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1. Ââåäåíèå

Èññëåäîâàíèå óïðàâëÿåìîñòè íåëèíåéíûõ ñèñòåì ñîñòàâëÿåò çíà÷èòåëüíûé ðàçäåë òåî-
ðèè óïðàâëåíèÿ. Áîëüøàÿ ÷àñòü ðàáîò ïîñâÿùåíà èçó÷åíèþ ñâîéñòâ ëîêàëüíîé óïðàâëÿåìî-
ñòè. Òàê, óñòàíîâëåíû óñëîâèÿ, ïðè êîòîðûõ âñå òðàåêòîðèè ñèñòåìû, âûõîäÿùèå èç ôèêñè-
ðîâàííîé òî÷êè, çàïîëíÿþò ïîëíóþ îêðåñòíîñòü äàííîé òî÷êè, íå ïîêèäàÿ ýòîé îêðåñòíîñòè.
Èçâåñòåí ïðèíöèï ëèíåàðèçàöèè [2]: àôôèííàÿ ñèñòåìà ëîêàëüíî óïðàâëÿåìà â îêðåñòíî-
ñòè òî÷êè, â êîòîðîé óïðàâëÿåìî ëèíåéíîå ïðèáëèæåíèå ýòîé ñèñòåìû. Äëÿ ñëó÷àåâ, êîãäà
ïî ëèíåéíîìó ïðèáëèæåíèþ ñèñòåìû î ëîêàëüíîé óïðàâëÿåìîñòè ñóäèòü íåëüçÿ, ïîëó÷åíû
ñîîòâåòñòâóþùèå óñëîâèÿ âûñøèõ ïîðÿäêîâ (ñì., íàïð., [3]). Òåì íå ìåíåå ïðåäñòàâëÿåòñÿ
èíòåðåñíûì ïîëó÷èòü óñëîâèÿ óïðàâëÿåìîñòè íåëèíåéíîé ñèñòåìû íà âñåì ïðîñòðàíñòâå
ñîñòîÿíèé. Îäèí èç ïîäõîäîâ ñîñòîèò â ïðåîáðàçîâàíèè íåëèíåéíîé ñèñòåìû ê òîìó èëè
èíîìó ýêâèâàëåíòíîìó âèäó, äëÿ êîòîðîãî çàäà÷à ðåøàåòñÿ èçâåñòíûìè ìåòîäàìè. Â ìîíî-
ãðàôèè [1] äëÿ íåàâòîíîìíûõ ñèñòåì ïðåäëîæåí ñïîñîá ïðèâåäåíèÿ ñèñòåìû ê òðåóãîëüíîé
ôîðìå, äàþùèé âîçìîæíîñòü äëÿ îïðåäåëåííîãî êëàññà ñèñòåì ïîëó÷èòü äîñòàòî÷íûå óñëî-
âèÿ óïðàâëÿåìîñòè.
Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ àôôèííûå ñèñòåìû ñî ñêàëÿðíûì óïðàâëåíèåì. Èç-

âåñòíî [4, 5, 6], ÷òî åñëè àôôèííàÿ ñèñòåìà ýêâèâàëåíòíà íà âñåì ïðîñòðàíñòâå ñîñòîÿíèé ðå-
ãóëÿðíîé ñèñòåìå êàíîíè÷åñêîãî âèäà, òî ýòà àôôèííàÿ ñèñòåìà óïðàâëÿåìà. Â ñòàòüÿõ [7, 8]
ñäåëàíà ïîïûòêà ðàñøèðèòü êëàññ ñèñòåì, ñðàâíåíèå ñ êîòîðûìè ïîçâîëÿåò ñóäèòü îá óïðà-
âëÿåìîñòè. Ýòî ñäåëàíî çà ñ÷åò ââåäåíèÿ â ðàññìîòðåíèå ñèñòåì êâàçèêàíîíè÷åñêîãî âèäà.
Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óïðàâëÿåìîñòè äëÿ ðåãóëÿðíûõ ñèñòåì êâàçèêàíîíè÷åñêãî
âèäà ñ îäíîìåðíîé íóëåâîé äèíàìèêîé. Â äàííîé ðàáîòå äîêàçûâàåòñÿ óñëîâèå óïðàâëÿ-
åìîñòè äëÿ ðåãóëÿðíûõ ñèñòåì êâàçèêàíîíèÿåñêîãî âèäà ñ äâóìåðíîé íóëåâîé äèíàìèêîé.
Îäíîâðåìåííî ïðåäëîæåí ñïîñîá ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ äëÿ òàêèõ ñèñòåì.
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2. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì àôôèííóþ ñèñòåìó ñî ñêàëÿðíûì óïðàâëåíèåì

ẋ = F (x) + G(x)u, x ∈ Rn, u ∈ R, (1)

ãäå F (x) = (F1(x), . . . , Fn(x))
ò; G(x) = (G1(x), . . . , Gn(x))

ò; Fi(x), Gi(x) ∈ C∞(Rn),
i = 1, n, è òåðìèíàëüíóþ çàäà÷ó äëÿ íåå, ò.å. çàäà÷ó íàõîæäåíèÿ òàêîãî óïðàâëåíèÿ u =

= u(t) ∈ C[0, t∗], êîòîðîå ïåðåâîäèò ñèñòåìó (1) èç íà÷àëüíîãî ñîñòîÿíèÿ

x(0) = x0 (2)

â êîíå÷íîå ñîñòîÿíèå
x(t∗) = x∗. (3)

Áóäåì ïðåäïîëàãàòü, ÷òî ñóùåñòâóåò äèôôåîìîðôèçì Φ: Rn → Rn, êîòîðûé ïðåîáðàçóåò
ñèñòåìó (1) ê êâàçèêàíîíè÷åñêîìó âèäó

ż1 = z2,

ż2 = z3,
. . . . . . . . . . .
żn−2 = f(z, η) + g(z, η)u,

η̇1 = q1(z, η),

η̇2 = q2(z, η),

(4)

ãäå z = (z1, z2, . . . , zn−2)
ò ∈ Rn−2; η = (η1, η2)

ò ∈ R2; f(z, η), g(z, η) ∈ C∞(Rn); g(z, η) íå
îáðàùàåòñÿ â íóëü â Rn.
Ïîäñèñòåìó

η̇1 = q1(z, η), η̇2 = q2(z, η)

ñèñòåìû (4), îáðàçîâàííóþ ïîñëåäíèìè äâóìÿ óðàâíåíèÿìè, áóäåì íàçûâàòü ñèñòåìîé íó-
ëåâîé äèíàìèêè.
Çàìåòèì, ÷òî óïðàâëåíèå u = u(t) ∈ C[0, t∗], ïåðåâîäÿùåå ñèñòåìó (4) çà òîò æå èíòåðâàë

âðåìåíè [0, t∗] èç íà÷àëüíîãî ñîñòîÿíèÿ

Φ(x0) = (z10, z20, . . . , zn−2,0, η10, η20)
ò (5)

â êîíå÷íîå ñîñòîÿíèå

Φ(x∗) = (z1∗, z2∗, . . . , zn−2,∗, η1∗, η2∗)
ò
, (6)

ÿâëÿåòñÿ îäíîâðåìåííî è ðåøåíèåì èñõîäíîé çàäà÷è (2), (3) äëÿ ñèñòåìû (1).
Óñòàíîâèì óñëîâèÿ, êîòîðûì äîëæíû óäîâëåòâîðÿòü ôóíêöèè q1(z, η), q2(z, η), ÷òîáû

äëÿ ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ (5), ëþáîãî êîíå÷íîãî ñîñòîÿíèÿ (6) è ëþáîãî èíòåðâàëà
âðåìåíè [0, t∗] òåðìèíàëüíàÿ çàäà÷à (5), (6) äëÿ ñèñòåìû (4) èìåëà ðåøåíèå. Ïîëó÷åííûå
óñëîâèÿ áóäóò ÿâëÿòüñÿ óñëîâèÿìè óïðàâëÿåìîñòè ñèñòåìû (4) âRn çà ëþáîå êîíå÷íîå âðåìÿ.
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3. Ñóùåñòâîâàíèå ðåøåíèé òåðìèíàëüíûõ çàäà÷

Â ðàáîòå [6] ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ ðåøåíèÿ òåð-
ìèíàëüíîé çàäà÷è äëÿ ðåãóëÿðíîé ñèñòåìû êâàçèêàíîíè÷åñêîãî âèäà ñ îäíîìåðíîé íóëåâîé
äèíàìèêîé. Íåïîñðåäñòâåííûì îáîáùåíèåì ýòîãî óñëîâèÿ äëÿ ñèñòåì ñ äâóìåðíîé íóëåâîé
äèíàìèêîé ñëóæèò ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñóùåñòâîâàëî óïðàâëåíèå u = u(t) ∈ C[0, t∗], ÿâëÿþùååñÿ

ðåøåíèåì òåðìèíàëüíîé çàäà÷è (5), (6) äëÿ ñèñòåìû (4), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
ñóùåñòâîâàëà ôóíêöèÿ B(t) ∈ Cn−3([0, t∗]), óäîâëåòâîðÿþùàÿ óñëîâèÿì

B(0) = z10, Ḃ(0) = z20, . . . , B(n−3)(0) = zn−2,0,

B(t∗) = z1∗, Ḃ(t∗) = z2∗, . . . , B(n−2)(t∗) = zn−2,∗
(7)

è òàêàÿ, ÷òî çàäà÷à Êîøè

η̇1 = q1(B(t), η), η̇2 = q2(B(t), η),

η1(0) = η10, η2(0) = η20,
(8)

ãäå B(t) =
(
B(t), Ḃ(t), . . . , B(n−2)(t)

)ò
, èìååò ðåøåíèå η1(t), η2(t), îïðåäåëåííîå ïðè

t ∈ [0, t∗] è óäîâëåòâîðÿþùåå óñëîâèÿì

η1(t∗) = η1∗ η2(t∗) = η2∗. (9)

Èñïîëüçóÿ òåîðåìó 1, ïîêàæåì, êàê ìîæíî íàéòè ðåøåíèå òåðìèíàëüíîé çàäà÷è (5), (6)
äëÿ ñèñòåìû (4).
Áóäåì èñêàòü ôóíêöèþ B(t) â âèäå

B(t) = b(t) + c1 d1(t) + c2 d2(t), (10)

ãäå ôóíêöèÿ b(t) ∈ Cn−2([0, t∗]) óäîâëåòâîðÿåò óñëîâèÿì

b(0) = z10, ḃ(0) = z20, . . . , b(n−3)(0) = zn−2,0,

b(t∗) = z1∗, ḃ(t∗) = z2∗, . . . , b(n−3)(t∗) = zn−2,∗,
(11)

ôóíêöèè d1(t), d2(t) óäîâëåòâîðÿþò óñëîâèÿì

di(0) = 0, ḋi(0) = 0, . . . , d
(n−3)
i (0) = 0,

di(t∗) = 0, ḋi(t∗) = 0, . . . , d
(n−3)
i (t∗) = 0,

(12)

à c1, c2 | ïîêà íå èçâåñòíûå êîíñòàíòû.
Â êà÷åñòâå ôóíêöèè b(t) ìîæíî âçÿòü èíòåðïîëÿöèîííûé ìíîãî÷ëåí ñòåïåíè 2n − 5, â

êà÷åñòâå ôóíêöèé d1(t), d2(t)| äâà ëþáûõ ìíîãî÷ëåíà, äëÿ êîòîðûõ âûïîëíÿþòñÿ ñîîòíî-
øåíèÿ (12), íàïðèìåð,

d1(t) = tn−2(t∗ − t)n−2, d2(t) = tn−1(t∗ − t)n−1. (13)
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Ïðè ëþáûõ çíà÷åíèÿõ c1, c2 ôóíêöèÿ B(t) óäîâëåòâîðÿåò óñëîâèÿì (7). Îáîçíà÷èì

b(t) =
(
b(t), ḃ(t), . . . , b(n−3)(t)

)ò
, di(t) =

(
di(t), ḋi(t), . . . , d

(n−3)
i (t)

)ò
, i = 1, 2,

òàê ÷òî B(t) = b(t) + c1 d1(t) + c2 d2(t). Òîãäà çàäà÷à Êîøè (8) ñ ó÷åòîì óñëîâèÿ (9) ïðåîáðà-
çóåòñÿ ê ãðàíè÷íîé çàäà÷å

η̇1 = q1(b(t) + c1 d1(t) + c2 d2(t), η),

η̇2 = q2(b(t) + c1 d1(t) + c2 d2(t), η),

η1(0) = η10, η2(0) = η20, η1(t∗) = η1∗, η2(t∗) = η2∗.

(14)

Åñëè óäàñòñÿ íàéòè çíà÷åíèÿ c1 = c1∗, c2 = c2∗, äëÿ êîòîðûõ ñóùåñòâóåò ðåøåíèå η1(t), η2(t)

ãðàíè÷íîé çàäà÷è (14), ïîëó÷èì, ÷òî ôóíêöèÿB∗(t) = b(t)+c1∗ d1(t)+c2∗ d2(t) óäîâëåòâîðÿåò
âñåì óñëîâèÿì òåîðåìû 1 è, ñëåäîâàòåëüíî, òåðìèíàëüíàÿ çàäà÷à (5), (6) äëÿ ñèñòåìû (4)
èìååò ðåøåíèå.

4. Óñëîâèå óïðàâëÿåìîñòè

Äàëåå áóäåì ñ÷èòàòü, ÷òî â ñèñòåìå (4) ôóíêöèè qi(z, η), i = 1, 2, ïðåäñòàâèìû â âèäå
ïðîèçâåäåíèÿ ôóíêöèè, çàâèñÿùåé îò z, è ôóíêöèè, çàâèñÿùåé îò ηi:

qi(z, η) = Qi(z) Ri(ηi), i = 1, 2,

ïðè÷åì Ri(ηi) íå îáðàùàþòñÿ â íóëü â R. Òàêàÿ ñèñòåìà èìååò âèä

ż1 = z2,

ż2 = z3,
. . . . . . . . . . .
żn−1 = f(z, η) + g(z, η)u,

η̇1 = Q1(z) R1(η1),

η̇2 = Q2(z) R2(η2).

(15)

Äëÿ ñèñòåìû (15) ãðàíè÷íàÿ çàäà÷à (14) ïðåîáðàçóåòñÿ ê âèäó
η̇1 = Q1

(
b(t) + c1 d1(t) + c2 d2(t)

)
R1(η1),

η̇2 = Q2

(
b(t) + c1 d1(t) + c2 d2(t)

)
R2(η2),

η1(0) = η10, η2(0) = η20, η1(t∗) = η1∗, η2(t∗) = η2∗.

(16)

Èíòåãðèðóÿ ýòè óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè íà îòðåçêå [0, t∗] è ó÷èòûâàÿ
íà÷àëüíûå è êîíå÷íûå çíà÷åíèÿ ïåðåìåííûõ η1, η2, ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé
îòíîñèòåëüíî c1, c2:

η1∗∫
η10

dη1

R1(η1)
=

t∗∫
0

Q1(b(t) + c1 d1(t) + c2 d2(t)) dt,

η2∗∫
η20

dη2

R2(η2)
=

t∗∫
0

Q2(b(t) + c1 d1(t) + c2 d2(t)) dt.

(17)
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Ïóñòü ýòà ñèñòåìà èìååò ðåøåíèå c1 = c1∗, c2 = c2∗. Òîãäà ãðàíè÷íàÿ çàäà÷à (16) áóäåò èìåòü
ðåøåíèå â òîì ñëó÷àå, åñëè êàæäîå èç óðàâíåíèé

ηi∫
ηi0

dηi

Ri(ηi)
=

t∫
0

Qi(b(t) + c1∗ d1(t) + c2∗ d2(t)) dt, i = 1, 2, (18)

ïðè âñåõ t ∈ [0, t∗] ðàçðåøèìî îòíîñèòåëüíî ηi.
Òàêèì îáðàçîì, äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ òåðìèíàëüíîé çàäà÷è äëÿ ñèñòåìû (15) äî-

ñòàòî÷íî âûïîëíåíèÿ äâóõ óñëîâèé:

1) ñóùåñòâîâàíèÿ ðåøåíèÿ c1 = c1∗, c2 = c2∗ ñèñòåìû óðàâíåíèé (17);
2) ðàçðåøèìîñòè êàæäîãî èç óðàâíåíèé (18) îòíîñèòåëüíî ηi ïðè âñåõ t ∈ [0, t∗].

Ðàññìîòðèì ñèñòåìó (15), â êîòîðîé ôóíêöèè Q1(z) è Q2(z) ÿâëÿþòñÿ ìíîãî÷ëåíàìè
íå÷åòíûõ ñòåïåíåé 2l1 + 1 è 2l2 + 1, l1 6= l2:

Q1(z) =
∑

i1, ..., in−2:

i1+...+in−262l1+1

ai1,...,in−2 zi1
1 zi2

2 . . . z
in−2

n−2 , (19)

Q2(z) =
∑

i1, ..., in−2:

i1+...+in−262l2+1

bi1,...,in−2 zi1
1 zi2

2 . . . z
in−2

n−2 . (20)

Áóäåì ïðåäïîëàãàòü, ÷òî ñëàãàåìûå ñòàðøåé ñòåïåíè â êàæäîì èç ìíîãî÷ëåíîâ èìåþò âèä

z2l1+1
1 +

∑
i1, ..., in−2:

i1+...+in−2=2l1+1

ai1,...,in−2 zi1
1 zi2

2 . . . z
in−2

n−2 , (21)

z2l2+1
1 +

∑
i1, ..., in−2:

i1+...+in−2=2l2+1

bi1,...,in−2 zi1
1 zi2

2 . . . z
in−2

n−2 , (22)

ïðè÷åì â ýòèõ ñóììàõ, çà èñêëþ÷åíèåì z2l1+1
1 â ïåðâîì ìíîãî÷ëåíå è z2l2+1

1 âî âòîðîì, ïðè-
ñóòñòâóþò ëèøü ñëàãàåìûå, â êîòîðûõ ñóììà ïîêàçàòåëåé ñòåïåíåé ïåðåìåííûõ ñ ÷åòíûìè
èíäåêñàìè íå÷åòíà, ò.å.

ai1,...,in−2 6= 0 ⇒ i2 + i4 + i6 + . . . = 2k1 + 1, (23)

bi1,...,in−2 6= 0 ⇒ i2 + i4 + i6 + . . . = 2k2 + 1. (24)

Òåîðåìà 2. Ïóñòü â ñèñòåìå (15) ôóíêöèèQ1(z),Q2(z) ÿâëÿþòñÿ ìíîãî÷ëåíàìè ñòåïåíåé
2l1 + 1, 2l2 + 1, l1 6= l2, ïðè÷åì ñëàãàåìûå ñòàðøåé ñòåïåíè â ýòèõ ìíîãî÷ëåíàõ èìåþò
âèä (21), (22) è óäîâëåòâîðÿþò óñëîâèÿì (23), (24). Ïóñòü òàêæå ôóíêöèè Ri(ηi), i = 1, 2,
ïîëîæèòåëüíû è îãðàíè÷åíû â R. Òîãäà ýòà ñèñòåìà óïðàâëÿåìà â Rn çà ëþáîé èíòåðâàë
âðåìåíè [0, t∗].

J Ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû òåðìèíàëüíàÿ çàäà÷à äëÿ ñèñòåìû (15)
èìååò ðåøåíèå äëÿ ëþáûõ íà÷àëüíûõ è êîíå÷íûõ çíà÷åíèé ïåðåìåííûõ z, η, à òàêæå äëÿ
ëþáîãî èíòåðâàëà âðåìåíè [0, t∗]. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî ñèñòåìà óðàâíåíèé (17)
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èìååò ðåøåíèå c1 = c1∗, c2 = c2∗ è êàæäîå èç óðàâíåíèé (18) ðàçðåøèìî îòíîñèòåëüíî ηi,
i = 1, 2.
Çàôèêñèðóåì z0, η0, z∗, η∗ è èíòåðâàë [0, t∗]. Ðàññìîòðèì ñèñòåìó (17). Ââåäåì ñëåäóþùèå

îáîçíà÷åíèÿ:

v1(c1, c2) =

t∗∫
0

Q1(b(t) + c1 d1(t) + c2 d2(t))dt−
η1∗∫

η10

dη1

R1(η1)
,

v2(c1, c2) =

t∗∫
0

Q2(b(t) + c1 d1(t) + c2 d2(t))dt−
η2∗∫

η20

dη2

R2(η2)
.

Òîãäà ñèñòåìà (17) ïðèìåò âèä

v1(c1, c2) = 0, v2(c1, c2) = 0. (25)

Ðàññìîòðèì ïåðâîå óðàâíåíèå ýòîé ñèñòåìû: v1(c1, c2) = 0. Ýòî óðàâíåíèå çàäàåò íåêîòîðóþ
êðèâóþ íà ïëîñêîñòè c1, c2. Ïîêàæåì, ÷òî îäíà èç âåòâåé ýòîé êðèâîé èìååò àñèìïòîòó è
íàéäåì åå óðàâíåíèå.
Â óñëîâèÿõ òåîðåìû ôóíêöèÿ v1(c1, c2) ÿâëÿåòñÿ ìíîãî÷ëåíîì ïåðåìåííûõ c1, c2 ñòåïåíè

2l1 + 1. Ýòî äàåò âîçìîæíîñòü ïåðåïèñàòü óðàâíåíèå â âèäå

v1(c1, c2) ≡ V2l1+1(c1, c2) + V2l1(c1, c2) + . . . + V0 = 0, (26)

ãäå V2l1+1(c1, c2) | ñëàãàåìûå ñòåïåíè 2l1 + 1; V2l1(c1, c2) | ñëàãàåìûå ñòåïåíè 2l1 è ò.ä.;
V0 | ñâîáîäíûé ÷ëåí.
Âûíåñåì â êàæäîé èç ôóíêöèé Vj(c1, c2) ìíîæèòåëü cj

1. Ïðè ýòîì óðàâíåíèå (26) ïðèìåò
ñëåäóþùèé âèä:

c2l1+1
1 V2l1+1

(
1,

c2

c1

)
+ c2l1

1 V2l1

(
1,

c2

c1

)
+ . . . + V0 = 0.

Ðàçäåëèâ îáå ÷àñòè óðàâíåíèÿ íà c2l1+1
1 , ïîëó÷èì

V2l1+1

(
1,

c2

c1

)
+

1

c1

V2l1

(
1,

c2

c1

)
+ . . . +

1

c2l1+1
1

V0 = 0.

Ââåäåì îáîçíà÷åíèÿ ξ = 1/c1, ζ = c2/c1. Òîãäà óðàâíåíèå çàïèøåòñÿ â âèäå

ϕ(ξ, ζ) ≡ V2l1+1(1, ζ) + ξV2l1(1, ζ) + . . . + ξ2l1+1V0 = 0.

Ðàññìîòðèì óðàâíåíèå
V2l1+1(1, ζ) = 0. (27)

Îïðåäåëèì âèä ôóíêöèè V2l1+1(1, ζ) â óñëîâèÿõ òåîðåìû. Äëÿ ýòîãî âûäåëèì ñëàãàåìûå
ñòåïåíè 2l1 + 1 â èñõîäíîì ìíîãî÷ëåíå:

Q1(b(t) + c1 d1(t) + c2 d2(t)) = (c1d1(t) + c2d2(t))
2l1+1 +

+
∑

i1,...,in−2:

i1+...+in−2=2l1+1

ai1,...,in−2 (c1d1(t)+ c2d2(t))
i1. . .(c1d

(n−3)
1 (t)+ c2d

(n−3)
2 (t))in−2 + γ̃(c1,c2, t),
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ãäå γ̃(c1, c2, t) ñîäåðæèò ñëàãàåìûå ìëàäøèõ ñòåïåíåé ïî c1, c2. Ñëåäîâàòåëüíî, ñóììà ÷ëåíîâ
ñòåïåíè 2l1 + 1 â ìíîãî÷ëåíå v1(c1, c2) èìååò âèä

t∗∫
0

(c1d1(t) + c2d2(t))
2l1+1dt +

+
∑

i1,...,in−2:

i1+...+in−2=2l1+1

ai1,...,in−2

t∗∫
0

(c1d1(t) + c2d2(t))
i1 . . . (c1d

(n−3)
1 (t) + c2d

(n−3)
2 (t))in−2dt.

Âû÷èñëèì èíòåãðàë

t∗∫
0

(c1d1(t) + c2d2(t))
i1 . . . (c1d

(n−3)
1 (t) + c2d

(n−3)
2 (t))in−2dt (28)

äëÿ ïðîèçâîëüíûõ çíà÷åíèé c1, c2 â ïðåäïîëîæåíèè, ÷òî âûïîëíåíî óñëîâèå (23). Ñäåëàåì â
íåì çàìåíó ïåðåìåííîé τ = t− t∗/2. Òîãäà t = τ + t∗/2, τ ∈ [−t∗/2, t∗/2] è ôóíêöèè d1(t),
d2(t) ïðåîáðàçóþòñÿ ê âèäó

d̃1(τ) =
(t2∗

4
− τ 2

)n−2

, d̃2(τ) =
(t2∗

4
− τ 2

)n−1

.

Ýòè ôóíêöèè ÷åòíûå. Èõ ïðîèçâîäíûå íå÷åòíûõ ïîðÿäêîâ íå÷åòíû, ïðîèçâîäíûå ÷åòíûõ
ïîðÿäêîâ ÷åòíû. Ïðè ýòîì

d(j)
α

(
τ +

t∗
2

)
= d̃(j)

α (τ), α = 1, 2, j = 1, n− 3.

Òàêèì îáðàçîì, èíòåãðàë (28) ïðåîáðàçóåòñÿ ê âèäó

t∗/2∫
−t∗/2

[
c1d̃1(τ) + c2d̃2(τ)

]i1 . . .
[
c1d̃

(n−3)
1 (τ) + c2d̃

(n−3)
2 (τ)

]in−2dτ.

Ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ïîëó÷åííîì èíòåãðàëå ïðåäñòàâëÿåò ñîáîé ïðîèçâåäåíèå i1 +

+ i3 + i5 + . . . ÷åòíûõ ôóíêöèé è i2 + i4 + i6 + . . . íå÷åòíûõ. Èç óñëîâèÿ (23) ñëåäóåò, ÷òî
i2 + i4 + i6 + . . . = 2k1 + 1, ò.å. â ýòîì ïðîèçâåäåíèè íå÷åòíûõ ôóíêöèé íå÷åòíîå ÷èñëî,
ïîýòîìó ïîäûíòåãðàëüíàÿ ôóíêöèÿ íå÷åòíà è èíòåãðàë îò íåå â ñèììåòðè÷íûõ ïðåäåëàõ îò
−t∗/2 äî t∗/2 ðàâåí íóëþ.
Òàêèì îáðàçîì, èíòåãðàë (28) ðàâåí íóëþ. Ýòî îçíà÷àåò, ÷òî ñëàãàåìûå ñòåïåíè 2l1 + 1 â

ìíîãî÷ëåíå v1(c1, c2) èìåþò âèä

t∗∫
0

[
c1d1(t) + c2d2(t)

]2l1+1
dt.
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Ñëåäîâàòåëüíî, ôóíêöèÿ V2l1+1(1, ζ) çàïèøåòñÿ â âèäå

V2l1+1(1, ζ) =

t∗∫
0

[
d1(t) + ζd2(t)

]2l1+1
dt.

Óðàâíåíèå (27) ïðèíèìàåò âèä

t∗∫
0

[
d1(t) + ζd2(t)

]2l1+1
dt = 0. (29)

Ýòî óðàâíåíèå âñåãäà èìååò äåéñòâèòåëüíîå ðåøåíèå ζ = k, òàê êàê â åãî ëåâîé ÷àñòè ñòîèò
ìíîãî÷ëåí íå÷åòíîé ñòåïåíè. Ýòî ðåøåíèå åäèíñòâåííî, òàê êàê V2l1+1(1, ζ) ìîíîòîííî
âîçðàñòàåò ïî ζ:

V ′
2l1+1(1, ζ) =

t∗∫
0

(2l1 + 1)(d1(t) + ζd2(t))
2l1 d2(t)dt > 0, ζ ∈ R.

Çäåñü øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî ζ . Çàìåòèì, ÷òî âñåãäà k < 0, òàê êàê âñå
êîýôôèöèåíòû ìíîãî÷ëåíà V2l1+1(1, ζ) ïîëîæèòåëüíû.
Ðàññìîòðèì óðàâíåíèå

ϕ(ξ, ζ) = 0.

Ôóíêöèÿ ϕ(ξ, ζ) îáðàùàåòñÿ â íóëü â òî÷êå (0, k). Íàéäåì ÷àñòíûå ïðîèçâîäíûå ôóíêöèè
ϕ(ξ, ζ) ïî ξ è ζ:

ϕ′ξ(ξ, ζ) = V2l1(1, ζ) + . . . + (2l1 + 1)ξ2l1V0,

ϕ′ζ(ξ, ζ) = V ′
2l1+1(1, ζ) + ξV ′

2l1
(1, ζ) + . . . + ξ2l1V ′

1(1, ζ).

Âû÷èñëèì çíà÷åíèå ϕ′ζ(ξ, ζ) â òî÷êå (0, k):

ϕ′ζ(0, k) = V ′
2l1+1(1, k).

Êàê ïîêàçàíî âûøå, V ′
2l1+1(1, ζ) > 0 äëÿ ëþáûõ çíà÷åíèé ζ . Ñëåäîâàòåëüíî, ϕ′ζ(0, k) îòëè÷íà

îò íóëÿ. Ïî òåîðåìå î íåÿâíîé ôóíêöèè â íåêîòîðîé îêðåñòíîñòè òî÷êè (0, k) óðàâíåíèå
ϕ(ξ, ζ) = 0 ðàçðåøèìî îòíîñèòåëüíî ζ: ζ = ζ(ξ), ïðè÷åì ζ(0) = k.
Ïî ïðàâèëó äèôôåðåíöèðîâàíèÿ íåÿâíîé ôóíêöèè ïðîèçâîäíàÿ ôóíêöèè ζ(ξ) ïðè ξ = 0

âû÷èñëÿåòñÿ ïî ôîðìóëå

ζ ′(0) = −
ϕ′ξ(0, k)

ϕ′ζ(0, k)
= − V2l1(1, k)

V ′
2l1+1(1, k)

.

Ñ äðóãîé ñòîðîíû, ïî îïðåäåëåíèþ ïðîèçâîäíîé

ζ ′(0) = lim
ξ→0

ζ(ξ)− k

ξ
.
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Ñëåäîâàòåëüíî,

lim
ξ→0

ζ(ξ)− k

ξ
= − V2l1(1, k)

V ′
2l1+1(1, k)

.

Âîçâðàùàÿñü ê ïåðåìåííûì c1, c2, ïîëó÷èì ñëåäóþùèé ðåçóëüòàò:

lim
c1→∞

(c2 − kc1) = − V2l1(1, k)

V ′
2l1+1(1, k)

.

Îòñþäà ñëåäóåò, ÷òî óðàâíåíèå

c2 = kc1 −
V2l1(1, k)

V ′
2l1+1(1, k)

ÿâëÿåòñÿ óðàâíåíèåì àñèìïòîòû îäíîé èç âåòâåé êðèâîé v1(c1, c2) = 0.
Ïîêàæåì, ÷òî êðèâàÿ v1(c1, c2) = 0 íå èìååò äðóãèõ âåòâåé, óõîäÿùèõ íà áåñêîíå÷íîñòü.
Ñîãëàñíî ñäåëàííîìó çàìå÷àíèþ, äåéñòâèòåëüíûõ êîðíåé, êðîìå k, ó óðàâíåíèÿ (27) íåò.

Ýòî îçíà÷àåò, ÷òî ó êðèâîé v1(c1, c2) = 0 íåò äðóãèõ íàêëîííûõ àñèìïòîò. Êðîìå òîãî, ó íåå
íåò è âåðòèêàëüíûõ àñèìïòîò. ×òîáû ïîêàçàòü ýòî, íóæíî ðàññìîòðåòü óðàâíåíèå

V2l1+1(ζ, 1) = 0. (30)

Êðèâàÿ v1(c1, c2) = 0 èìåëà áû âåðòèêàëüíóþ àñèìïòîòó ëèøü â òîì ñëó÷àå, åñëè áû ó
ýòîãî óðàâíåíèÿ áûë êîðåíü ζ = 0. Â òî æå âðåìÿ óðàâíåíèå (30) èìååò åäèíñòâåííûé
äåéñòâèòåëüíûé êîðåíü ζ = 1/k, êîòîðûé ñîîòâåòñòâóåò òîé æå àñèìïòîòå, ÷òî è êîðåíü
ζ = k óðàâíåíèÿ (27). Çàìåòèì, ÷òî è âåòâåé, íå èìåþùèõ àñèìïòîò, íî óäàëÿþùèõñÿ íà
áåñêîíå÷íîñòü, ó êðèâîé v1(c1, c2) = 0 íåò. Êàæäîé òàêîé âåòâè äîëæåí ñîîòâåòñòâîâàòü
êîðåíü ζ = 0 îäíîãî èç äâóõ óðàâíåíèé (27) ëèáî (30), à, êàê ïîêàçàíî âûøå, íóëåâûõ êîðíåé
íè ó îäíîãî èç ýòèõ óðàâíåíèé íåò.
Àíàëîãè÷íûå ðàññóæäåíèÿ ñïðàâåäëèâû è äëÿ êðèâîé, çàäàííîé óðàâíåíèåì v2(c1, c2) =

= 0. Îäíà èç âåòâåé ýòîé êðèâîé òàêæå áóäåò èìåòü àñèìïòîòó, è ýòà àñèìïòîòà îïèñûâàåòñÿ
óðàâíåíèåì

c2 = k̃ c1 −
Ṽ2l2(1, k̃)

Ṽ ′
2l2+1(1, k̃)

,

ãäå Ṽ2l2+1(c1, c2)| ñëàãàåìûå ñòåïåíè 2l2 + 1; Ṽ2l2(c1, c2)| ñëàãàåìûå ñòåïåíè 2l2 â ìíîãî-
÷ëåíå v2(c1, c2); k̃ | åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ

t∗∫
0

(d1(t) + ζd2(t))
2l2+1dt = 0. (31)

Òàê æå, êàê è äëÿ ïåðâîãî óðàâíåíèÿ, k̃ îòðèöàòåëüíî. Ïðè ýòîì k̃ 6= k. Äðóãèõ âåòâåé,
óõîäÿùèõ íà áåñêîíå÷íîñòü, ó êðèâîé v2(c1, c2) = 0 òàêæå íåò.
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Ðèñ. 1. Êðèâûå v1(c1, c2) = 0 è v2(c1, c2) = 0

Çàìåòèì, ÷òî äëÿ ëþáîãî çíà÷åíèÿ c1 = c10 êàæäîå èç óðàâíåíèé vα(c10, c2) = 0, α =

1, 2, èìååò õîòÿ áû îäíî ðåøåíèå. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî ïðè ôèêñèðîâàíèè c1 = c10

ôóíêöèÿ vα(c10, c2) îáëàäàåò âñåìè ñâîéñòâàìè ôóíêöèè v(c), îïðåäåëåííîé â äîêàçàòåëüñòâå
òåîðåìû 2 èç ðàáîòû [8]. Òî÷íî òàê æå, êàêèì áû íè áûëî çíà÷åíèå c2 = c20, óðàâíåíèå
vα(c1, c20) = 0, α = 1, 2, âñåãäà èìååò ðåøåíèå.
Ïðèìåðíûé âèä êðèâûõ v1(c1, c2) = 0, v2(c1, c2) = 0 ïîêàçàí íà ðèñ. 1. Âåòâè ýòèõ êðè-

âûõ, óõîäÿùèå íà áåñêîíå÷íîñòü, èìåþò àñèìïòîòû ñ ðàçíûìè óãëîâûìè êîýôôèöèåíòàìè.
Ñëåäîâàòåëüíî, ó êðèâûõ v1(c1, c2) = 0, v2(c1, c2) = 0 åñòü ïî êðàéíåé ìåðå îäíà òî÷êà
ïåðåñå÷åíèÿ (c1∗, c2∗), êîòîðàÿ è ñîîòâåòñòâóåò ðåøåíèþ ñèñòåìû (25).
Îñòàëîñü ïîêàçàòü, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû êàæäîå èç óðàâíåíèé (18) ïðè

âñåõ t ∈ [0, t∗] ðàçðåøèìî îòíîñèòåëüíî ηi, i = 1, 2. Ôóíêöèè Ri(ηi), i = 1, 2, îáëàäàþò
âñåìè ñâîéñòâàìè ôóíêöèè R(η) èç òåîðåìû 2 [7]. Ïîâòîðÿÿ ðàññóæäåíèÿ ýòîé òåîðåìû,
óáåæäàåìñÿ â ñïðàâåäëèâîñòè äîêàçûâàåìîãî óòâåðæäåíèÿ. I

Ïðèìåð. Ðàññìîòðèì ñèñòåìó ÷åòâåðòîãî ïîðÿäêà

ż1 = z2,

ż2 = f(z, η) + g(z, η)u,

η̇1 =
z3
1 − z2

2

η2
1 + 1

,

η̇2 = z5
1 − z4

2 ,

(32)

ãäå g(z, η) 6= 0 â R4. Äëÿ ýòîé ñèñòåìû ôóíêöèÿ Q1(z) = z3
1 − z2

2 ÿâëÿåòñÿ ìíîãî÷ëåíîì
òðåòüåé ñòåïåíè, ôóíêöèÿ Q2(z) = z5

1 − z4
2 ÿâëÿåòñÿ ìíîãî÷ëåíîì ïÿòîé ñòåïåíè. Ñëàãà-

åìûå ñòàðøåé ñòåïåíè â îáîèõ ìíîãî÷ëåíàõ íå ñîäåðæàò ïåðåìåííóþ z2. Ñëåäîâàòåëüíî,
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óñëîâèÿ (23) è (24) çàâåäîìî âûïîëíåíû. Ôóíêöèè R1(η1) = 1/(η2
1 + 1) è R2(η2) = 1

ïîëîæèòåëüíû è îãðàíè÷åíû â R.
Ñîãëàñíî òåîðåìå 2 ýòà ñèñòåìà óïðàâëÿåìà âR4 çà ëþáîé èíòåðâàë âðåìåíè [0, t∗]. Äàëåå

áóäåì ïîëàãàòü, ÷òî ôóíêöèè f(z, η), g(z, η) â ñèñòåìå (32) èìåþò ñëåäóþùèé âèä:

f(z, η) = −z1η1, g(z, η) = 10 + z2
1 .

Íàéäåì óïðàâëåíèå u(t), ïåðåâîäÿùåå ñèñòåìó (32) èç íà÷àëüíîãî ñîñòîÿíèÿ (0, 0, 0, 0)
ò â

êîíå÷íîå ñîñòîÿíèå (5, 1, 5, −5)
ò çà èíòåðâàë âðåìåíè [0, 5].

Ôóíêöèÿ b(t), óäîâëåòâîðÿþùàÿ íà îòðåçêå [0, 5] ãðàíè÷íûì óñëîâèÿì ïî z, èìååò âèä

b(t) = − 1

25
t3 +

2

5
t2,

ôóíêöèè d1(t), d2(t) äëÿ ñèñòåìû ÷åòâåðòîãî ïîðÿäêà

d1(t) = t2(5− t)2, d2(t) = t3(5− t)3.

Ñèñòåìà óðàâíåíèé (17) ïðèíèìàåò âèä

140/3 =

5∫
0

[(
b(t) + c1 d1(t) + c2 d2(t)

)3 −
(
ḃ(t) + c1 ḋ1(t) + c2 ḋ2(t)

)2]
dt,

−5 =

5∫
0

[(
b(t) + c1 d1(t) + c2 d2(t)

)5 −
(
ḃ(t) + c1 ḋ1(t) + c2 ḋ2(t)

)4]
dt.

Ïðèáëèæåííîå ðåøåíèå ýòîé ñèñòåìû

c1∗ = −9,109, c2∗ = 1,652.

Ôóíêöèÿ B(t) èç òåîðåìû 1 ïðèíèìàåò âèä

B(t) = b(t) + c1∗ d1(t) + c2∗ d2(t) = − 1

25
t3 +

2

5
t2 − 9,109 t2(1− t)2 + 1,652 t3(1− t)3.

Òðàåêòîðèè z1(t), z2(t), óäîâëåòâîðÿþùèå ãðàíè÷íûì óñëîâèÿì ïî z, èìåþò âèä

z1(t) = B(t), z2(t) = Ḃ(t).

Ñîîòâåòñòâóþùèå ãðàôèêè ïðèâåäåíû íà ðèñ. 2.
Òðàåêòîðèè η1(t), η2(t) ìîæíî íàéòè, ðåøèâ çàäà÷ó Êîøè

η̇1 =
(b(t) + c1 d1(t) + c2 d2(t))

3 − (ḃ(t) + c1 ḋ1(t) + c2 ḋ2(t))
2

1 + η2
1

,

η̇2 = (b(t) + c1 d1(t) + c2 d2(t))
5 − (ḃ(t) + c1 ḋ1(t) + c2 ḋ2(t))

4,

η1(0) = 0, η2(0) = 0.

Ðåçóëüòàò ÷èñëåííîãî ðåøåíèÿ ïðèâåäåí íà ðèñ. 3, 4.
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Ðèñ. 2. Òðàåêòîðèè z1(t), z2(t)

Ðèñ. 3. Òðàåêòîðèÿ η1(t)

Ðèñ. 4. Òðàåêòîðèÿ η2(t)
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Óïðàâëåíèå u(t), t ∈ [0, 5], ÿâëÿþùååñÿ ðåøåíèåì ðàññìàòðèâàåìîé òåðìèíàëüíîé çà-
äà÷è, âûðàæàåòñÿ ôîðìóëîé

u(t) =
B̈(t) + B(t)η1(t)

10 + B2(t)
.

Ïîëó÷åííàÿ çàâèñèìîñòü u(t) ïîêàçàíà íà ðèñ. 5.

Ðèñ. 5. Óïðàâëåíèå u(t)

5. Çàêëþ÷åíèå

Ïðåäëîæåí ìåòîä ðåøåíèÿ òåðìèíàëüíûõ çàäà÷ äëÿ ðåãóëÿðíûõ ñèñòåì êâàçèêàíîíè÷å-
ñêîãî âèäà ñ äâóìåðíîé íóëåâîé äèíàìèêîé è ñêàëÿðíûì óïðàâëåíèåì. Ñ èñïîëüçîâàíèåì
ïðåäëîæåííîãî ìåòîäà äîêàçàíî äîñòàòî÷íîå óñëîâèå óïðàâëÿåìîñòè. Ïîëó÷åííîå óñëîâèå
ïðîèëëþñòðèðîâàíî íà ïðèìåðå ñèñòåìû ÷åòâåðòîãî ïîðÿäêà.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ N11-01-00733 è Ïðîãðàììû Ïðåçèäåíòà

ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæêå âåäóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-3659.2012.1).
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The newmethod is proposed to solve a terminal problem for regular systems of a quasicanonical
form with two-dimensional zero dynamics and scalar control. The example of terminal problem
solving by means of the method proposed is given. The controllability sufficient condition for
regular systems of a quasicanonical form with scalar control and two-dimensional zero dynamics
is proven. The example is represented to illustrate the condition received.
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