîâó
ïîëóãðóïïå etb∇, ïîðîæäåííîé îïåðàòîðîì b∇. Äåéñòâèòåëüíî, S(0) = Id, ‖S(t)‖ = 1 è äëÿ
âñåõ ϕ ∈ D(b∇) ∩ C2(Rd)

lim
t→0

∥∥∥∥S(t)ϕ− ϕ

t
− b∇ϕ

∥∥∥∥
∞

= lim
t→0

sup
q∈Rd

∣∣∣∣ϕ(q + tb(q))− ϕ(q)

t
− b(q) · ∇ϕ(q)

∣∣∣∣ ≤
≤ lim

t→0
t

(
sup

q∈Rd, s∈[0,t]

∣∣b(q) · Hess ϕ(q + sb(q)) b(q)
∣∣) = 0,
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ãäå Hessϕ|ãåññèàí ϕ. Òàêèì îáðàçîì, d
dt
S(t)

∣∣∣
t=0
ϕ = b∇ϕ äëÿ ëþáîé ϕ ∈ D(b∇)∩C2(Rd).

Îòìåòèì, ÷òî ìíîæåñòâîϕ ∈ D(b∇)∩C2(Rd) ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ
îïåðàòîðà b∇.
Ïóñòü òåïåðü (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà X = C∞(Rd) ñ ãåíåðàòîðîì

(L,Dom(L)) è ñåìåéñòâî (F (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (Tt)t≥0. Ðàññìî-
òðèì îïåðàòîðL+b∇, îïðåäåëåííûé ñîîòíîøåíèåì (L+b∇)ϕ(q) = Lϕ(q)+b(q) ·∇ϕ(q) äëÿ
âñåõϕ ∈ Dom(L+b∇) = Dom(L)∩Dom(b∇). Ïðåäïîëîæèì, ÷òî îïåðàòîðL+b∇ ïîðîæäàåò
ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó (TL+b∇

t )t≥0 íà C∞(Rd). Îòìåòèì, ÷òî ïðåäïîëîæåíèå âû-
ïîëíÿåòñÿ, íàïðèìåð, åñëè îïåðàòîð b∇ ÿâëÿåòñÿ L-îãðàíè÷åííûì, ò.å. Dom(L) ⊂ Dom(b∇)

è äëÿ âñåõ ϕ ∈ Dom(L) è íåêîòîðûõ λ ∈ [0, 1), γ ≥ 0 âûïîëíÿåòñÿ îöåíêà

‖b∇ϕ‖X ≤ λ‖Lϕ‖X + γ‖ϕ‖X

Â ÷àñòíîñòè, b∇ ÿâëÿåòñÿ L-îãðàíè÷åííûì äëÿ L = −(−∆)α/2, α ∈ (1, 2]. Ïî òåîðåìå 3
ñåìåéñòâî (S(t) ◦ F (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (TL+b∇

t )t≥0 è ñïðàâåäëèâà
ôîðìóëà Ôåéíìàíà

TL+b∇
t = lim

n→∞

[
S(t/n) ◦ F (t/n)

]n
.

Ïðèìåð 5 (ëàãðàíæåâà ôîðìóëà Ôåéíìàíà äëÿ âîçìóùåíèé ïîëóãðóïïû, ïîðîæäåííîé
ëàïëàñèàíîì). Ïóñòü X = C∞(Rd); b(·): Rd → Rd | îãðàíè÷åííîå íåïðåðûâíîå âåêòîðíîå

ïîëå; c(·) ∈ Cb(Rd). Ðàññìîòðèì îïåðàòîð Ëàïëàñà L =
1
2
∆, Dom(L) = C∞

c (Rd). Çàìûêàíèå
ýòîãî îïåðàòîðà ïîðîæäàåò ïîëóãðóïïó (Tt)t≥0 [45, òåîðåìà 31.5], ðàçðåøàþùóþ çàäà÷ó
Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ∂f

∂t
= 1

2
∆f , ãäå

Ttϕ(q) = (2πt)(−d/2)

∫
Rd

e−
|q−y|2

2t ϕ(y) dy.

Òîãäà äëÿ ïîëóãðóïïû (TL
t )t≥0, ïîðîæäåííîé îïåðàòîðîì L :=

1
2
∆ + b∇ + c, ïî òåîðåìå 3

ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà

TL
t ϕ(q0) = lim

n→∞

(2πt

n

)(
−dn

2

) ∫
Rd

· · ·
∫
Rd

e
t
n

n∑
k=1

c(qk−1)
e
−

n∑
k=1

|qk−1+b(qk−1)t/n−qk|
2

2t/n
ϕ(qn) dq1 . . . dqn.

Òàê êàê |x+ b(x)t− y|2 = |x− y|2 + 2tb(x) · (x− y) + t2|b(x)|2, òî

TL
t ϕ(q0) = lim

n→∞

∫
Rd

· · ·
∫
Rd

e
t
n

n∑
k=1

c(qk−1)
e
−

n∑
k=1

b(qk−1)·(qk−1−qk)
×

× e
− t

2n

n∑
k=1

|b(qk−1)|2
pBM

t/n (q0 − q1) . . . p
BM
t/n (qn−1 − qn)ϕ(qn) dq1 . . . dqn,
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ãäå pBM
t (x) = (2πt)(−d/2) exp

{
− |x|

2

2t

}
| ïåðåõîäíàÿ ïëîòíîñòü âåðîÿòíîñòè áðîóíîâñêîãî

äâèæåíèÿ. Ìîæíî ïîêàçàòü, ÷òî ïðåäåë â ïðàâîé ÷àñòè ïîñëåäíåé ôîðìóëû ñîâïàäàåò ñ
ôóíêöèîíàëüíûì èíòåãðàëîì

Eq0

[
e

t∫
0

c(ξs)ds
e

t∫
0

b(ξs)· dξs

e
− 1

2

t∫
0

|b(ξs)|2ds
f(ξt)

]
(4)

ïî ìåðå Âèíåðà, ñîñðåäîòî÷åííîé íà òðàåêòîðèÿõ, íà÷èíàþùèõñÿ â òî÷êå q0. Òàêèì îáðàçîì,
àïïàðàò ôîðìóëÔåéíìàíà äàåò åùå îäèí ñïîñîá äîêàçàòåëüñòâà ôîðìóëûÔåéíìàíà|Êàöà
(4) è ôîðìóëû Ãèðñàíîâà. Êðîìå òîãî, ñ ïîìîùüþ ôîðìóë Ôåéíìàíà óäàåòñÿ îáîáùèòü èõ
íà ñëó÷àé ïåðåìåííîãî êîýôôèöèåíòà äèôôóçèè. Ýòîìó ïîñâÿùåí ïàðàãðàô 5 íàñòîÿùåé
ðàáîòû.
Ïðèìåð 6 (ëàãðàíæåâà ôîðìóëà Ôåéíìàíà äëÿ äèíàìèêè êâàíòîâîé ÷àñòèöû â ïîòåí-

öèàëüíîì è ìàãíèòíîì ïîëÿõ). Ïóñòü X = L2(Rd). Ðàññìîòðèì îïåðàòîð L =
i

2
∆,

Dom(L) = C∞
c (Rd). Çàìûêàíèå ýòîãî îïåðàòîðà ïîðîæäàåò (ïî òåîðåìå IX.27 èç [43] è

òåîðåìå Ñòîóíà) (ïîëó)ãðóïïó (Tt ≡ e
it
2

∆)t≥0, ðàçðåøàþùóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

Øðåäèíãåðà i∂f
∂t

= −1
2
∆f :

Ttϕ(q) = (2πit)(−d/2)

∫
Rd

ei
|q−y|2

2t ϕ(y) dy,

ãäå ïðàâàÿ ÷àñòü ïîíèìàåòñÿ â ðåãóëÿðèçîâàííîì ñìûñëå [43, ôîðìóëà IX.31]. Ïóñòü b ∈ Rd,
c(·) ∈ Cb(Rd). Òîãäà çàìûêàíèå îïðåäåëåííîãî íà C∞

c (Rd) îïåðàòîðà L =
i

2
∆ − b∇ − ic

ïîðîæäàåò (ïî òåîðåìå X.22 èç [43] è òåîðåìå Ñòîóíà) ñèëüíî íåïðåðûâíóþ (ïîëó)ãðóïïó
(TL

t )t≥0, äëÿ êîòîðîé ïî òåîðåìå 3 ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà

TL
t ϕ(q0) = lim

n→∞

[
e−i t

n
c ◦ e−

t
n

b∇ ◦ Tt/n

]n
ϕ(q0) =

= lim
n→∞

(2πit)(−dn/2)

∫
Rd

. . .

∫
Rd

e
−i t

n

n∑
k=1

c(qk−1)
e

i
n∑

k=1

|qk−qk−1+ t
n b|2

2t/n
ϕ(qn) dq1 . . . dqn,

ïðè÷åì èíòåãðàëû ñíîâà ïîíèìàþòñÿ â ðåãóëÿðèçîâàííîì ñìûñëå. Îòìåòèì, ÷òî âûðàæåíèå
â ïîñëåäíåé ñòðîêå ìîæåò áûòü èíòåðïðåòèðîâàíî êàê èíòåãðàë Ôåéíìàíà ïî òðàåêòîðèÿì â
êîíôèãóðàöèîííîì ïðîñòðàíñòâå ñèñòåìû, êâàíòîâàíèå êîòîðîé îïèñûâàåòñÿ ãàìèëüòîíèà-
íîì H = −1

2
∆− ib∇+ c:

TL
t ϕ(q0) ≡ e−itHϕ(q0) =

∫
e
−i

t∫
0

[c(ξ(s))− 1
2
|b|2]ds

e
i

t∫
0

b·dξ(s)
ϕ(ξ(t))Φq0(dξ),

ïðè÷åì èíòåãðàë áåðåòñÿ ïî ïñåâäîìåðå Ôåéíìàíà Φq0 , ñîñðåäîòî÷åííîé íà òðàåêòîðèÿõ,

íà÷èíàþùèõñÿ â òî÷êå q0, è ýâðèñòè÷åñêèé <ñòîõàñòè÷åñêèé èíòåãðàë>
t∫

0

b · dξ(s) òðåáóåò

îòäåëüíîãî îïðåäåëåíèÿ (ñð. [15, òåîðåìà 5.4], [12]). Àíàëîãè÷íàÿ ôîðìóëà Ôåéíìàíà îñòà-
åòñÿ ñïðàâåäëèâîé è äëÿ áîëåå øèðîêîãî êëàññà ìàãíèòíûõ è ïîòåíöèàëüíûì ïîëåé b(·) è
c(·) (ñð. [12, 42]).
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4. Ôîðìóëû Ôåéíìàíà äëÿ ïîëóãðóïï, ïîðîæäåííûõ
ìóëüòèïëèêàòèâíûìè âîçìóùåíèÿìè ãåíåðàòîðîâ

Ïóñòü Q | ìåòðè÷åñêîå ïðîñòðàíñòâî; X = Cb(Q) | áàíàõîâî ïðîñòðàíñòâî îãðàíè-
÷åííûõ íåïðåðûâíûõ (÷èñëîâûõ) ôóíêöèé íà Q ñ íîðìîé ‖f‖∞ = sup

q∈Q
|f(q)|. (Â êà÷åñòâå

Q ìîæíî âçÿòü, íàïðèìåð, ìåòðè÷åñêèé ãðàô. Ìû íå ïðåäïîëàãàåì ëîêàëüíîé êîìïàêò-
íîñòè Q, òàê ÷òî â êà÷åñòâå Q ìîæíî ðàññìàòðèâàòü òàêæå è ãèëüáåðòîâî ïðîñòðàíñòâî.)
Ïóñòü (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íàX ñ ãåíåðàòîðîì (L,Dom(L)); ôóíêöèÿ
a(·) : Q→ [c1, c2] ⊂ (0,∞) íåïðåðûâíà íà Q. Òîãäà aX ⊂ X . Ïðè ýòîì îïåðàòîð L̃, îïðåäå-
ëåííûé ïî ôîðìóëå L̃ϕ(q) = a(q)(Lϕ)(q), Dom(L̃) = Dom(L), òàêæå ÿâëÿåòñÿ ãåíåðàòîðîì
ñèëüíî íåïðåðûâíîé ïîëóãðóïïû [38, òåîðåìà 1], êîòîðóþ ìû îáîçíà÷èì (T̃t)t≥0. Îïåðàòîð
L̃ áóäåì íàçûâàòü ìóëüòèïëèêàòèâíûì âîçìóùåíèåì ãåíåðàòîðà L, à ïîëóãðóïïó (T̃t)t≥0 |
ïîëóãðóïïîé ñ ìóëüòèïëèêàòèâíî âîçìóùåííûì ôóíêöèåé a(·) ãåíåðàòîðîì.
Òåîðåìà 4. Ïóñòü (F (t))t≥0 | ñèëüíî íåïðåðûâíîå ñåìåéñòâî îãðàíè÷åííûõ îïåðàòî-

ðîâ íà áàíàõîâîì ïðîñòðàíñòâå X , ýêâèâàëåíòíîå ïî ×åðíîâó ïîëóãðóïïå (Tt)t≥0. Òîãäà
ñåìåéñòâî îïåðàòîðîâ (F̃ (t))t≥0, îïðåäåëåííîå ïî ôîðìóëå

F̃ (t)ϕ(q) = (F (a(q)t)ϕ)(q) (5)

è äåéñòâóþùåå â ïðîñòðàíñòâå X , ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t)t≥0 ñ ìóëüòè-
ïëèêàòèâíî âîçìóùåííûì ôóíêöèåé a(·) ãåíåðàòîðîì, ò.å. ëîêàëüíî ðàâíîìåðíî ïî t ≥ 0 â
L(X) ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà

T̃t = lim
n→∞

[
F̃ (t/n)

]n
.

Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè (F (t))t≥0 | ñèëüíî íåïðåðûâíîå ñåìåéñòâî (F (t))t≥0 îãðà-
íè÷åííûõ îïåðàòîðîâ íà áàíàõîâîì ïðîñòðàíñòâåX , ýêâèâàëåíòíîå ïî ×åðíîâó ïîëóãðóïïå
(Tt)t≥0, òî ‖F (t)‖ ≤ ekt äëÿ íåêîòîðîãî k > 0 è âñåõ t ≥ 0, à òàêæå F ′(0)ϕ = Lϕ äëÿ âñåõ
ϕ ∈ D, ãäå D | íåêîòîðàÿ ñóùåñòâåííàÿ îáëàñòü îïðåäåëåíèÿ ãåíåðàòîðà L. Ïîêàæåì
ñíà÷àëà, ÷òî ýòî ñåìåéñòâî äåéñòâóåò èç X â X . Ïóñòü ϕ ∈ X = Cb(Q); ïðîâåðèì, ÷òî
äëÿ êàæäîãî t ≥ 0 ôóíêöèÿ F̃ (t)ϕ ÿâëÿåòñÿ îãðàíè÷åííîé è íåïðåðûâíîé íà Q ôóíêöèåé.
Îáîçíà÷èì ðàññòîÿíèå â Q ìåæäó òî÷êàìè q è q0 ÷åðåç ρ(q, q0). Ôèêñèðóåì t ≥ 0 è q0 ∈ Q.
Òîãäà

lim
ρ(q,q0)→0

|F̃ (t)ϕ(q)− F̃ (t)ϕ(q0)| = lim
ρ(q,q0)→0

|F (a(q)t)ϕ(q)− F (a(q0)t)ϕ(q0)| ≤

≤ lim
ρ(q,q0)→0

(
|F (a(q)t)ϕ(q)− F (a(q0)t)ϕ(q)|+ |F (a(q0)t)ϕ(q)− F (a(q0)t)ϕ(q0)|

)
≤

≤ lim
ρ(q,q0)→0

‖[F (a(q)t)− F (a(q0)t)]ϕ‖∞ + lim
ρ(q,q0)→0

|F (a(q0)t)ϕ(q)− F (a(q0)t)ϕ(q0)|.
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Âòîðîå ñëàãàåìîå â ïîñëåäíåé ñòðîêå ðàâíî íóëþ, òàê êàê äëÿ êàæäîãî q0 ∈ Q îïåðàòîð
F (a(q0)t) äåéñòâóåò èçX âX , ò.å. F (a(q0)t)ϕ ÿâëÿåòñÿ íåïðåðûâíîé íàQ (à çíà÷èò è â òî÷êå
q0) ôóíêöèåé. Êðîìå òîãî,

lim
ρ(q,q0)→0

∥∥[F (a(q)t)− F (a(q0)t)]ϕ
∥∥
∞ = lim

τ→τ0=a(q0)t

∥∥F (τ)ϕ− F (τ0)ϕ
∥∥
∞ = 0

â ñèëó ñèëüíîé íåïðåðûâíîñòè îòîáðàæåíèÿ t → F (t). Òàêèì îáðàçîì, ôóíêöèÿ F̃ (t)ϕ

ÿâëÿåòñÿ íåïðåðûâíîé. Ïðè ýòîì,

‖F̃ (t)ϕ‖∞ = sup
q∈Q

|F̃ (t)ϕ(q)| = sup
q∈Q

|F (a(q)t)ϕ(q)| ≤ sup
q,q0∈Q

|F (a(q0)t)ϕ(q)| ≤

≤ sup
q0∈Q

‖F (a(q0)t)ϕ‖∞ ≤ sup
q0∈Q

‖F (a(q0)t)‖ · ‖ϕ‖∞ = ec2kt‖ϕ‖∞ <∞.

Òàêèì îáðàçîì, ôóíêöèÿ F̃ (t)ϕ ÿâëÿåòñÿ òàêæå îãðàíè÷åííîé, à çíà÷èò, ïðèíàäëåæèò ïðî-
ñòðàíñòâó X . Êðîìå òîãî, ìû ïîêàçàëè, ÷òî äëÿ ëþáîãî t ≥ 0 ñïðàâåäëèâà îöåíêà ‖F̃ (t)‖ ≤
≤ ec2kt. Çàìåòèì, ÷òî óñëîâèå F̃ (0) = Id òàêæå âûïîëíåíî.
Ïðîâåðèì ñèëüíóþ íåïðåðûâíîñòü ñåìåéñòâà (F̃ (t))t≥0. Èìååì:

lim
t→t0

∥∥F̃ (t)ϕ− F̃ (t0)ϕ
∥∥
∞ = lim

t→t0
sup
q∈Q

∣∣F (a(q)t)ϕ(q)− F (a(q)t0)ϕ(q)
∣∣ ≤

≤ lim
t→t0

sup
q∈Q

∥∥F (a(q)t)ϕ− F (a(q)t0)ϕ
∥∥
∞ = lim

t→t0
sup

c∈[c1,c2]

∥∥F (ct)ϕ− F (ct0)ϕ
∥∥
∞.

Â ñèëó ñèëüíîé íåïðåðûâíîñòè ñåìåéñòâà (F (t))t≥0 íà [0,∞) äëÿ ëþáîãî ôèêñèðîâàííîãî
T > 0 è ëþáîéôèêñèðîâàííîéϕ ∈ X âûïîëíÿåòñÿ ñëåäóþùåå: äëÿ ëþáûõ t0 ∈ [0, T ] è ε > 0

ñóùåñòâóåò òàêîå δε(t0) > 0, ÷òî ïðè t ∈ [0, T ], óäîâëåòâîðÿþùåì óñëîâèþ |t− t0| < δε(t0),
ñïðàâåäëèâî íåðàâåíñòâî ‖F (t)ϕ−F (t0)ϕ‖∞ < ε. Ôèêñèðóåì t0, T , ïðè êîòîðîì t0 ∈ [0, T ],
è ε > 0. Ðàññìîòðèì U ε

t0
=

(
t0 −

1
2
δε(t0), t0 +

1
2
δε(t0)

)
. Òîãäà (U ε

t0
)t0∈[0,T ] | îòêðûòîå

ïîêðûòèå êîìïàêòà [0, T ]. Âûáåðåì èç íåãî êîíå÷íîå ïîäïîêðûòèå
(
U ε

t0(k)

)n

k=1
. Ïóñòü

δε = min{δε(t0(1)), . . . , δε(t0(n))}. Òîãäà äëÿ ëþáûõ t1, t2 ∈ [0, T ], |t1−t2| < δε/2, ñóùåñòâóåò
òàêîå t0(k), ÷òî t1, t2 ∈

(
t0(k)− δε(t0(k)), t0(k) + δε(t0(k))

)
. Ïðè ýòîì

‖F (t1)ϕ− F (t2)ϕ‖∞ ≤ ‖F (t1)ϕ− F (t0(k))ϕ‖∞ + ‖F (t2)ϕ− F (t0(k))ϕ‖∞ < 2ε.

Òåïåðü âîçüìåì òàêîå δ′ε > 0, ÷òî c2δ′ε ∈
(
0, δε/2

)
. Ïóñòü t ∈ [0, T ] òàêîâî, ÷òî |t− t0| < δ′ε.

Òîãäà äëÿ ëþáîãî c ∈ [c1, c2] âûïîëíåíî íåðàâåíñòâî |ct − ct0| < δε/2. Ñëåäîâàòåëüíî,
sup

c∈[c1,c2]

‖F (ct)ϕ− F (ct0)ϕ‖∞ < 2ε è, çíà÷èò,

lim
t→t0

sup
c∈[c1,c2]

‖F (ct)ϕ− F (ct0)ϕ‖∞ = 0.

Òåì ñàìûì ñèëüíàÿ íåïðåðûâíîñòü ñåìåñòâà (F̃ (t))t≥0 ïîêàçàíà.
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Íàéäåì ïðîèçâîäíóþ â íóëå ñåìåéñòâà (F̃ (t))t≥0 íà ìíîæåñòâå D. Äëÿ ëþáîé ϕ ∈ D

lim
t→0

∥∥∥∥ F̃ (t)ϕ− ϕ

t
− L̃ϕ

∥∥∥∥
∞

= lim
t→0

sup
q∈Q

∣∣∣∣F (a(q)t)ϕ(q)− ϕ(q)

t
− a(q)Lϕ(q)

∣∣∣∣ ≤
≤ lim

t→0
sup

q0,q∈Q

∣∣∣∣F (a(q0)t)ϕ(q)−ϕ(q)

t
−a(q0)Lϕ(q)

∣∣∣∣=lim
t→0

sup
q0∈Q

∥∥∥∥F (a(q0)t)ϕ−ϕ
t

−a(q0)Lϕ
∥∥∥∥
∞

=

= lim
t→0

sup
c∈[c1,c2]

∥∥∥∥F (ct)ϕ− ϕ

t
− cLϕ

∥∥∥∥
∞
≤ c2 · lim

z→0

∥∥∥∥F (z)ϕ− ϕ

z
− Lϕ

∥∥∥∥
∞

= 0.

Òàêèì îáðàçîì, âñå óñëîâèÿ òåîðåìû ×åðíîâà âûïîëíåíû, à çíà÷èò, ñåìåéñòâî (F̃ (t))t≥0

ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t)t≥0. Òåîðåìà äîêàçàíà.

Ç à ì å ÷ à í è å 9. Ïóñòü îïåðàòîðû Tt ïðè âñåõ t ≥ 0 óäîâëåòâîðÿþò óñëîâèþ ‖Tt‖ ≤ etk

ïðè íåêîòîðîì k > 0. Òîãäà â êà÷åñòâå ñåìåéñòâà îïåðàòîðîâ (F (t))t≥0 íà X , ìîæíî âçÿòü
ñàìó ïîëóãðóïïó (Tt)t≥0:

F̃ (t)ϕ(q) = (Ta(q)tϕ)(q), ϕ ∈ X, q ∈ Q.

Çàìåòèì, ÷òî òàêîå ñåìåéñòâî (F̃ (t))t≥0 óæå íå ÿâëÿåòñÿ îäíîïàðàìåòðè÷åñêîé ïîëóãðóïïîé.
Îäíàêî ïî òåîðåìå 4 ýòî ñåìåéñòâî (F̃ (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t)t≥0.
Ç à ì å ÷ à í è å 10. Óòâåðæäåíèå òåîðåìû 4 ìîæíî ïåðåíåñòè íà ñëó÷àé, êîãäà áàíà-

õîâî ïðîñòðàíñòâî X åñòü íå Cb(Q), à íåêîòîðîå ëèíåéíîå ïðîñòðàíñòâî ôóíêöèé íà Q,
ïîëíîå îòíîñèòåëüíî ñóïðåìóì-íîðìû ‖ϕ‖∞ = sup

q∈Q
|ϕ(q)|. Ïðè ýòîì íàäî äîïîëíèòåëüíî

íàêëàäûâàòü/ïðîâåðÿòü óñëîâèå, ÷òî ñåìåéñòâî îïåðàòîðîâ (F̃ (t))t≥0 äåéñòâóåò èç X â X .
Ïðåäëîæåíèå 1. Òåîðåìà 4 âåðíà è â ñëó÷àå, åñëè

X = C∞(Q) :=
{
ϕ ∈ Cb(Q): lim

ρ(q,q0)→∞
ϕ(q) = 0

}
,

ãäå q0 | ïðîèçâîëüíàÿ ôèêñèðîâàííàÿ òî÷êà íåîãðàíè÷åííîãî ìíîæåñòâà Q.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîñòàòî÷íî ïðîâåðèòü, ÷òî lim
ρ(q,q0)→∞

(F̃ (t)ϕ)(q) = 0 äëÿ ëþáîé

ϕ ∈ X . Ôèêñèðóåì ϕ ∈ X . Òîãäà

lim
ρ(q,q0)→∞

|F̃ (t)ϕ(q)| = lim
ρ(q,q0)→∞

|(F (a(q)t)ϕ)(q)| ≤

≤ lim
ρ(q,q0)→∞

sup
q′∈Q

|F (a(q′)t)ϕ(q)| = lim
ρ(q,q0)→∞

sup
τ∈[c1t,c2t]

|F (τ)ϕ(q)|.

Òàê êàê ñåìåéñòâî (F (t))t≥0 äåéñòâóåò èç X â X , òî äëÿ ëþáîãî t ≥ 0 è ëþáîãî ε > 0

ñóùåñòâóåò Rε,t > 0, òàêîå, ÷òî äëÿ ëþáîãî q ∈ Q, ρ(q0, q) > Rε,t, âûïîëíÿåòñÿ íåðàâåíñòâî
|F (t)ϕ(q)| < ε/2.
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Òàê êàê ñåìåéñòâî (F (t))t≥0 ñèëüíî íåïðåðûâíî, òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δε > 0,
òàêîå, ÷òî äëÿ ëþáûõ τ, τ ′ ∈ [c1t, c2t], óäîâëåòâîðÿþùèõ óñëîâèþ |τ − τ ′| < δε, âûïîëíÿ-
åòñÿ íåðàâåíñòâî ‖F (τ)ϕ − F (τ ′)ϕ‖∞ < ε/2 (ýòî áûëî ïðîâåðåíî â õîäå äîêàçàòåëüñòâà
òåîðåìû 4).
Ôèêñèðóåì ε > 0. Ðàçîáüåì îòðåçîê [c1t, c2t] òî÷êàìè τ0 = c1t < τ1 < . . . < τN = c2t íà

÷àñòè òàê, ÷òî max
1≤k≤N

|τk − τk−1| < δε. Ïðè ýòîì äëÿ ëþáîãî τ ∈ [c1t, c2t] ñóùåñòâóåò òàêîå τk,

÷òî |τ − τk| < δε. Ïóñòü òåïåðü Rε = max
0≤k≤N

Rε,τk
. Òîãäà äëÿ ëþáûõ q ∈ Q, ρ(q, q0) > Rε, è

τ ∈ [c1t, c2t] èìååì:

|F (τ)ϕ(q)| ≤ |F (τ)ϕ(q)− F (τk)ϕ(q)|+ |F (τk)ϕ(q)| ≤

≤ ‖F (τ)ϕ− F (τk)ϕ‖∞ + |F (τk)ϕ(q)| ≤ ε

2
+
ε

2
= ε.

Òàêèì îáðàçîì, lim
ρ(q,q0)→∞

sup
τ∈[c1t,c2t]

|F (τ)ϕ(q)| = 0, ÷òî è äîêàçûâàåò ïðåäëîæåíèå. Òåîðåìà

äîêàçàíà.

Ñëåäñòâèå 1. Ïóñòü äàí ìàðêîâñêèé ñëó÷àéíûé ïðîöåññ (Xt)t≥0 ñ ïðîñòðàíñòâîì ñîñòî-
ÿíèéQ è ïåðåõîäíîé âåðîÿòíîñòüþ Pt(q, dy). Ïðåäïîëîæèì, ÷òî ñîîòâåòñòâóþùàÿ ïðîöåññó
ïîëóãðóïïà (Tt)t≥0, çàäàííàÿ ñîîòíîøåíèåì

Ttϕ(q) = Eeq[ϕ(Xt)] ≡
∫
Q

ϕ(y)Pt(q, dy),

ÿâëÿåòñÿ ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé íà áàíàõîâîì ïðîñòðàíñòâå X , ãäå X = Cb(Q)

èëè X = C∞(Q). Òîãäà ñåìåéñòâî îïåðàòîðîâ (F̃ (t))t≥0, äåéñòâóþùåå ïî ôîðìóëå

F̃tϕ(q) =

∫
Q

ϕ(y)Pa(q)t(q, dy),

ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t)t≥0 ñ ãåíåðàòîðîì, ìóëüòèïëèêàòèâíî âîçìóùåí-
íûì ôóíêöèåé a(·) è ñïðàâåäëèâà ëàãðàíæåâà ôîðìóëà Ôåéíìàíà

T̃tϕ(q0) = lim
n→∞

∫
Q

· · ·
∫
Q

ϕ(qn)Pa(q0)t/n(q0, dq1)Pa(q1)t/n(q1, dq2) . . . Pa(qn−1)t/n(qn−1, dqn). (6)

Ýòî ñëåäñòâèå âûòåêàåò èç òåîðåìû 4.
Ç à ì å ÷ à í è å 11. Ñëåäñòâèå 1 âûïîëíÿåòñÿ, â ÷àñòíîñòè, â ñëó÷àå, åñëè (Xt)t≥0 |

ôåëëåðîâñêèé ïðîöåññ, ò.å. Q = Rd, (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ, ñîõðàíÿþùàÿ ïîëîæè-
òåëüíîñòü ñæèìàþùàÿ ïîëóãðóïïà íà ïðîñòðàíñòâå C∞(Rd).
Ç à ì å ÷ à í è å 12. Ìóëüòèïëèêàòèâíîå âîçìóùåíèå ãåíåðàòîðà ìàðêîâñêîãî ïðîöåññà

ðàâíîñèëüíî ïðîöåäóðå ñëó÷àéíîé çàìåíû âðåìåíè [11, 28]. Îòìåòèì, ÷òî P (t, x, dy) =

= Pa(x)t(x, dy) â îáùåì ñëó÷àå íå ÿâëÿåòñÿ ïåðåõîäíîé âåðîÿòíîñòüþêàêîãî-ëèáî ñëó÷àéíîãî
ïðîöåññà. Òåì íå ìåíåå, åñëè ïåðåõîäíàÿ âåðîÿòíîñòüPt(q, dy) èñõîäíîãî ïðîöåññà èçâåñòíà,
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òî ôîðìóëà (6) ïîçâîëÿåò àïïðîêñèìèðîâàòü íå âûðàæàþùóþñÿ â ÿâíîì âèäå ïåðåõîäíóþ
âåðîÿòíîñòü ìîäèôèöèðîâàííîãî ïðîöåññà.
Ïðèìåð 7 (ôîðìóëà Ôåéíìàíà äëÿ äèôôóçèè ñ ïåðåìåííûì êîýôôèöèåíòîì). Ðàññìî-

òðèì ïðîöåññ áðîóíîâñêîãî äâèæåíèÿ â Rd. Ãåíåðàòîðîì ýòîãî ïðîöåññà ÿâëÿåòñÿ îïåðàòîð
Ëàïëàñà L =

1
2
∆. Ïëîòíîñòü ïåðåõîäíîé âåðîÿòíîñòè çàäàåòñÿ ãàóññîâñêîé ýêñïîíåíòîé

pBM
t (x) = (2πt)−d/2 exp

{
−|x|

2

2t

}
.

Ïóñòü (T̃t)t≥0 | ïîëóãðóïïà íà C∞(Rd) ñ ãåíåðàòîðîì L, ìóëüòèïëèêàòèâíî âîçìóùåííûì
ôóíêöèåé a(·). Ýòà ïîëóãðóïïà ñîîòâåòñòâóåò äèôôóçèîííîìó ïðîöåññó ñ ïåðåìåííûì
êîýôôèöèåíòîì äèôôóçèè

√
a. Ïî òåîðåìå 4 äëÿ ëþáîãî ϕ ∈ C∞(Rd) ñïðàâåäëèâà ôîðìóëà

Ôåéíìàíà

T̃tϕ(q0) = lim
n→∞

∫
Rd

· · ·
∫
Rd

(2πa(q0)t/n)−d/2 exp

{
− |q0 − q1|2

2a(q0)t/n

}
×

× (2πa(qn−1)t/n)−d/2 exp

{
−|qn−1 − qn|2

2a(qn−1)t/n

}
ϕ(qn) dq1 . . . dqn.

Ïðèìåð 8 (ïðîöåññ òèïà Êîøè ñ ïåðåìåííûì êîýôôèöèåíòîì). Ðàññìîòðèì ïðîöåññ
Êîøè â Rd. Ïëîòíîñòü åãî ïåðåõîäíîé âåðîÿòíîñòè çàäàåòñÿ ôîðìóëîé

pt(x) = Γ

(
d

2
+

1

2

)
t

[π|x|2 + t2](d+1)/2
,

ãäå Γ(·)| ãàììà-ôóíêöèÿ Ýéëåðà. Ðàññìîòðèì ìóëüòèïëèêàòèâíîå âîçìóùåíèå ãåíåðàòîðà
ïðîöåññà Êîøè ôóíêöèåé a(·). Òîãäà äëÿ ñîîòâåòñòâóþùåé ïîëóãðóïïû (T̃t)t≥0 ñ ìóëüòè-
ïëèêàòèâíî âîçìóùåííûì ãåíåðàòîðîì ïî òåîðåìå 4 èìååì:

T̃tϕ(q0) = lim
n→∞

∫
Rd

· · ·
∫
Rd

[
Γ

(
d

2
+

1

2

)]n
a(q0)t/n

[(a(q0)t/n)2 + (π|q0 − q1|)2](d+1)/2
×

× a(qn−1)t/n

[(a(qn−1)t/n)2 + (π|qn−1 − qn|)2](d+1)/2
ϕ(qn) dq1 . . . dqn.

5. Ôîðìóëû Ôåéíìàíà äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè

Â ýòîì ïàðàãðàôå ìû îáîáùèì ðåçóëüòàòû ïðèìåðîâ 5 è 7 íà áîëåå øèðîêèé êëàññ
ïåðåìåííûõ êîýôôèöèåíòîâ.
Ïóñòü A(·): Rd → L(Rd) | òàêîå íåïðåðûâíîå îòîáðàæåíèå, ÷òî äëÿ ëþáîãî x ∈ Rd

îïåðàòîð A(x) ÿâëÿåòñÿ ñèììåòðè÷íûì è ïîëîæèòåëüíî îïðåäåëåííûì. Ïóñòü ∆A | äèô-
ôåðåíöèàëüíûé îïåðàòîð, äåéñòâóþùèé íà äâàæäû äèôôåðåíöèðóåìóþ íà Rd ôóíêöèþ ϕ

ñëåäóþùèì îáðàçîì:
(∆A ϕ)(x) := tr(A(x)ϕ(2)(x)), (7)
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ãäå ϕ(2)(x) := (Hessϕ)(x)| ãåññèàí ϕ â òî÷êå x ∈ Rd. Ïóñòü îòîáðàæåíèÿ b(·): Rd → Rd è
c(·): Rd → R íåïðåðûâíû. Â ýòîì ïàðàãðàôå ìû áóäåì ðàññìàòðèâàòü îïåðàòîð L, îïðåäå-
ëåííûé íà ìíîæåñòâå äâàæäû äèôôåðåíöèðóåìûõ íà Rd ôóíêöèé ñëåäóþùèì îáðàçîì:

Lϕ(x) :=
1

2
(∆Aϕ)(x) + b(x) · ∇ϕ(x) + c(x)ϕ(x). (8)

Ðàññìîòðèì çàäà÷ó Êîøè

∂f

∂t
(t, x) = Lf(t, x), t > 0, x ∈ Rd;

f(0, x) = f0(x), x ∈ Rd.

(9)

Ïðè f0 ∈ C∞(Rd) áóäåì èñêàòü òàêóþ ôóíêöèþ f : [0, ∞) × Rd → R, ÷òî f(t, ·) äâàæäû
äèôôåðåíöèðóåìà íà Rd ïðè âñåõ t > 0, f(·, x) äèôôåðåíöèðóåìà íà (0,∞) ïðè âñåõ x ∈ Rd

è f(t, ·) ∈ C∞(Rd) ïðè âñåõ t ≥ 0.
Ðàññìîòðèì ñåìåéñòâî îïåðàòîðîâ (F1(t))t≥0 (íà ïðîñòðàíñòâå C∞(Rd), êàê áóäåò ïîêà-

çàíî â äàëüíåéøåì), äëÿ êîòîðîãî F1(0) := Id è ïðè âñåõ t > 0 îïåðàòîð F1(t) îïðåäåëÿåòñÿ
ïî ôîðìóëå

F1(t)ϕ(x) :=
1√

(2πt)ddetA(x)

∫
Rd

exp

(
−A

−1(x)(x− y) · (x− y)

2t

)
ϕ(y) dy. (10)

Åñëè A(·)| ïîñòîÿííàÿ ìàòðèöà, òî ñåìåéñòâî îïåðàòîðîâ (F1(t))t≥0 ñîâïàäàåò ñ ïîëó-
ãðóïïîé (e

t
2
∆A)t≥0. ÅñëèA(·) íå ÿâëÿåòñÿ ïîñòîÿííîé ìàòðèöåé, òî ñåìåéñòâî (F1(t))t≥0 óæå

íå ÿâëÿåòñÿ ïîëóãðóïïîé. Ïðè ýòîì, åñëè A(x) ïðè âñåõ x ∈ Rd ÿâëÿåòñÿ äèàãîíàëüíîé ìà-
òðèöåé, ó êîòîðîé âñå äèàãîíàëüíûå ýëåìåíòû ðàâíû a(x), ãäå a(·)|íåêîòîðàÿ íåïðåðûâíàÿ,
îãðàíè÷åííàÿ, îòäåëåííàÿ îò íóëÿ ôóíêöèÿ, òî F1(t)ϕ(x) = (Ta(x)tϕ)(x), ãäå Tt = e

t
2
∆. Çíà-

÷èò, ïî òåîðåìå 4 ñåìåéñòâî (F1(t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t ≡ e
t
2
∆A)t≥0.

Êàê áóäåò ïîêàçàíî äàëåå, ýêâèâàëåíòíîñòü ïî ×åðíîâó ñîõðàíÿåòñÿ è â îáùåì ñëó÷àå.
Ëåììà 1. Ñåìåéñòâî (F1(t))t≥0 ÿâëÿåòñÿ íåïðåðûâíûì ñåìåéñòâîì ñæàòèé íà ïðîñòðàí-

ñòâå C∞(Rd).

Ä î ê à ç à ò å ë ü ñ ò â î. Ëèíåéíîñòü îïåðàòîðîâ F1(t) î÷åâèäíà. Êðîìå òîãî, äëÿ ëþáîé
ôóíêöèè ϕ ∈ Cc(Rd) ⊂ C∞(Rd) ôóíêöèÿ F1(t)ϕ ∈ C∞(Rd) â ñèëó ñâîéñòâ ãàóññîâñêîé
ýêñïîíåíòû (â ñëó÷àå êàê îãðàíè÷åííîãî, òàê è íåîãðàíè÷åííîãî îòîáðàæåíèÿ A(·)).
Ïðè ýòîì, äëÿ ëþáîé ϕ ∈ Cc(Rd)

sup
x∈Rd

|F1(t)ϕ(x)| = sup
x∈Rd

∣∣∣∣ 1√
detA(x)(2πt)d

∫
Rd

exp

(
−A−1(x)(x− y) · (x− y)

2t

)
ϕ(y) dy

∣∣∣∣ ≤
≤ ‖ϕ‖∞ sup

x∈Rd

∣∣∣∣ 1√
detA(x)(2πt)d

∫
Rd

exp

(
−A−1(x)(x− y) · (x− y)

2t

)
dy

∣∣∣∣ = ‖ϕ‖∞. (11)
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Òàê êàêCc(Rd) ïëîòíî âC∞(Rd), òî ïî òåîðåìå îá îãðàíè÷åííîì ëèíåéíîì îòîáðàæåíèè [43]
F1(t) ïðîäîëæàåòñÿ äî ñæàòèÿ íà ïðîñòðàíñòâå C∞(Rd). Ýòî ïðîäîëæåíèå òàêæå äåéñòâóåò
ïî ôîðìóëå (10).
Ïîêàæåì òåïåðü, ÷òî ñåìåéñòâî (F1(t))t≥0 ÿâëÿåòñÿ íåïðåðûâíûì. Äîñòàòî÷íî ïîêàçàòü,

÷òî lim
t→t0

‖F (t)ϕ − F (t0)ϕ‖∞ = 0 äëÿ êàæäîé ϕ ∈ Cc(Rd) è ëþáîãî t0 ≥ 0, à äàëåå âîñïîëü-
çîâàòüñÿ (3ε) -ïðèåìîì. Äëÿ t0 > 0 ðàâåíñòâî âåðíî, òàê êàê âñå ôóíêöèè â ôîðìóëå (10)
íåïðåðûâíû ïî t ∈ (0,+∞), ϕ èìååò êîìïàêòíûé íîñèòåëü è îòîáðàæåíèå

(t, x, y) 7→ exp
(−〈A−1(x)(x− y), x− y〉

2t

)
ÿâëÿåòñÿ íåïðåðûâíûì íà [t1, t2]× Rd × Rd, ãäå t0 ∈ (t1, t2) è [t1, t2] ⊂ (0,∞).
Äëÿ ϕ ∈ Cc(Rd) èìååì òàêæå

lim
t↘0

1√
detA(x)(2πt)d

∫
Rd

exp

(
−A−1(x)(x− y) · (x− y)

2t

)
ϕ(y) d(y) = ϕ(x),

ðàâíîìåðíî ïî x ∈ Rd, òàê êàê äëÿ êàæäîãî ôèêñèðîâàííîãî x ∈ Rd ôóíêöèÿ

y 7→ 1√
detA(x)(2πt)d

exp

(
−A−1(x)(x− y) · (x− y)

2t

)
ñòðåìèòñÿ ê äåëüòà-ôóíêöèè Äèðàêà δx ïðè t ↘ 0, à ôóíêöèÿ ϕ îãðàíè÷åíà è ðàâíîìåðíî
íåïðåðûâíà. Òàêèì îáðàçîì, lim

t↘0
F (t)ϕ = ϕ â C∞(Rd) äëÿ âñåõ ϕ ∈ Cc(Rd). Òåîðåìà

äîêàçàíà.

Ëåììà 2. Äëÿ ϕ ∈ C2,γ
c (Rd), 0 < γ ≤ 1, èìååì

F1(t)ϕ(x) = ϕ(x) +
1

2
∆Aϕ(x) + o(t)

ïðè t↘ 0 ðàâíîìåðíî ïî x ∈ Rd.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü c(t, x) := ((2πt)ddetA(x))−1/2, t > 0, x ∈ Rd. Òîãäà

1

t

(
F1(t)ϕ− ϕ

)
(x) =

c(t, x)

t

∫
Rd

exp

(
−A

−1(x)(x− y) · (x− y)

2t

)
(ϕ(y)− ϕ(x)) dy.

Òàê êàê ϕ ∈ C2,γ
c (Rd), òî åå ðàçëîæåíèå Òåéëîðà ñ öåíòðîì â òî÷êå x âëå÷åò äëÿ íåêîòîðîãî

ϑ ∈ [0, 1] ðàâåíñòâî

ϕ(y)− ϕ(x) = ϕ(1)(x)(y − x) +
1

2!
ϕ(2)(ϑx+ (1− ϑ)y)(y − x)2,

ãäå ϕ(k)(x) ïîíèìàåòñÿ êàê k-ëèíåéíûé ôóíêöèîíàë íà (Rd)k, à îáîçíà÷åíèå ϕ(k)(x)(y − x)k

óêàçûâàåò íà ïðèìåíåíèå ôóíêöèîíàëà ϕ(k)(x) ê âåêòîðó (y − x) ∈ Rd, âçÿòîìó k ðàç.
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Òàêèì îáðàçîì,

1

t
(F1(t)ϕ− ϕ)(x) =

=
c(t, x)

t

∫
Rd

e
−A−1(x)(x−y)·(x−y)

2t

(
ϕ(1)(x)(y − x) +

1

2
ϕ(2)(ϑx+ (1− ϑ)y)(y − x)2

)
dy =

=
c(t, x)

2t

∫
Rd

exp

(
−A−1(x)(x− y) · (x− y)

2t

)
ϕ(2)(x)(y − x)2dy +

+
c(t, x)

2t

∫
Rd

exp

(
−A−1(x)(x− y) · (x− y)

2t

)(
ϕ(2)(ϑx+ (1− ϑ)y)− ϕ(2)(x)

)
(y − x)2dy.

Òàê êàê ϕ(2) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, âòîðîå ñëàãàåìîå ïîñëåäíåãî ðàâåíñòâà ñòðå-
ìèòñÿ ê íóëþ ïðè t ↘ 0 ðàâíîìåðíî ïî x ∈ Rd. È, êàê è â ñëó÷àå ïîñòîÿííîé ìàòðèöû A,
ïåðâîå ñëàãàåìîå ñîâïàäàåò ñ 1

2
∆Aϕ(x) äëÿ âñåõ x ∈ Rd. Òåîðåìà äîêàçàíà.

Òåîðåìà 5. ÏóñòüA(·): Rd → L(Rd)| òàêîå íåïðåðûâíîå îòîáðàæåíèå, ÷òî äëÿ ëþáîãî
x ∈ Rd îïåðàòîð A(x) ÿâëÿåòñÿ ñèììåòðè÷íûì è ïîëîæèòåëüíî îïðåäåëåííûì. Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóåò α, 0 < α ≤ 1, äëÿ êîòîðîãî îïåðàòîð (∆A, C

2,α
c (Rd)), äåéñòâóþùèé

ïî ôîðìóëå (7), çàìûêàåì, ïðè÷åì ýòî çàìûêàíèå ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâ-
íîé ïîëóãðóïïû (et∆A)t≥0 íà C∞(Rd). Òîãäà ñåìåéñòâî (F1(t))t≥0, çàäàííîå ôîðìóëîé (10),
ýêâèâàëåíòíî ïî ×åðíîâó ýòîé ïîëóãðóïïå, ò.å.

et∆A = lim
n→∞

[
F1(t/n)

]n

âL(C∞(Rd)) ëîêàëüíî ðàâíîìåðíî ïî t ≥ 0. Êðîìå òîãî, äëÿ ëþáîéϕ ∈ C∞(Rd) ñïðàâåäëèâà
ëàãðàíæåâà ôîðìóëà Ôåéíìàíà

et∆Aϕ(q0) = lim
n→∞

∫
Rd

. . .

∫
Rd

pA(t/n, q0, q1) . . . pA(t/n, qn−1, qn)ϕ(qn) dq1 . . . dqn, (12)

ãäå

pA(t, x, y) :=
1√

detA(x)(2πt)d
exp

(
−A

−1(x)(x− y) · (x− y)

2t

)
ïðè x, y ∈ Rd, t > 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Êàê ñëåäóåò èç ëåìì 1 è 2, âñå óñëîâèÿ òåîðåìû ×åðíîâà âû-
ïîëíåíû. Ïîýòîìó óòâåðæäåíèå äàííîé òåîðåìû âûòåêàåò èç òåîðåìû ×åðíîâà. Òåîðåìà
äîêàçàíà.

Ç à ì å ÷ à í è å 13. Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ [31, 32, 35] äëÿ
ïîëóãðóïïû et∆A ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà Ôåéíìàíà | Êàöà:

et∆Aϕ(q0) = Eq0
[
ϕ(Xt)

]
≡

∫
Rd

ϕ(y)PA
t (q0, dy), (13)
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ãäå PA
t (q0, dy) = P{Xt ∈ dy

∣∣X0 = q0}| ïåðåõîäíàÿ âåðîÿòíîñòü äèôôóçèîííîãî ïðîöåññà
Xt c ïåðåìåííîé ìàòðèöåé äèôôóçèè A(·). Ôóíêöèÿ pA(t, x, y) èç òåîðåìû 5 îòíþäü íå
ÿâëÿåòñÿ ïëîòíîñòüþ ïåðåõîäíîé âåðîÿòíîñòè ýòîãî ñëó÷àéíîãî ïðîöåññà; åãî ïëîòíîñòü íå
âûðàæàåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ, îäíàêî åå ìîæíî àïïðîêñèììèðîâàòü ñ èñïîëüçîâà-
íèåì ôîðìóëû Ôåéíìàíà (12) è ôîðìóëû Ôåéíìàíà | Êàöà (13).
Èç ðåçóëüòàòîâ òåîðåì 3 è 5, à òàêæå ïðèìåðîâ 3 è 4 âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 6. ÏóñòüA(·): Rd → L(Rd)| òàêîå íåïðåðûâíîå îòîáðàæåíèå, ÷òî äëÿ ëþáîãî

x ∈ Rd îïåðàòîð A(x) ÿâëÿåòñÿ ñèììåòðè÷íûì è ïîëîæèòåëüíî îïðåäåëåííûì. Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóåò α, 0 < α ≤ 1, äëÿ êîòîðîãî îïåðàòîð (∆A, C

2,α
c (Rd)), äåéñòâóþùèé

ïî ôîðìóëå (7), çàìûêàåì, ïðè÷åì ýòî çàìûêàíèå ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâ-
íîé ïîëóãðóïïû (et∆A)t≥0 íà C∞(Rd). Ïóñòü b(·): Rd → Rd | îãðàíè÷åííîå íåïðåðûâíîå
âåêòîðíîå ïîëå; c(·): Rd → R →| íåïðåðûâíàÿ îãðàíè÷åííàÿ ñâåðõó ôóíêöèÿ; Äîïóñòèì,
÷òî ñóùåñòâóåò γ, α ≤ γ ≤ 1, ïðè êîòîðîì îïåðàòîð (L,C2,γ

c (Rd)), çàäàííûé ôîðìóëîé (8),
çàìûêàåì, ïðè÷åì ýòî çàìûêàíèå (L,Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé
ïîëóãðóïïû (Tt)t≥0 íà C∞(Rd), ðàçðåøàþùåé çàäà÷ó Êîøè (9) äëÿ âñåõ f0 ∈ Dom(L). Ðàñ-
ñìîòðèì ñåìåéñòâî (F1(t))t≥0 îïåðàòîðîâ, çàäàííîå ôîðìóëîé (10) è ñåìåéñòâî (S(t))t≥0,
çàäàííîå ôîðìóëîé (3). Òîãäà âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) S(t) ◦ etc ◦ F1(t) ∼ Tt, 3) etc ◦ S(t) ◦ F1(t) ∼ Tt, 5) F1(t) ◦ S(t) ◦ etc ∼ Tt,

2) S(t) ◦ F1(t) ◦ etc ∼ Tt, 4) F1(t) ◦ etc ◦ S(t) ∼ Tt, 6) etc ◦ F1(t) ◦ S(t) ∼ Tt.

Ç à ì å ÷ à í è å 14. Åñëè c(·): Rd → R →| íåïðåðûâíàÿ îãðàíè÷åííàÿ ñâåðõó ôóíêöèÿ,
îïåðàòîð óìíîæåíèÿ íà ýòó ôóíêöèþ ïëîòíî îïðåäåëåí â ïðîñòðàíñòâå C∞(Rd) (òàê îí
êàê êîððåêòíî îïðåäåëåí, íàïðèìåð, íà ìíîæåñòâå íåïðåðûâíûõ ôèíèòíûõ ôóíêöèé) è
ïîðîæäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó etc îïåðàòîðîâ óìíîæåíèÿ íà ôóíêöèþ etc(·).
Ñîãëàñíî òåîðåìå 6, ïîñòðîåíî øåñòü ðàçëè÷íûõ ñåìåéñòâ, ýêâèâàëåíòíûõ ïî ×åðíîâó

ïîëóãðóïïå (Tt)t≥0. Ïîñòðîèì åùå îäíî ñåìåéñòâî, ïðèãîäíîå è â ñëó÷àå, åñëè âåêòîðíîå
ïîëå b(·): Rd → Rd íå ÿâëÿåòñÿ îãðàíè÷åííûì.
Ï ð å ä ï î ë î æ å í è å 1. Äëÿ çàäàííîãî íåïðåðûâíîãî îòîáðàæåíèÿ A(·) : Rd → L(Rd),

òàêîãî, ÷òî äëÿ ëþáîãî x ∈ Rd îïåðàòîð A(x) ñèììåòðè÷íûé è ïîëîæèòåëüíî îïðåäåëåí-
íûé, íåïðåðûâíîãî âåêòîðíîãî ïîëÿ b(·) è íåïðåðûâíîé îãðàíè÷åííîé ñâåðõó ôóíêöèè c(·)
ïðåäïîëàãàåì, ÷òî ñóùåñòâóåò α, 0 < α ≤ 1, ïðè êîòîðîì îïåðàòîð (L,C2,α

c (Rd)), çàäàí-
íûé ôîðìóëîé (8), çàìûêàåì, ïðè÷åì ýòî çàìûêàíèå (L,Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì
ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0 íàC∞(Rd), ðàçðåøàþùåé çàäà÷ó Êîøè (9) äëÿ âñåõ
f0 ∈ Dom(L).
Ç à ì å ÷ à í è å 15. Ïðåäïîëîæåíèå 1 âûïîëíåíî, íàïðèìåð, ïðè c(·) ∈ C1

b (Rd), b(·) ∈
∈ C2

b (Rd) è A(·) ∈ C3
b (Rd), åñëè îïåðàòîð ∆A ÿâëÿåòñÿ ðàâíîìåðíî ýëëèïòè÷åñêèì (ò.å.

ñóùåñòâóåò òàêàÿ êîíñòàíòà γ > 0, ÷òî äëÿ âñåõ x ∈ Rd è ξ ∈ Rd\{0} âûïîëíåíî íåðàâåíñòâî
ξ · A(x)ξ ≥ γ|ξ|2). Ýòîò ôàêò ñëåäóåò èç äîêàçàòåëüñòâà òåîðåìû 2.1.43 (ñì. [34, òîì II]),
îñíîâàííîãî íà òåîðåìå Õèëëå|Èîñèäû|Ðýÿ. Â ñëó÷àå íåîãðàíè÷åííûõ êîýôôèöèåíòîâ
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âîïðîñû ñóùåñòâîâàíèÿ ñîîòâåòñòâóþùåé (ôåëëåðîâñêîé) ïîëóãðóïïû ðàññìàòðèâàþòñÿ,
íàïðèìåð, â ðàáîòå [18].
Îïðåäåëèì ñåìåéñòâî îïåðàòîðîâ (F2(t))t≥0 íà ìíîæåñòâå Cc(Rd) ñëåäóþùèì îáðàçîì:

F2(0) := Id è ïðè t > 0 îïåðàòîð F2(t) çàäàåòñÿ ôîðìóëîé

F2(t)ϕ(x) :=
1√

detA(x)(2πt)d
×

×
∫
Rd

exp

(
−A−1(x)(x− y) · (x− y)

2t

)
exp

(
−A−1b(x) · (x− y)

)
ϕ(y) dy, (14)

ãäå A−1b(x) := A−1(x)b(x), x ∈ Rd.
Ëåììà 3. Äëÿ âñåõ ϕ ∈ C2,γ

c (Rd), 0 < γ ≤ 1, ïðè t ↘ 0 ðàâíîìåðíî ïî x ∈ Rd

âûïîëíÿåòñÿ ðàâåíñòâî

F2(t)ϕ(x) = ϕ(x) +
t

2
∆Aϕ(x) + tb(x) · ∇ϕ(x) +

t

2
(A−1b(x) · b(x))ϕ(x) + o(t).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ϕ ∈ C2,γ
c (Rd) è âûïîëíåíî ïðåäïîëîæåíèå 1. Òîãäà äëÿ

ëþáîãî x ∈ Rd ôóíêöèÿ ψx,ϕ(y) = exp
(
−A−1b(x) · (x− y)

)
ϕ(y) ïåðåìåííîé y ïðèíàäëåæèò

ìíîæåñòâó C2,γ
c (Rd). Êðîìå òîãî,

F2(t)ϕ(x) = (F1(t)ψx,ϕ)(x).

Òàêèì îáðàçîì, ïî ëåììå 2 ïðè t↘ 0 ðàâíîìåðíî ïî x ∈ Rd

F2(t)ϕ(x) = ψx,ϕ(x) +
t

2
(∆Aψx,ϕ)(x) + o(t) =

=
(
exp

(
A−1b(x) · (x− •)

)
ϕ
)
(x) +

t

2
∆A

(
exp

(
−A−1b(x) · (x− •)

)
ϕ
)
(x) + o(t) =

= ϕ(x) +
t

2
tr
(
A

(
ϕ(2) + 2A−1b⊗∇ϕ+ (A−1b⊗ A−1b)ϕ

))
(x) + o(t) =

= ϕ(x) +
t

2
∆Aϕ(x) + tb(x) · ϕ(x) +

t

2
(A−1b(x) · b(x))ϕ(x) + o(t).

Òåîðåìà äîêàçàíà.

Ðàññìîòðèì òåïåðü ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0, äëÿ êîòîðûõ äëÿ ëþáîé ϕ ∈ C∞(Rd)

F (t)ϕ(x) = et[c(x)− 1
2
A−1(x)b(x)·b(x)]F2(t)ϕ(x) ≡

≡ exp(tc(x))√
detA(x)(2πt)d

∫
Rd

exp

(
−A−1(x)(x− y + tb(x)) · (x− y + tb(x))

2t

)
ϕ(y) dy, (15)

Îòìåòèì, ÷òî îïåðàòîðû F (t) îòëè÷àþòñÿ îò îïåðàòîðîâ â ôîðìóëå 3) òåîðåìû 6 òåì, ÷òî ó
ïîñëåäíèõ êîýôôèöèåíòû A(·) è A−1(·) âû÷èñëÿþòñÿ â òî÷êå x+ tb(x), à íå â òî÷êå x.
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Òåîðåìà 7. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 1. Òîãäà ñåìåéñòâî (F (t))t≥0 îïåðàòîðîâ,
îïðåäåëåííûõïîôîðìóëå (15), ýêâèâàëåíòíîïî×åðíîâó ïîëóãðóïïå (Tt)t≥0 íà ïðîñòðàíñòâå
X = C∞(Rd), ðàçðåøàþùåé çàäà÷ó Êîøè (9) äëÿ âñåõ f0 ∈ Dom(L), ò.å.

Tt = lim
n→∞

(
F (t/n)

)n

â L(C∞(Rd)) ëîêàëüíî ðàâíîìåðíî ïî t ≥ 0. Òàêèì îáðàçîì, äëÿ ëþáîé ϕ ∈ C∞(Rd)

ñïðàâåäëèâà ëàãðàíæåâà ôîðìóëà Ôåéíìàíà

Ttϕ(q0) = lim
n→∞

∫
Rd

· · ·
∫
Rd

exp

(
−

n∑
k=1

A−1(qk−1)b(qk−1) · (qk−1 − qk)

)
×

× exp

(
t

n

n∑
k=1

c(qk−1)

)
exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)
×

× ϕ(qn)pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn) dq1 . . . dqn, (16)

ãäå ïðè x, y ∈ Rd, t > 0

pA(t, x, y) :=
1√

detA(x)(2πt)d
exp

(
−A

−1(x)(x− y) · (x− y)

2t

)
.

Ç à ì å ÷ à í è å 16. Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà êîýôèöèåíòû A(·),
b(·), c(·) [31, 32, 35] äëÿ ïîëóãðóïïû (Tt)t≥0 ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà | Êàöà

Ttϕ(q0) = Eq0

[
exp

( t∫
0

c(ξτ ) dτ

)
f0(ξt)

]
, (17)

ãäå Eq0 | ìàòåìàòè÷åñêîå îæèäàíèå âûïóùåííîãî èç òî÷êè q0 äèôôóçèîííîãî ïðîöåññà
(ξt)t≥0 c ïåðåìåííîé ìàòðèöåé äèôôóçèè A(·) è ñíîñîì b(·). Òàêèì îáðàçîì, ôîðìóëà
Ôåéíìàíà (16) äàåò ïðèãîäíûå äëÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé àïïðîêñèìàöèè ôóíêöè-
îíàëüíîãî èíòåãðàëà â ôîðìóëå Ôåéíìàíà | Êàöà (17). Êðîìå òîãî, ñ ó÷åòîì ôîðìóë (12) è
(13) ìîæíî ïîêàçàòü, ÷òî âûðàæåíèå â ïðàâîé ÷àñòè ôîðìóëû (16) ñîâïàäàåò ñî ñëåäóþùèì
ôóíêöèîíàëüíûì èíòåãðàëîì:

Ttϕ(q0) = Eq0

[
exp

( t∫
0

c(Xτ ) dτ

)
exp

( t∫
0

A−1(Xτ ) b(Xτ ) · dXτ )

)
×

× exp

(
−1

2

t∫
0

A−1(Xτ )b(Xτ ) · b(Xτ ) dτ

)
f0(Xt)

]
, (18)

ãäå Eq0 | ìàòåìàòè÷åñêîå îæèäàíèå äèôôóçèîííîãî ïðîöåññà (Xt)t≥0 c ïåðåìåííîé ìàòðè-

öåé äèôôóçèè A(·) è áåç ñíîñà, à ñòîõàñòè÷åñêèé èíòåãðàë
t∫

0

A−1(Xτ )b(Xτ ) · dXτ åñòü ñòîõà-

ñòè÷åñêèé èíòåãðàë Èòî. Òåïåðü, ïðèðàâíèâàÿ ôóíêöèîíàëüíûå èíòåãðàëû â ôîðìóëàõ (17)
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è (18), ïîëó÷àåì àíàëîã ôîðìóëû Ãèðñàíîâà | Êàìåðîíà | Ìàðòèíà | Ðåéìåðà | Ìàðó-
ÿìû (î ïðåîáðàçîâàíèè ìåðû, ïîðîæäåííîé ñëó÷àéíûì ïðîöåñîì áðîóíîâñêîãî äâèæåíèÿ,
ïðè äîáàâëåíèè ñíîñà) äëÿ ñëó÷àÿ äèôôóçèîííûõ ïðîöåññîâ ñ ïåðåìåííûì êîýôôèöèåíòîì
äèôôóçèè.
Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû.
Âî-ïåðâûõ, F (t)ϕ ∈ C∞(Rd) äëÿ ëþáîé ôóíêöèè ϕ ∈ Cc(Rd). Äåéñòâèòåëüíî, åñëè

‖A(x)‖Mat(d×d) →∞ ïðè |x| → ∞,

òî

|F (t)ϕ(x)| ≤
‖ϕ‖∞ exp

(
tmax

x∈Rd
c(x)

)
√
detA(x)(2πt)d

∫
suppϕ

dy → 0, |x| → ∞.

Åñëè ñóùåñòâóåò òàêîé ïóòü Γ, ÷òî ïðè x ∈ Γ, |x| → ∞ èìååì ‖A(x)‖Mat(d×d) = O(1),
òî ñóùåñòâóåò òàêàÿ êîíñòàíòà k > 0, ÷òî äëÿ ëþáûõ x ∈ Γ, y ∈ Rd, t ≥ 0 âûïîëíÿåòñÿ
íåðàâåíñòâî

exp

(
−A

−1(x)(x+ tb(x)− y) · (x+ tb(x)− y)

2t

)
≤ exp

(
−k|x+ tb(x)− y|2

2t

)
.

Ïðè ýòîì ñóùåñòâóåò òàêîå t∗ > 0, ÷òî äëÿ ëþáîãî t ∈ [0, t∗] èìååì |x + tb(x)| → ∞ ïðè
|x| → ∞. Òîãäà ïî ñâîéñòâàì ãàóññîâñêîé ýêñïîíåíòû äëÿ âñåõ t ∈ [0, t∗] ïðè x ∈ Γ, |x| → ∞
âûïîëíÿåòñÿ îöåíêà

|F (t)ϕ(x)| ≤
‖ϕ‖∞ exp

(
tmax

x∈Rd
c(x)

)
√
detA(x)(2πt)d

∫
suppϕ

exp

(
−k|x+ tb(x)− y|2

2t

)
dy → 0.

Â ýòîì ñëó÷àå ïîëîæèì F (t) = F (t∗) äëÿ âñåõ t ≥ t∗.
Âî-âòîðûõ, äëÿ ëþáîé ϕ ∈ Cc(Rd)

sup
x∈Rd

|F (t)ϕ(x)| ≤ exp
(
tmax

x∈Rd
(c(x))

)
‖ϕ‖∞ ×

× sup
x∈Rd

∣∣∣∣ 1√
detA(x)(2πt)d

∫
Rd

exp

(
−A−1(x)(x− y + tb(x))(x− y + tb(x))

2t

)
dy

∣∣∣∣ =

= exp
(
tmax

x∈Rd
(c(x))

)
‖ϕ‖∞.

Çíà÷èò, ïî òåîðåìå îá îãðàíè÷åííîì ëèíåéíîì îòîáðàæåíèè îïåðàòîðû F (t) ìîæíî ïðî-
äîëæèòü ñ ìíîæåñòâà Cc(Rd) äî ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ èç C∞(Rd) â C∞(Rd),
ïðè÷åì

‖F (t)‖ ≤ exp
(
tmax

x∈Rd
(c(x))

)
.
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Äàëåå, ïî ëåììå 3 äëÿ ëþáîé ϕ ∈ C2,γ
c (Rd), 0 < γ ≤ 1, ïðè t↘ 0 ðàâíîìåðíî ïî x ∈ Rd

âûïîëíÿþòñÿ ñîîòíîøåíèÿ:

F (t)ϕ(x) = et[c(x)− 1
2
A−1(x)b(x)·b(x)]F2(t)ϕ(x) =

=et[c(x)− 1
2
A−1(x)b(x)·b(x)]

(
ϕ(x)+

t

2
∆Aϕ(x)+tb(x)·∇ϕ(x)+

t

2
(A−1b(x)·b(x))ϕ(x)+o(t)

)
=

= ϕ(x) +
t

2
∆Aϕ(x) + tb(x) · ∇ϕ(x) + c(x)ϕ(x) + o(t).

Òàêèì îáðàçîì, âñå óñëîâèÿ òåîðåìû ×åðíîâà âûïîëíåíû. Òåîðåìà äîêàçàíà.

Ç à ì å ÷ à í è å 17. Ìîæíî ïîêàçàòü, ÷òî ïðè íàäëåæàùèõ óñëîâèÿõ íà êîýôôèöèåíòû
A(·), b(·), c(·) îïåðàòîð L = −iH , ãäå

Hϕ(x) := −1

2
(∆Aϕ)(x)− ib(x) · ∇ϕ(x) + c(x)ϕ(x),

c ïîäõîäÿùåé îáëàñòüþ îïðåäåëåíèÿ ïîðîæäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó (è äàæå
ãðóïïó) e−itH íà ïðîñòðàíñòâå L2(Rd) è ñåìåéñòâî (F (t))t≥0 îïåðàòîðîâ, òàêèõ, ÷òî äëÿ
ëþáîé ϕ ∈ Cc(Rd)

F (t)ϕ(x) =
exp(−itc(x))√
detA(x)(2πit)d

∫
Rd

exp

(
i
A−1(x)(x− y − tb(x)) · (x− y − tb(x))

2t

)
ϕ(y)dy,

(cð. ñ ôîðìóëîé ïðèìåðà 6 è ôîðìóëîé (15)) ýêâèâàëåíòíî ïî ×åðíîâó ýòîé ïîëóãðóïïå (ñð.
[12, 42]).

6. Ôîðìóëû Ôåéíìàíà äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷

Ñóùåñòâóþò ðàçëè÷íûå ïîäõîäû ê ïîëó÷åíèþ ôîðìóë Ôåéíìàíà äëÿ íà÷àëüíî-êðàåâûõ
çàäà÷. Ñ îäíîé ñòîðîíû, íà÷èíàÿ ñ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ áîëåå ïðîñòîãî
óðàâíåíèÿ, ìîæíî ïðèìåíÿòü òåîðåìû 3 è 4 îá àääèòèâíûõ è ìóëüòèïëèêàòèâíûõ âîçìó-
ùåíèÿõ äëÿ ïîëó÷åíèÿ ðåøåíèÿ èñõîäíîé çàäà÷è (ñì., íàïðèìåð, [7]). Ñ äðóãîé ñòîðîíû,
íà÷èíàÿ ñ ðåøåíèÿ çàäà÷è Êîøè äëÿ èñõîäíîãî óðàâíåíèÿ, ìîæíî <ïîäïðàâëÿòü> ñîîòâåò-
ñòâóþùåå ñåìåéñòâî ýêâèâàëåíòíûõ ïî ×åðíîâó îïåðàòîðîâ òàêèì îáðàçîì, ÷òîáû âûïîëíÿ-
ëèñü êðàåâûå óñëîâèÿ (ñì., íàïðèìåð, [21, 10]). Îïèøåì âòîðîé ïîäõîä äëÿ ðåøåíèÿ êðàåâîé
çàäà÷è Êîøè | Äèðèõëå äëÿ íåêîòîðîãî êëàññà óðàâíåíèé.
Ïóñòü G | îãðàíè÷åííàÿ îáëàñòü â Rd, X = C∞(Rd) è äèôôåðåíöèàëüíûé îïåðàòîð

(L,Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0 íà X . Ïóñòü
òàêæå äàíî ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0 íà X , ýêâèâàëåíòíîå ïî ×åðíîâó ïîëóãðóïïå
(Tt)t≥0, ïðè÷åì ‖F (t)‖ ≤ eat äëÿ íåêîòîðîãî a ∈ R è âñåõ t ≥ 0, F ′(0)ϕ = Lϕ äëÿ âñåõ
ϕ ∈ D ⊂ Dom(L), ãäå D | íåêîòîðàÿ ñóùåñòâåííàÿ îáëàñòü îïðåäåëåíèÿ îïåðàòîðà L.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè | Äèðèõëå:

∂f

∂t
(t, q) = Lf(t, q), t > 0, q ∈ G;

f(0, q) = f0(q), q ∈ G;

f(t, q) = 0, q ∈ ∂G.

(19)
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Ïóñòü Y = C0(G) := {ϕ ∈ C(G), lim
q→∂G

ϕ(q) = 0} | ïðîñòðàíñòâî íåïðåðûâíûõ ôóíê-
öèé, îáðàùàþùèõñÿ â íóëü íà ãðàíèöå îáëàñòè. Ýòî áàíàõîâî ïðîñòðàíñòâî ñ íîðìîé
‖f‖Y = supx∈G |f(x)|.
Ï ð å ä ï î ë î æ å í è å 2. Ïðåäïîëàãàåì, ÷òî ñóùåñòâóåò ñèëüíî íåïðåðûâíàÿ ïîëó-

ãðóïïà (T o
t )t≥0 íà ïðîñòðàíñòâå Y , ðàçðåøàþùàÿ çàäà÷ó Êîøè | Äèðèõëå (19), ò.å. åñëè

(Lo,Dom(Lo)) | ãåíåðàòîð ïîëóãðóïïû (T o
t )t≥0, òî äëÿ ëþáîé ϕ ∈ Dom(Lo) ôóíêöèÿ

f(t, ·) = T o
t ϕ ∈ Y ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (19) ñ íà÷àëüíûì óñëîâèåì f0 := ϕ.

Óñëîâèÿ ñóùåñòâîâàíèÿ ïîëóãðóïïû, ðàçðåøàþùåé íà÷àëüíî-êðàåâóþ çàäà÷ó (19), ìîãóò
áûòü íàéäåíû, íàïðèìåð â [37, òåîðåìà 3.2.5 è ñëåäñòâèå 3.1.4].
Ìíîæåñòâî C0(G) ìîæíî ðàçëè÷íûìè ñïîñîáàìè âëîæèòü â ïðîñòðàíñòâî Cc(Rd) íåïðå-

ðûâíûõ íà Rd ôóíêöèé c êîìïàêòíûìè íîñèòåëÿìè.
Ï ð å ä ï î ë î æ å í è å 3. Ïðåäïîëàãàåì, ÷òî ñóùåñòâóåò âëîæåíèå E: C0(G) → Cc(Rd),

äëÿ êîòîðîãî:

(E0) êàæäàÿ ôóíêöèÿ ϕ ∈ C0(G) ïðîäîëæàåòñÿ äî ôóíêöèèE(ϕ) ∈ Cc(Rd), ò.å.E(ϕ)
∣∣
G

=

= ϕ;
(E1) âëîæåíèå ëèíåéíî, ò.å. äëÿ âñåõ ôóíêöèé ϕ1, ϕ2 ∈ C0(G) è ÷èñåë a, b ∈ R ñïðàâåä-

ëèâî ðàâåíñòâî E(aϕ1 + bϕ2) = aE(ϕ1) + bE(ϕ2);
(E2) âëîæåíèå ñîõðàíÿåò íîðìó, ò.å. äëÿ ëþáîé ϕ ∈ Y = C0(G) ñïðàâåäëèâî ðàâåíñòâî

‖ϕ‖Y = sup
q∈Rd

|E(ϕ)(q)| ≡ ‖E(ϕ)‖X ;

(E3) âëîæåíèå ñîõðàíÿåò ñóùåñòâåííóþ îáëàñòü, ò.å. åñëèD
∣∣
G
|ìíîæåñòâî ñóæåíèé íà

G ôóíêöèé èç D ⊂ Dom(L), òî äëÿ ëþáîé ϕ ∈ Dom(Lo) ∩D
∣∣
G
åå ïðîäîëæåíèå E(ϕ) ∈ D.

Ç à ì å ÷ à í è å 18. Ïóñòü, íàïðèìåð, L = ∆, D = C2
c (Rd). Òîãäà òðåáîâàíèå (E3) ðàâíî-

ñèëüíî òðåáîâàíèþ ñîõðàíåíèÿ ïðè âëîæåíèè ãëàäêîñòè äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî.
Ï ð å ä ï î ë î æ å í è å 4. Ïðåäïîëàãàåì, ÷òî ìíîæåñòâî

Do := Dom(Lo) ∩ [C1(Rd) ∩D]
∣∣
G

ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ãåíåðàòîðà Lo ïîëóãðóïïû (T o
t )t≥0, ðàçðåøà-

þùåé ïîñòàâëåííóþ çàäà÷ó Êîøè | Äèðèõëå (19).
Ç à ì å ÷ à í è å 19. Ïóñòü îïåðàòîð L çàäàí ôîðìóëîé (8), ïðè÷åì êîýôôèöèåíòû ÿâëÿ-

þòñÿ ôóíêöèÿìè êëàññà C2,α(Rd) äëÿ íåêîòîðîãî α ∈ (0, 1), ìàòðèöà A(q) ñèììåòðè÷íà ïðè
âñåõ q ∈ Rd è îïåðàòîð ∆A ðàâíîìåðíî ýëëèïòè÷åí. Ðàññìîòðèì â êà÷åñòâå D ìíîæåñòâî
C2,α

c (Rd) ⊂ C∞(Rd) ≡ X , òîãäà Do = {ϕ ∈ C2,α(G) : ϕ, Lϕ ∈ Y }. Åñëè ãðàíèöà îáëàñòè G
ÿâëÿåòñÿ ãëàäêîé êëàññà C4,α, òî ïðåäïîëîæåíèÿ 2, 3 è 4 âåðíû (ñì. [16]).
Ïóñòü s : (0,∞) → (0,∞) ãëàäêàÿ ôóíêöèÿ, ìîíîòîííî óáûâàþùàÿ ê íóëþ ïðè t ↘ 0,

ïðè÷åì s(t) = o(t) (íàïðèìåð s(t) = k arctg t2, ãäå k ∈ (0, diam(G)/π)). Ðàññìîòðèì ìíîæå-
ñòâî Gs(t) ⊂ G, îïðåäåëåííîå ïî ôîðìóëå Gs(t) = {q ∈ G: dist(q, ∂G) > s(t)}. Ðàññìîòðèì
òåïåðü ñåìåéñòâî (ψs(t))t>0 áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ψs(t): Rd → [0, 1], òà-
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êèõ, ÷òî

ψs(t)(q) =

{
1, q ∈ Gs(t);

0, q ∈ Rd \G,

è lim
t→t∗

‖ψs(t) − ψs(t∗)‖∞ = 0 äëÿ ëþáîãî t∗ > 0. Îòìåòèì, ÷òî ïðè t ↘ 0 ôóíêöèè ψs(t)

ïîòî÷å÷íî ñõîäÿòñÿ ê èíäèêàòîðó îáëàñòè G.
Ðàññìîòðèì ñåìåéñòâî (Fo(t))t≥0 îïåðàòîðîâ, äåéñòâóþùèõ ïî ôîðìóëå

Fo(t)ϕ(q) =

{
Id, t = 0;

ψs(t)(q)[F (t)E(ϕ)](q), t > 0.
(20)

ãäå ñåìåéñòâî (F (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (Tt)t≥0, ðàçðåøàþùåé çàäà÷ó
Êîøè â ïðîñòðàíñòâå X , ñîîòâåòñòâóþùóþ íàøåé íà÷àëüíî-êðàåâîé çàäà÷å (19). Ýòî ñå-
ìåéñòâî îïåðàòîðîâ äåéñòâóåò â ïðîñòðàíñòâå Y . Äåéñòâèòåëüíî, åñëè ϕ ∈ Y = C0(G), òî
E(ϕ) ∈ Cc(Rd) ⊂ C∞(Rd) = X , F (t)E(ϕ) ∈ X , ψs(t)[F (t)E(ϕ)] ∈ Y .
Òåîðåìà 8. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ 2, 3 è 4. Òîãäà ñåìåéñòâî (Fo(t))t≥0,

çàäàííîå ôîðìóëîé (20), ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T o
t )t≥0, ðàçðåøàþùåé çàäà÷ó

Êîøè | Äèðèõëå (19).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû×åðíîâà. Òàê êàêFo(0) =

Id ïî îïðåäåëåíèþ, òî íåîáõîäèìî ïðîâåðèòü ñèëüíóþ íåïðåðûâíîñòü ñåìåéñòâà (Fo(t))t≥0,
îöåíèòü íîðìó îïåðàòîðîâ Fo(t) è íàéòè (ñèëüíóþ) ïðîèçâîäíóþ Fo(t) â íóëå íà ñóùåñòâåí-
íîé îáëàñòè Do îïðåäåëåíèÿ ãåíåðàòîðà Lo. Èòàê,

‖Fo(t)‖ = sup
ϕ∈Y

‖Fo(t)ϕ‖Y

‖ϕ‖Y

= sup
ϕ∈Y

supq∈G |ψs(t)(q)[F (t)E(ϕ)](q)|
‖E(ϕ)‖X

≤ sup
ϕ∈X

‖F (t)ϕ‖X

‖ϕ‖X

≤ eat.

Òåïåðü ïðîâåðèì ñèëüíóþ íåïðåðûâíîñòü ñåìåéñòâà (Fo(t))t≥0. Âî-ïåðâûõ, äëÿ ëþáîé
ϕ ∈ Y

lim
t→0

‖Fo(t)ϕ− ϕ‖Y = lim
t→0

sup
q∈G

∣∣ψs(t)(q)[F (t)E(ϕ)](q)− ϕ(q)
∣∣ =

= lim
t→0

sup
q∈G

∣∣ψs(t)(q)
(
[F (t)E(ϕ)](q)− E(ϕ)(q)

)
+ ϕ(q)[ψs(t)(q)− 1]

∣∣ ≤
≤ lim

t→0
‖F (t)E(ϕ)− E(ϕ)‖X + lim

t→0
sup

q ∈G\Gs(t)

|ϕ(q)| = 0

â ñèëó ñèëüíîé íåïðåðûâíîñòè ñåìåéñòâà (F (t))t≥0 íà ïðîñòðàíñòâå X è ðàâíîìåðíîé íå-
ïðåðûâíîñòè ϕ íà êîìïàêòå G \Gs(t). Âî-âòîðûõ, äëÿ ëþáîãî t∗ > 0 è äëÿ ëþáîé ϕ ∈ Y

lim
t→t∗

‖Fo(t)ϕ− Fo(t
∗)ϕ‖Y = lim

t→t∗
sup
q∈G

∣∣ψs(t)(q)[F (t)E(ϕ)](q)− ψs(t∗)(q)[F (t∗)E(ϕ)](q)
∣∣ =

= lim
t→t∗

sup
q∈G

∣∣ψs(t)(q)
(
[F (t)E(ϕ)](q)− [F (t∗)E(ϕ)](q)

)
+(ψs(t)(q)−ψs(t∗)(q))[F (t∗)E(ϕ)](q)

∣∣≤
≤ lim

t→0
‖ψs(t)‖Y · ‖[F (t)E(ϕ)]− [F (t∗)E(ϕ)]‖X + ‖F (t∗)E(ϕ)‖X · ‖ψs(t) − ψs(t∗)‖Y = 0.
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Ïóñòü òåïåðü ϕ ∈ Do. Íàéäåì

lim
t→0

∥∥∥∥Fo(t)ϕ− ϕ

t
− Loϕ

∥∥∥∥
Y

= lim
t→0

sup
q∈G

∣∣∣∣Fo(t)ϕ(q)− ϕ(q)

t
− Loϕ(q)

∣∣∣∣.
Îòìåòèì, ÷òî

∣∣∣∣Fo(t)ϕ(q)− ϕ(q)

t
− Loϕ(q)

∣∣∣∣ =



∣∣∣ [F (t)E(ϕ)](q)− ϕ(q)
t

− Lϕ(q)
∣∣∣, q ∈ Gs(t);∣∣∣ψs(t)(q)[F (t)E(ϕ)](q)− ϕ(q)

t
− Lϕ(q)

∣∣∣, q ∈ G \Gs(t);

0, q ∈ ∂G.

Ïðè ýòîì

sup
q∈Gs(t)

∣∣∣∣ [F (t)E(ϕ)](q)− E(ϕ)(q)

t
− Lϕ(q)

∣∣∣∣ ≤ ∥∥∥∥F (t)E(ϕ)− E(ϕ)

t
− L(E(ϕ))

∥∥∥∥
X

→ 0

ïðè t→ 0. Êðîìå òîãî,

sup
q∈G\Gs(t)

∣∣∣∣ψs(t)(q)[F (t)E(ϕ)](q)− ϕ(q)

t
− Lϕ(q)

∣∣∣∣ =

= sup
q∈G\Gs(t)

∣∣∣∣ψs(t)[F (t)E(ϕ)]− ψs(t)ϕ+ ψs(t)ϕ− ϕ

t
(q)− Lϕ(q)

∣∣∣∣ ≤
≤ sup

q∈G\Gs(t)

∣∣∣∣ψs(t)(q)

[
F (t)E(ϕ)(q)− E(ϕ)(q)

t
− L(E(ϕ))(q)

]∣∣∣∣ +

+ sup
q∈G\Gs(t)

∣∣∣∣L(E(ϕ))(q)[ψs(t)(q)− 1]

∣∣∣∣ + sup
q∈G\Gs(t)

∣∣∣∣ϕ(q)
ψs(t)(q)− 1

t

∣∣∣∣ ≤
≤

∥∥∥∥ [F (t)E(ϕ)]− E(ϕ)

t
− L(E(ϕ))

∥∥∥∥
X

+ sup
q∈G\Gs(t)

∣∣L(E(ϕ))(q)
∣∣ + sup

q∈G\Gs(t)

|ϕ(q)|
t

−→ 0

ïðè t→ 0.
Äåéñòâèòåëüíî, ∥∥∥∥ [F (t)E(ϕ)]− E(ϕ)

t
− L(E(ϕ))

∥∥∥∥
X

→ 0

ïðè t→ 0, òàê êàê E(Do) ⊂ D è ïðè âñåõ ϕ ∈ D â ïðåäïîëîæåíèÿõ òåîðåìû

lim
t→0

∥∥∥∥F (t)ϕ− ϕ

t
− Lϕ

∥∥∥∥
X

= 0.

Ó÷èòûâàÿ, ÷òî L(E(ϕ))(q) = 0 ïðè q ∈ ∂G äëÿ ëþáîé ϕ ∈ Do ⊂ Dom(Lo), â ñèëó ðàâíîìåð-
íîé íåïðåðûâíîñòè ôóíêöèè L(E(ϕ)) íà êîìïàêòå G \Gs(t), ïîëó÷àåì

lim
t→0

sup
q∈G\Gs(t)

∣∣L(E(ϕ))(q)
∣∣ = 0.

Äàëåå, äëÿ ëþáîãî q ∈ G \ Gs(t) ñóùåñòâóåò õîòÿ áû îäíà òî÷êà xq ∈ ∂G, òàêàÿ, ÷òî
dist(q, xq) = dist(q, ∂G) ≤ s(t) = o(t) ïðè t → 0. Òàê êàê ϕ ∈ Do, òî E(ϕ) ∈ C1

c (Rd) è
ïî ôîðìóëå Òåéëîðà ϕ(q) = E(ϕ)(q) = E(ϕ)(xq)+E(ϕ)(1)(z)(q−xq), ãäå z = ϑq+(1−ϑ)xq
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äëÿ íåêîòîðîãî ϑ ∈ [0, 1]. Ñëåäîâàòåëüíî,

sup
q∈G\Gs(t)

|ϕ(q)|
t

≤ s(t)

t

∥∥E(ϕ)(1)
∥∥

X
→ 0

ïðè t → 0. Òàêèì îáðàçîì, lim
t→0

∥∥∥Fo(t)ϕ− ϕ

t
− Loϕ

∥∥∥
Y

= 0, è, çíà÷èò, âûïîëíåíû âñå
òðåáîâàíèÿ òåîðåìû ×åðíîâà äëÿ ñåìåéñòâà (Fo(t))t≥0. Ñëåäîâàòåëüíî, ïî òåîðåìå ×åðíîâà
ýòî ñåìåéñòâî ýêâèâàëåíòíî ïîëóãðóïïå (T o

t )t≥0, ðàçðåøàþùåé çàäà÷óÊîøè|Äèðèõëå (19).
Òåîðåìà äîêàçàíà.

Ïðèìåð 9. Ïóñòü îïåðàòîð L çàäàí ôîðìóëîé (8), ïðè÷åì êîýôôèöèåíòû ÿâëÿþòñÿ
ôóíêöèÿìè êëàññà C2,α(Rd) äëÿ íåêîòîðîãî α ∈ (0, 1), ìàòðèöà A(q) ñèììåòðè÷íà ïðè âñåõ
q ∈ Rd è îïåðàòîð ∆A ðàâíîìåðíî ýëëèïòè÷åí. Ïóñòü òàêæå âûïîëíåíî ïðåäïîëîæåíèå
1. Â êà÷åñòâå ñåìåéñòâà (F (t))t≥0 îïåðàòîðîâ íà ïðîñòðàíñòâå X ðàññìîòðèì ñåìåéñòâî,
çàäàííîå ôîðìóëîé (15), à â êà÷åñòâå D | ìíîæåñòâî C2,α

c (Rd). Ñëåäîâàòåëüíî, Do =

= {ϕ ∈ C2,α(G): ϕ, Lϕ ∈ Y }. Ïóñòü ãðàíèöà îáëàñòè G ÿâëÿåòñÿ ãëàäêîé êëàññà C4,α (òîãäà
ïðåäïîëîæåíèÿ 2, 3 è 4 âåðíû, ñì. [16]). Ñëåäîâàòåëüíî, ïî òåîðåìàì 7 è 8 ðåøåíèå çàäà÷è
Êîøè | Äèðèõëå (19) ìîæåò áûòî ïîëó÷åíî ïî ñëåäóþùåé ôîðìóëå:

f(t, q0) = T o
t f0(q0) = lim

n→∞
[Fo(t/n)]nf0(q0) =

= lim
n→∞

∫
Rd

· · ·
∫
Rd

( n∏
k=1

ψs(t/n)(qk−1)

)
exp

(
−

n∑
k=1

A−1b(qk−1) · (qk−1 − qk)

)
×

× exp

(
t

n

n∑
k=1

c(qk−1)

)
exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)
×

× E(ϕ)(qn)pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn) dq1 . . . dqn, (21)

Óïðîñòèì ïîñëåäíåå âûðàæåíèå. Ïóñòü χG èíäèêàòîð îáëàñòè G, ò.e. χG(x) = 1 ïðè x ∈ G,
χG(x) = 0 ïðè x /∈ G. Íè ñêîðîñòü ñõîäèìîñòè s(t) → 0 (åñëè ýòà ñêîðîñòü íå ìåäëåííåå,
÷åì o(t)), íè âûáîð ñåìåéñòâà (ψs(t))t>0, àïïðîêñèìèðóþùåãî ôóíêöèþ χG ïðè t → 0,
íå ìåíÿþò ïðåäåë â ôîðìóëå (21). Òàê êàê ôóíêöèè ψs(t) ãëàäêèå è èìåþò êîìïàêòíûå
íîñèòåëè â G, à ôóíêöèÿ E(ϕ) íåïðåðûâíà è òàêæå èìååò êîìïàêòíûé íîñèòåëüK ⊂ Rd, òî
âôîðìóëå (21)ôàêòè÷åñêèïðîèçâîäèòñÿ èíòåãðèðîâàíèå íåïðåðûâíîéôóíêöèèïî êîìïàêòó
K × G

n−1 ⊂ (Rd)n. Ïóñòü òåïåðü t ∈ (0, T ] äëÿ íåêîòîðîãî ôèêñèðîâàííîãî 0 < T < ∞.
Òàê êàê ψs(t) → χG ïðè t → 0, òî ìîæíî âûáðàòü s(t), t ∈ (0, T ], òàê, ÷òî ïðè âñåõ n ∈ N
âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣ψs(t/n)(x0)

∫
K

∫
Gn−1

exp

(
−

n∑
k=1

A−1b(qk−1) · (qk−1 − qk)

)
exp

(
t

n

n∑
k=1

c(qk−1)

)
×

× exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)( n∏
k=2

(ψs(t/n)(qk−1)− χG(qk−1))

)
×

× E(ϕ)(qn)pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn) dq1 . . . dqn

∣∣∣∣ < 1

n
.
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Òîãäà èç ôîðìóëû (21) âûòåêàåò, ÷òî

Ttϕ(q0) = lim
n→∞

∫
K

∫
G

n−1

exp

(
−

n∑
k=1

A−1b(qk−1) · (qk−1 − qk)

)
×

× exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)
exp

(
t

n

n∑
k=1

c(qk−1)

)
×

× E(ϕ)(qn)pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn) dq1 . . . dqn (22)

ðàâíîìåðíî ïî (x0, t) ∈ G× [0, T ] äëÿ ëþáîãî T > 0. Êðîìå òîãî,∣∣∣∣(∫
Gn

−
∫
K

∫
Gn−1

)
exp

(
−

n∑
k=1

A−1b(qk−1) · (qk−1 − qk)

)
×

× exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)
exp

(
t

n

n∑
k=1

c(qk−1)

)
×

× E(ϕ)(qn)pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn) dq1 . . . dqn

∣∣∣∣ ≤
≤ exp

(
tmax

y∈G
{c(y)}

)(
sup

y∈G,z∈K\G
exp(A−1(y)b(y) · (z − y))

)
×

× sup
y∈G

∫
K\G

pA(t/n, y, z)|E(ϕ)(z)|dz → 0

ïðè n→∞. Äåéñòâèòåëüíî, ïóñòü ε > 0 è Gδ | δ-îêðåñòíîñòü îáëàñòè G â Rd, δ > 0. Òàê
êàê ôóíêöèÿ E(ϕ) íåïðåðûâíà íà Rd è îáðàùàåòñÿ â íîëü íà ∂G, òî ñóùåñòâóåò δ > 0, òàêîå,
÷òî |E(ϕ)| ≤ ε/2 íà Gδ \G. Òîãäà

sup
y∈G

∫
K\G

pA(t/n, y, z)|E(ϕ)(z)| dz ≤

≤ sup
y∈G

∫
Gδ\G

pA(t/n, y, z)|E(ϕ)(z)| dz + sup
y∈G

∫
K\Gδ

pA(t/n, y, z)|E(ϕ)(z)| dz ≤

≤ ε

2
+ sup

z∈K
|E(ϕ)(z)| sup

y∈G

∫
K\Gδ

pA(t/n, y, z)dz. (23)

Â ñèëó áûñòðîãî óáûâàíèÿ ãàóññîâñêîé ýêñïîíåíòû pA, äëÿ âûáðàííîãî âûøå δ > 0 ñóùå-
ñòâóåò N ∈ N òàêîå, ÷òî ïðè âñåõ n ≥ N ïîñëåäíåå ñëàãàåìîå â ôîðìóëå (23) ìàæîðèðóåòñÿ
êîíñòàíòîé ε/2. Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Ïðåäëîæåíèå 2. Ïóñòü îïåðàòîð L çàäàí ôîðìóëîé (8), ïðè÷åì êîýôôèöèåíòû ÿâëÿþòñÿ

ôóíêöèÿìè êëàññà C2,α(Rd) äëÿ íåêîòîðîãî α ∈ (0, 1), ìàòðèöà A(q) ñèììåòðè÷íà ïðè âñåõ
q ∈ Rd è îïåðàòîð ∆A ðàâíîìåðíî ýëëèïòè÷åí. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 1. Êðîìå
òîãî, ïóñòü ãðàíèöà îáëàñòè G ÿâëÿåòñÿ ãëàäêîé êëàññà C4,α. Òîãäà ðåøåíèå çàäà÷è Êîøè|
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Äèðèõëå (19) ìîæåò áûòî ïîëó÷åíî ïî ñëåäóþùåé ôîðìóëå Ôåéíìàíà:

f(t, q0) = T o
t f0(q0) = lim

n→∞

∫
G

· · ·
∫
G

exp

(
−

n∑
k=1

A−1b(qk−1) · (qk−1 − qk)

)
×

× exp

(
t

n

n∑
k=1

c(qk−1)

)
exp

(
− t

2n

n∑
k=1

A−1(qk−1)b(qk−1) · b(qk−1)

)
×

× ϕ(qn)pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn) dq1 . . . dqn, (24)

Ç à ì å ÷ à í è å 20. Ïóñòü f0 ∈ Dom(Lo) è 0 < T < ∞. Òîãäà ðåøåíèå çàäà÷è Êîøè |
Äèðèõëå (19) ïðè t ∈ [0, T ] ìîæåò áûòü ïðåäñòàâëåíî ñ ïîìîùüþ ôîðìóëû Ôåéíìàíà |
Êàöà (ñì. [52], ëåììà 3.1, òåîðåìà 3.3):

f(t, q0) = Eq0

[
exp

( t∫
0

c(ξτ ) dτ

)
f0(ξt)

∣∣∣∣ t < τG

]
, q0 ∈ G, t ∈ (0, T ), (25)

ãäåEq0 |ìàòåìàòè÷åñêîå îæèäàíèå íà÷èíàþùåãîñÿ â òî÷êå q ∈ G äèôôóçèîííîãî ïðîöåññà
(ξt)0<t<T c ïåðåìåííîéìàòðèöåé äèôôóçèèA(·), ñíîñîì b(·) è ïîãëîùåíèåì íà ãðàíèöå îáëà-
ñòè; τG |âðåìÿ ïåðâîãî âûõîäà (ξt)0<t<T èçG. Òàêèì îáðàçîì, êîíå÷íîìåðíûå èíòåãðàëû â
ôîðìóëå Ôåéíìàíà (24) äàþò àïïðîêñèìàöèè ôóíêöèîíàëüíîãî èíòåãðàëà â ôîðìóëå Ôåéí-
ìàíà | Êàöà (25), ïðè÷åì ýòè àïïðîêñèìàöèè ñîäåðæàò èíòåãðàëû òîëüêî îò ýëåìåíòàðíûõ
ôóíêöèé è íå ñîäåðæàò ïåðåõîäíûå ïëîòíîñòè äàííîãî äèôôóçèîííîãî ïðîöåññà.
Ç à ì å ÷ à í è å 21. Àíàëîãè÷íûì îáðàçîì, ðåøåíèå ïîñòàâëåííîé çàäà÷è Êîøè | Äè-

ðèõëå (19) ìîæåò áûòü íàéäåííî ïî ôîðìóëàì Ôåéíìàíà, ïîñòðîåííûì ñ ïîìîùüþ øåñòè
ñåìåéñòâ îïåðàòîðîâ, ââåäåííûõ â òåîðåìå 6.
Ç à ì å ÷ à í è å 22. Òåîðåìà 8 ìîæåò áûòü îáîáùåíà â ñëåäóþùèõ íàïðàâëåíèÿõ. Âî-

ïåðâûõ, ìîæíî ðàññìàòðèâàòü íåîãðàíè÷åííûå îáëàñòè â Rd è ïî-ïðåæíåìó èñïîëüçîâàòü
âëîæåíèå C0(G) â Cc(Rd) ñî ñâîéñòâàìè èç ïðåäïîëîæåíèÿ 3. Âî-âòîðûõ, â êà÷åñòâå îáúåì-
ëþùåãî áàíàõîâà ïðîñòðàíñòâàX ìîæíî áðàòü íå ïðîñòðàíñòâîC∞(Rd), à êàêîå-ëèáî äðóãîå
ïðîñòðàíñòâî ôóíêöèé (c íîðìîé ‖·‖∞)| òàêîå, â êîòîðîå ïðîñòðàíñòâî Y = (C0(G), ‖·‖∞)

âêëàäûâàåòñÿ ñ ñîõðàíåíèåì ñâîéñòâ, óêàçàííûõ â ïðåäïîëîæåíèè 3, ïðè÷åì îïåðàòîð L ñ
íàäëåæàùåé îáëàñòüþ îïðåäåëåíèÿ ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû.
Áîëåå òîãî, ìîæíî ðàññìàòðèâàòü äðóãèå ïàðû áàíàõîâûõ ïðîñòðàíñòâ X è Y , íàïðèìåð
Y = L2(G) ⊂ X = L2(Rd). Â-òðåòüèõ, àíàëîãè÷íûì îáðàçîì ìîæíî ðàññìàòðèâàòü è
íà÷àëüíî-êðàåâûå çàäà÷è â îáëàñòè ðèìàíîâà ìíîãîîáðàçèÿ. Â-÷åòâåðòûõ, òåîðåìà 8 ìîæåò
áûòü îáîáùåíà è íà ñëó÷àé íåëîêàëüíûõ ïñåâäî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ L.

Çàêëþ÷åíèå

Âíàñòîÿùåé ðàáîòå îïèñûâàåòñÿ ïîäõîä ê ðåøåíèþ íà÷àëüíûõ è íà÷àëüíî-êðàåâûõ çàäà÷
äëÿ ýâîëþöèîííûõ óðàâíåíèé, îñíîâàííûé íà ïðåäñòàâëåíèè ñîîòâåòñòâóþùèõ ýâîëþöè-
îííûõ ïîëóãðóïï ñ ïîìîùüþ ôîðìóë Ôåéíìàíà. Â ñòàòüå îáñóæäàþòñÿ íåêîòîðûå ìåòîäû
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ïîñòðîåíèÿ ôîðìóë Ôåéíìàíà äëÿ ðàçëè÷íûõ ýâîëþöèîííûõ ïîëóãðóïï, ïðèâåäåíû êîí-
êðåòíûå ïðèìåðû ðåøåíèÿ ýâîëþöèîííûõ óðàâíåíèé. Â ÷àñòíîñòè, ïîëó÷åíû ôîðìóëû
Ôåéíìàíà äëÿ ýâîëþöèîííûõ ïîëóãðóïï, ïîðîæäåííûõ ìóëüòèïëèêàòèâíûìè âîçìóùåíè-
ÿìè ãåíåðàòîðîâ íåêîòîðûõ èñõîäíûõ ïîëóãðóïï. Ïðè ýòîì ðàññìàòðèâàþòñÿ ïîëóãðóïïû íà
íåêîòîðîì áàíàõîâîì ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé, îïðåäåëåííûõ íà ïðîèçâîëüíîì
ìåòðè÷åñêîì ïðîñòðàíñòâå; ôîðìóëû Ôåéíìàíà ñòðîÿòñÿ ñ ïîìîùüþ ñåìåéñòâ îïåðàòîðîâ,
ýêâèâàëåíòíûõ ïî ×åðíîâó èñõîäíûì, íåâîçìóùåííûì ïîëóãðóïïàì. Íàñòîÿùèé ðåçóëüòàò
îáîáùàåò íåêîòîðûå ðåçóëüòàòûðàáîò [4] è [23]. Ïîäõîä êïîñòðîåíèþôîðìóëÔåéíìàíà äëÿ
ïîëóãðóïï ñ ìóëüòèïëèêàòèâíî è àääèòèâíî âîçìóùåííûìè ãåíåðàòîðàìè èëëþñòðèðóåòñÿ
íà ïðèìåðàõ çàäà÷è Êîøè äëÿ óðàâíåíèÿ Øðåäèíãåðà, àïïðîêñèìàöèè ïåðåõîäíûõ âåðîÿò-
íîñòåé íåêîòîðûõ ìàðêîâñêèõ ñëó÷àéíûõ ïðîöåññîâ. Äàëåå â ðàáîòå ðàññìàòðèâàåòñÿ áîëåå
øèðîêèé êëàññ àääèòèâíûõ è ìóëüòèïëèêàòèâíûõ âîçìóùåíèé êîíêðåòíîãî ãåíåðàòîðà |
îïåðàòîðà Ëàïëàñà. Ïðè ýòîì âûâîäÿòñÿ ôîðìóëû Ôåéíìàíà äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ
ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ íåîãðàíè÷åííûìè ïåðåìåííûìè êîýôôèöè-
åíòàìè. Êðîìå òîãî, â ñòàòüå îïèñûâàåòñÿ ìåòîä ïîñòðîåíèÿ ôîðìóë Ôåéíìàíà äëÿ ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è Êîøè| Äèðèõëå äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïàðàáîëè÷å-
ñêîãî òèïà. Ìåòîä òàêæå èëëþñòðèðóåòñÿ íà ïðèìåðå ïàðàáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè. Íàñòîÿùèå ðåçóëüòàòû îáîáùàþò íåêîòîðûå èç
ðåçóëüòàòîâ ðàáîòû [21]. Â ñòàòüå òàêæå îáñóæäàþòñÿ íåêîòîðûå ôîðìóëû Ôåéíìàíà |
Êàöà è èíòåãðàëû Ôåéíìàíà, ñîâïàäàþùèå ñ ïîëó÷åííûìè ôîðìóëàìè Ôåéíìàíà.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé
Ôåäåðàöèè (ãðàíò ¹ 14.B37.21.0370) è ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè (ãðàíò
MK-4255.2012.1).
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The paper systematically describes an approach to solution of initial and initial-boundary
value problems for evolution equations based on the representation of the corresponding evolution
semigroups with the help of Feynman formulae. The article discusses some of the methods of
constructing Feynman formulae for different evolution semigroups, presents specific examples
of solutions of evolution equations. In particular, Feynman formula is obtained for evolution
semigroups generated by multiplicative perturbations of generators of some initial semigroups. In
this case semigroups on a Banach space of continuous functions defined on an arbitrary metric
space are considered; Feynman formulae are constructed with the help of operator families, which
are Chernoff equivalent to the initial unperturbed semigroups. The present result generalizes the
author's paper \Feynman formula for semigroups with multiplicative perturbed generators" and
some of the results of the joint with O.G. Smolyanov and R.L. Schilling paper \Lagrangian and
Hamiltonian Feynman formulae for some Feller processes and their perturbations". The approach
to the construction of Feynman formulae for semigroups with multiplicative and additive perturbed
generators is illustrated with examples of the Cauchy problem for the Schrodinger equation, the
approximation of transition probabilities of some Markov processes.
Further, a wider class of additive and multiplicative perturbations of a particular generator |

the Laplace operator | is considered in the paper. And Feynman formula for the solution of the
Cauchy problem for a second order parabolic equation with unbounded variable coefficients is
proved. In addition, the article describes a method for constructing Feynman formulae for solu-
tions of the Cauchy | Dirichlet problem for parabolic differential equations. The method is also
illustrated by a second order parabolic equation with variable coefficients. These results generalize
some of the results of the work by Butko, Grothaus and Smolyanov \Lagrangian Feynman formulae
for Second Order Parabolic Equations in Bounded and Unbounded Domains". The article also
discusses some of the Feynman | Kac formulae and Feynman integrals related to the obtained
Feynman formulae.
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