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Ââåäåíèå

Â òåîðèè íåëèíåéíûõ äèíàìè÷åñêèõ ñèñòåì ñ óïðàâëåíèåì èçâåñòåí ðÿä

âàæíûõ òåîðåòè÷åñêèõ ðåçóëüòàòîâ, ïîçâîëÿþùèõ äëÿ äîñòàòî÷íî øèðîêîãî

êëàññà ñèñòåì ðåøàòü çàäà÷è ñòàáèëèçàöèè ïîëîæåíèé ðàâíîâåñèÿ ñ èñïîëüçî-

âàíèåì ïðåîáðàçîâàíèÿ òàêèõ ñèñòåì ê ñïåöèàëüíûì âèäàì. Òàê, äëÿ àôôèí-

íûõ ñèñòåì (íåëèíåéíûõ ñèñòåì, ëèíåéíûì ïî óïðàâëåíèþ) ñ èñïîëüçîâàíèåì

äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêîãî ïîäõîäà ïîëó÷åíû óñëîâèÿ ýêâèâàëåíòíî-

ñòè ýòèõ ñèñòåì è ñèñòåì êâàçèêàíîíè÷åñêîãî âèäîâ [1, 2].

Ôóíêöèþ, îïðåäåëÿþùóþ ïðåîáðàçîâàíèå àôôèííîé ñèñòåìû ê êâàçèêàíî-

íè÷åñêîìó âèäó, ÷àñòî óäîáíî ðàññìàòðèâàòü êàê âûõîä ñèñòåìû è èñïîëüçîâàòü

äëÿ èññëåäîâàíèÿ ñâîéñòâ ñèñòåìû è ïîñòðîåíèÿ ñòàáèëèçèðóþùèõ îáðàòíûõ

ñâÿçåé òåîðèþ íîðìàëüíîé ôîðìû [3].

Äëÿ ðåøåíèÿ çàäà÷è ñòàáèëèçàöèè ïîëîæåíèÿ ðàâíîâåñèÿ ñòàöèîíàðíîé àô-

ôèííîé ñèñòåìû, ïðåîáðàçîâàííîé ê êâàçèêàíîíè÷åñêîìó âèäó èëè íîðìàëü-

íîé ôîðìå, ñóùåñòâåííûì ÿâëÿåòñÿ íàëè÷èå ñâîéñòâà ìèíèìàëüíîé ôàçîâîñòè

è äëÿ ìèíèìàëüíî ôàçîâûõ ñèñòåì ðåøåíèå çàäà÷è ñòàáèëèçàöèè ïîëîæåíèÿ

ðàâíîâåñèÿ èçâåñòíî.
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Â ñëó÷àå, åñëè àôôèííàÿ ñèñòåìà íå ÿâëÿåòñÿ ìèíèìàëüíî ôàçîâîé, ïðî-
áëåìà ñòàáèëèçàöèè åå ïîëîæåíèÿ ðàâíîâåñèÿ îêàçàëàñü äîñòàòî÷íî ñëîæíîé.
Îäíèì èç ìåòîäîâ, ïîçâîëÿþùèõ íàéòè ñòàáèëèçèðóþùóþ îáðàòíóþ ñâÿçü äëÿ
íåìèíèìàëüíî ôàçîâîé ñèñòåìû, ÿâëÿåòñÿ ìåòîä âèðòóàëüíûõ âûõîäîâ [4{6].
Ïðèìåíåíèå ýòîãî ìåòîäà ñâÿçàíî ñ àíàëèçîì íåëèíåéíîé ïîäñèñòåìû, âûäå-
ëÿþùåéñÿ ïîñëå ïðåîáðàçîâàíèÿ èñõîäíîé ñèñòåìû ê ðåãóëÿðíîìó êâàçèêàíî-
íè÷åñêîìó âèäó, è ëèíåàðèçàöèè ñèñòåìû êâàçèêàíîíè÷åñêîãî âèäà îáðàòíîé
ñâÿçüþ ïî ÷àñòè ïåðåìåííûõ, òî åñòü ïîäñèñòåìû, îïðåäåëÿþùåé íóëåâóþ äè-
íàìèêó.
Äëÿ àôôèííûõ ñèñòåì ñ âåêòîðíûì óïðàâëåíèåì íîðìàëüíàÿ ôîðìà è íó-

ëåâàÿ äèíàìèêà ââåäåíû â ðàáîòå [7], ãäå óêàçàí ðÿä ïðèñóùèõ ýòîìó ñëó÷àþ
îñîáåííîñòåé. Â âåêòîðíîì ñëó÷àå íàõîæäåíèå òàêèõ âåêòîðíûõ âèðòóàëü-
íûõ âûõîäîâ, ïðè êîòîðûõ â ïîëîæåíèè ðàâíîâåñèÿ îïðåäåëåíà âåêòîðíàÿ îò-
íîñèòåëüíàÿ ñòåïåíü è ïðè êîòîðûõ àôôèííàÿ ñèñòåìà ÿâëÿåòñÿ ìèíèìàëüíî
ôàçîâîé, òàêæå èìååò ðÿä îñîáåííîñòåé.
Îáîáùèì íà âåêòîðíûé ñëó÷àé ÷àñòü ðåçóëüòàòîâ ìåòîäà âèðòóàëüíûõ âû-

õîäîâ, ïîëó÷åííûõ â [4] äëÿ ñêàëÿðíîãî ñëó÷àÿ, è óêàæåì óñëîâèÿ, ïðè êîòî-
ðûõ ñóùåñòâóåò âèðòóàëüíûé âûõîä ñ îäíîðîäíîé îòíîñòèòåëüíîé ñòåïåíüþ
ρ = (2, . . . , 2), êîòîðîìó ñîîòâåòñòâóåò àñèìïòîòè÷åñêè óñòîé÷èâàÿ íóëåâàÿ
äèíàìèêà, à òàêæå îáîñíóåì ìåòîä íàõîæäåíèÿ òàêèõ âûõîäîâ.

1. Ïðåîáðàçîâàíèÿ è íîðìàëüíàÿ ôîðìà àôôèííûõ
ñèñòåì ñ âåêòîðíûìè âõîäîì è âûõîäîì

Ðàññìîòðèì ñòàöèîíàðíóþ àôôèííóþ ñèñòåìó ñ âåêòîðíûì óïðàâëåíèåì

ẋ = A(x) +
m∑

i=1

Bi(x)ui, (1)

ãäå x ∈ Rn, u = (u1, . . . , um)
ò ∈ Rm, A(x) = (a1(x), . . . , an(x))

ò, A(0) =

= 0, B(x) = (B1(x), . . . , Bm(x)), Bj(x) = (b1
j(x), . . . , bn

j (x))
ò, j = 1, m,

rangB(0) = m, m ≥ 2, ai(x), bi
j(x) ∈ C∞(Ω), Ω | îòêðûòîå ìíîæåñòâî,

ñîäåðæàùåå ïîëîæåíèå ðàâíîâåñèÿ x = 0.
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Àôôèííîé ñèñòåìå (1) íà Ω ⊂ Rn âçàèìíî îäíîçíà÷íî ñîîòâåòñòâóþò âåê-
òîðíûå ïîëÿ

A =
n∑

i=1

ai(x)
∂

∂xi
è Bj =

n∑
i=1

bi
j(x)

∂

∂xi
, j = 1, m. (2)

Ðàññìîòðèì âåêòîðíóþ ôóíêöèþ φ(x) = (φ1(x), . . . , φm(x))T , ãäå φi(x) ∈
C∞(Ω), φi(0) = 0, i = 1, m â êà÷åñòâåm-ìåðíîãî âèðòóàëüíîãî âûõîäà àôôèí-
íîé ñèñòåìû (1).
Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò òàêèå ÷èñëà ρi ≥ 1, i = 1, m, ÷òî âûïîëíåíû

ñëåäóþùèå äâà óñëîâèÿ:
1) ïðè k < ρi − 1 ôóíêöèè LBj

Lk
Aφi(x), 1 ≤ j ≤ m, ðàâíû íóëþ â íåêîòîðîé

îêðåñòíîñòè òî÷êè x = 0;
2) ìàòðèöà

Aρ(x) =

 LB1
Lρ1−1

A φ1(x) . . . LBm
Lρ1−1

A φ1(x)

. . . . . . . . .

LB1
Lρm−1

A φm(x) . . . LBm
Lρm−1

A φm(x)

 (3)

íåâûðîæäåíà â òî÷êå x = 0. Â ýòîì ñëó÷àå êîðòåæ ρ = (ρ1, . . . , ρm) íàçûâàþò
[3] âåêòîðíîé îòíîñèòåëüíîé ñòåïåíüþ àôôèííîé ñèñòåìû (1) ñ âåêòîðíûì
âèðòóàëüíûì âûõîäîì y = φ(x) â òî÷êå x = 0.
Ïîñêîëüêó áóäóò ðàññìàòðèâàòüñÿ ðàçëè÷íûå âèðòóàëüíûå âûõîäû äëÿ îä-

íîé è òîé æå ñèñòåìû, áóäåì ãîâîðèòü î âåêòîðíîé îòíîñèòåëüíîé ñòåïåíè
âèðòóàëüíîãî âûõîäà ñèñòåìû.
Åñëè âåêòîðíàÿ îòíîñèòåëüíàÿ ñòåïåíü ρ ðàâíà (1, . . . , 1) â òî÷êå x = 0, òî

ýòî îçíà÷àåò, ÷òî ìàòðèöà LB1
φ1(x) . . . LBm

φ1(x)

. . . . . . . . .

LB1
φm(x) . . . LBm

φm(x)

 (4)

íåâûðîæäåíà â òî÷êå x = 0.
Åñëè ρi > 1, òî ïåðâîå óñëîâèå îçíà÷àåò, ÷òî ôóíêöèÿ φi(x) â îêðåñòíîñòè

òî÷êè x = 0 ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

LBj
Lk

Aφi = 0, k = 0, ρi − 2, j = 1, m, (5)
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èëè ýêâèâàëåíòíîé ñèñòåìû â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

adk
A Bjφi = 0, k = 0, ρi − 2, j = 1, m.

Ïðè âûïîëíåíèè óñëîâèé 1)-2) óïðàâëåíèå âèäà

u = A−1
ρ (x)


−Lρ1

A φ1(x)−
ρ1−1∑
k=0

c1kL
k
Aφ1(x)

. . .

−Lρm

A φm(x)−
ρm−1∑
k=0

cmkL
k
Aφm(x)


(6)

ñòàáèëèçèðóåò ïîëîæåíèå ðàâíîâåñèÿ x = 0, äëÿ ÷åãî äîñòàòî÷íî ìàòðèöó

êîýôôèöèåíòîâ (cij) âûáðàòü â (6) òàê, ÷òîáû âñå êîðíè óðàâíåíèé

λρi

i +

ρi−1∑
j=0

cijλ
j
i = 0, 1 ≤ i ≤ m

èìåëè îòðèöàòåëüíûå äåéñòâèòåëüíûå ÷àñòè.

Åñëè ñóùåñòâóåò âèðòóàëüíûém-ìåðíûéâûõîäφ(x) = (φ1(x), . . . , φm(x))T ,

ïðè êîòîðîì îòíîñèòåëüíàÿ ñòåïåíü â òî÷êå x = 0 ðàâíà ρ = (ρ1, . . . , ρm),

|ρ| ≤ n, è ïðè äîïîëíèòåëüíîì óñëîâèè èíâîëþòèâíîñòè ðàñïðåäåëåíèÿ G =

span{B1, . . . , Bm}, ïîðîæäåííîãî âåêòîðíûìèïîëÿìèBj , j = 1, m ñèñòåìû (1),

â îêðåñòíîñòè òî÷êè x = 0 ñóùåñòâóåò òàêàÿ çàìåíà ïåðåìåííûõ [3]

zi = Φi(x), 1 ≤ i ≤ m, η = Ψ(x), (7)

ãäå

zi = (zi
1, . . . , z

i
ρi
)
ò
, 1 ≤ i ≤ m,

η = (η1, . . . , ηn−|ρ|)
ò
,

Φi(x) = (φi(x), LAφi(x), . . . , Lρi−1
A φi(x))

ò
,

Φi(0) = 0, Ψ(0) = 0,
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ïîñëå âûïîëíåíèÿ êîòîðîé àôôèííàÿ ñèñòåìà (1) ñ âåêòîðíûì âèðòóàëüíûì
âûõîäîì y = φ(x) áóäåò çàïèñàíà â íîðìàëüíîé ôîðìå

ż1
1 = z1

2, . . . , ż
i
ρ1−1 = z1

ρ1
,

ż1
ρ1

= f1(z, η) + g11(z, η)u1 + . . . + g1m(z, η)um,

. . . ,

żm
1 = zm

2 , . . . , żm
ρm−1 = zm

ρm
,

żm
ρm

= fm(z, η) + gm1(z, η)u1 + . . . + gmm(z, η)um,

η̇ = q(z, η),

y = (z1
1, z

2
1, . . . , z

m
1 )
ò
,

(8)

ãäå fi(0, 0) = 0, i = 1, m, q(0, 0) = 0, z = (z1ò, z2ò, . . . , zm
ò
)
ò, ïðè÷åì ìàòðèöà

(gij(0, 0))i,j=1,m íåâûðîæäåíà.
Ñèñòåìe (8) ñîîòâåòñòâóåò ñèñòåìà

η̇ = q(0, η), (9)

êîòîðóþ íàçûâàþò íóëåâîé äèíàìèêîé. Åñëè åå ïîëîæåíèå ðàâíîâåñèÿ η = 0

àñèìïòîòè÷åñêè óñòîé÷èâî, òî àôôèííóþ ñèñòåìó (1) ñ âåêòîðíûì âûõîäîì
y = φ(x) íàçûâàþò ìèíèìàëüíî ôàçîâîé (â òî÷êå x = 0).
Åñëè äëÿ àôôèííîé ñèñòåìû (1) íàéäåí òàêîé âåêòîðíûé âèðòóàëüíûé âû-

õîä y = φ(x), φ(0) = 0, ïðè êîòîðîì ñèñòåìà èìååò îòíîñèòåëüíóþ ñòåïåíü
ρ1 + . . . + ρm = |ρ| â ïîëîæåíèè ðàâíîâåñèÿ x = 0 è îíà ìèíèìàëüíî ôàçî-
âàÿ â ýòîé òî÷êå, òî óïðàâëåíèå âèäà (6) ëîêàëüíî ñòàáèëèçèðóåò ïîëîæåíèå
ðàâíîâåñèÿ x = 0 ýòîé ñèñòåìû [3].

2. Ñëó÷àé îäíîðîäíîé âåêòîðíîé ñòåïåíè (ρi = 2)

Çàäà÷à íàõîæäåíèÿ âèðòóàëüíûõ âûõîäîâ ñ ñîîòâåòñòâóþùåé àñèìïòîòè÷å-
ñêè óñòîé÷èâîé íóëåâîé äèíàìèêîé äëÿ ñëó÷àÿ îäíîðîäíîé âåêòîðíîé ñòåïåíè
(1, . . . , 1) èññëåäîâàíà â [8]. Ðàññìîòðèì ñëó÷àé îäíîðîäíîé âåêòîðíîé ñòåïåíè
(2, . . . , 2).
Ïóñòü äëÿ ñèñòåìû (1) çàäàí íåêîòîðûé âèðòóàëüíûé âûõîä

φ(x) = (φ1(x), . . . , φm(x))
ò
, (10)
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ãäå φi(x) ∈ C∞(Ω), φi(0) = 0, i = 1, m, ïðè êîòîðîì âåêòîðíàÿ îòíîñèòåëüíàÿ

ñòåïåíü ñèñòåìû (1), (10) â òî÷êå x = 0 ðàâíà ρ = (2, . . . , 2), ãäå |ρ| = 2m, òî

åñòü ρi = 2, i = 1, m.

Ïóñòü ðàñïðåäåëåíèå G = span{B1, . . . , Bm} èíâîëþòèâíî. Çàïèøåì ñè-
ñòåìó (1), (10) â ñîîòâåòñòâóþùåé íîðìàëüíîé ôîðìå

ż1
1 = z1

2,

ż1
2 = f1(z, η) + g11(z, η)u1 + . . . + g1m(z, η)um,

. . . ,

żm
1 = zm

2 ,

żm
2 = fm(z, η) + gm1(z, η)u1 + . . . + gmm(z, η)um,

η̇ = q(z, η),

y = (z1
1, z

2
1, . . . , z

m
1 )
ò
,

(11)

ãäå f = (f1, . . . , fm)
ò, f(0, 0) = 0, q(0, 0) = 0, z = (z1

1, z
1
2, . . . , z

m
1 , zm

2 )
ò.

Áóäåì ïðåäïîëàãàòü, ÷òî íîðìàëüíàÿ ôîðìà îïðåäåëåíà â òî÷êå (z, η) =

= (0, 0), à ìàòðèöà (gij(0, 0))i,j=1,m íåâûðîæäåíà.

Äëÿ óäîáñòâà îáîçíà÷èì

z1 = (z1
1, . . . , z

m
1 )
ò
, z2 = (z1

2, . . . , z
m
2 )
ò
, u = (u1, . . . , um)

ò
.

Ñ èñïîëüçîâàíèåì ââåäåííûõ îáîçíà÷åíèé íîðìàëüíàÿ ôîðìà (11) çàïè-

øåòñÿ â âèäå
ż1 = z2,

ż2 = f(z1, z2, η) + g(z1, z2, η)u,

η̇ = q(z1, z2, η),

y = z1.

(12)

Êàê è â ñêàëÿðíîì ñëó÷àå [4], äëÿ ïîñòðîåíèÿ âèðòóàëüíûõ âûõîäîâ áó-

äåì èñïîëüçîâàòü âèðòóàëüíûå óïðàâëåíèÿ v1
i (η), v2

i (η), i = 1, m. Îáîçíà÷èì

v1(η) = (v1
1(η), . . . , v1

m(η))
ò, v2(η) = (v2

1(η), . . . , v2
m(η))

ò.

Òåîðåìà 1. Ïóñòü ñèñòåìà (1) ñ âèðòóàëüíûì âûõîäîì φ, φ
∣∣∣
x=0

= 0, èìååò

â òî÷êå x = 0 âåêòîðíóþ îòíîñèòåëüíóþ ñòåïåíü ρ = (2, . . . , 2), à íóëåâàÿ

äèíàìèêà àñèìïòîòè÷åñêè óñòîé÷èâà. Åñëè â ïåðåìåííûõ (z, η) íîðìàëüíîé
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ôîðìû (12) det
∂φ

∂z1

∣∣∣
z=0,η=0

6= 0, òî ñóùåñòâóþò ôóíêöèè v1(η), v2(η), vi(0) = 0,
i = 1, 2, ñòàáèëèçèðóþùèå ïîëîæåíèå ðàâíîâåñèÿ η = 0 ñèñòåìû

η̇ = q(v1, v2, η) (13)

ñ óïðàâëåíèÿìè v1, v2, ïðè÷åì

dv1(η)

dt

∣∣∣
η̇=q(v1(η),v2(η),η)

= v2(η). (14)

J Ñîãëàñíî (5) êàæäàÿ ôóíêöèÿ φk, k = 1, m, â íåêîòîðîé îêðåñòíîñòè òî÷êè
x ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé LBi

φk = 0, i = 1, m, êîòîðóþ â

ïåðåìåííûõ (z, η) ñèñòåìû (12) ìîæíî çàïèñàòü òàê:
∂φk

∂z2
i

= 0, i, k = 1, m.

Ñëåäîâàòåëüíî, â ýòèõ ïåðåìåííûõ φ = φ(z1, η).
Ïîñòðîèì íîðìàëüíóþ ôîðìó ñèñòåìû (1) ñ âèðòóàëüíûì âûõîäîì φ, èñ-

ïîëüçóÿ çàïèñü ýòîé ñèñòåìû â âèäå íîðìàëüíîé ôîðìå (12). Äëÿ ýòîãî â
ñèñòåìå (12) ñäåëàåì çàìåíó ïåðåìåííûõ

z1 = φ(z1, η), z2 = φ1(z1, z2, η), η = η, (15)

ãäå

φ1(z1, z2, η) =
dφ

dt

∣∣
(12) =

∂φ(z1, η)

∂z1 z2 +
∂φ(z1, η)

∂η
q(z, η).

Ñîîòíîøåíèÿ (15) ÿâëÿþòñÿ çàìåíîé ïåðåìåííûõ â îêðåñòíîñòè òî÷êè (z, η) =

= 0, òàê êàê

det
∂(z1, z2)

∂(z1, z2)

∣∣∣
z=0,η=0

= det

(
∂φ

∂z1

∂φ1

∂z2

) ∣∣∣
z=0,η=0

6= 0,

ïîñêîëüêó det
∂φ

∂z1

∣∣∣
z=0,η=0

6= 0 ïî óñëîâèþ òåîðåìû, à det
∂φ1

∂z2

∣∣∣
z=0,η=0

6= 0 áëàãî-
äàðÿ òîìó, ÷òî îòíîñèòåëüíàÿ ñòåïåíü ñèñòåìû (12) ñ âèðòóàëüíûì âûõîäîì φ

ðàâíà (2, . . . , 2) â òî÷êå (z, η) = 0. Â ïåðåìåííûõ (15) ñèñòåìà (12) çàïèøåòñÿ
â âèäå

ż
1

= z2, ż
2

= f(z, η) + g(z, η)u, (16)

η̇ = q(w1(z1, η), w2(z
1, z2, η), η). (17)
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Çäåñü g(z, η) = ∂φ1(z1,z2,η)
∂z2 g(z, η), ãäå

z1 = w1(z1, η), z2 = w2(z1, z2, η), η = η (18)

åñòü îáðàòíàÿ ê (15) çàìåíà ïåðåìåííûõ. Çàïèñü (16) ÿâëÿåòñÿ íîðìàëüíîé

ôîðìîé, ñîîòâåòñòâóþùåé âèðòóàëüíîìó âûõîäó φ, ïîñêîëüêó

det g(0, 0) = det

(
∂φ1

∂z2
(0, 0, 0)g(0, 0)

)
6= 0.

Ïîëàãàÿ â (17) z1 = 0, z2 = 0, ïîëó÷àåì ñèñòåìó íóëåâîé äèíàìèêè

η̇ = q(w1(0, η), w2(0, 0, η), η). (19)

Ïîñëå çàìåíû η = η è ââåäåíèÿ îáîçíà÷åíèé

v1(η) = w1(0, η), v2(η) = w2(0, 0, η), (20)

ñèñòåìà (19) ñîâïàäàåò ñ ñèñòåìîé (13), çàìêíóòîé îáðàòíûìè ñâÿçÿìè (20).

Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü òî÷êè η = 0 ñèñòåìû íóëåâîé äèíàìèêè (19)

îçíà÷àåò, ÷òî îáðàòíûå ñâÿçè v1(η), v2(η) ñòàáèëèçèðóþòïîëîæåíèå ðàâíîâåñèÿ

η = 0 ñèñòåìû (13).

Ïîñêîëüêó ż1 = z2, òî èç (16){(18) ñëåäóåò, ÷òî

dw1(z1, η)

dt

∣∣∣
(16){(17)

= w2(z1, z2, η),

òî åñòü

∂w1(z1, η)

∂z1 z2 +
∂w1(z1, η)

∂η
q(w1(z1, η), w2(z1, z2, η), η) = w2(z1, z2, η),

÷òî ïðè z1 = 0, z2 = 0, η = η ñ ó÷åòîì (20) ñîâïàäàåò ñ (14). I

Òåîðåìà 2. Ïóñòü óïðàâëåíèÿ v1 = v1(η), v2 = v2(η) ñòàáèëèçèðóþò

ïîëîæåíèå ðàâíîâåñèÿ η = 0 ñèñòåìû (13) è óäîâëåòâîðÿåò óñëîâèþ (14). Åñëè

ñèñòåìà (12) ñ âèðòóàëüíûì âûõîäîì φ(z, η) = z1 − v1(η) èìååò âåêòîðíóþ

îòíîñèòåëüíóþ ñòåïåíü (2, . . . , 2) â òî÷êå (z, η) = 0, òî íóëåâàÿ äèíàìèêà,
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ñîîòâåòñòâóþùàÿ âèðòóàëüíîìó âûõîäó φ, àñèìïòîòè÷åñêè óñòîé÷èâà â òî÷êå
η = 0.

J Ñîîòíîøåíèÿ

z1 = φ(z, η) = z1 − v1(η),

z2 =
dφ(z, η)

dt

∣∣∣
(12)

= z2 − ∂v1(η)

∂η
q(z1, z2, η),

η = η

(21)

çàäàþò çàìåíó ïåðåìåííûõ, ïîñêîëüêó îïðåäåëèòåëü ìàòðèöû ßêîáè
∂(z1, z2)

∂(z1, z2)
â òî÷êå (z, η) = 0 ðàâåí

det

(
E − ∂v1

∂η
(η)

∂q

∂z2 (z
1, z2, η)|z=0,η=0

)
6= 0.

Ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî, ïîñêîëüêó ìàòðèöà êîýôôèöèåíòîâ

g̃(z, η) =

(
E − ∂v1

∂η
(η)

∂q

∂z2 (z
1, z2, η)

)
g(z, η)

ïðè óïðàâëåíèè â
d2φ(z, η)

dt2

∣∣∣
(12)

íåâûðîæäåíà â òî÷êå (z, η) = (0, 0), òàê êàê âåêòîðíàÿ îòíîñèòåëüíàÿ ñòåïåíü
ðàâíà (2, . . . , 2).
Â ïåðåìåííûõ (21) ñèñòåìà (12) ñ âèðòóàëüíûì âûõîäîì φ çàïèøåòñÿ â

íîðìàëüíîé ôîðìå

ż
1

= z2, ż
2

= f(z, η) + g(z, η)u, (22)

η̇ = q(z1 + v1(η), w2(z1, z2, η), η), (23)

ãäå èñïîëüçîâàíà îáðàòíàÿ äëÿ (21) çàìåíà ïåðåìåííûõ

z1 = z1 + v1(η), z2 = w2(z1, z2, η), η = η.

Óðàâíåíèÿ ñîîòâåòñòâóþùåé íóëåâîé äèíàìèêè íàõîäèì, ïîëàãàÿ z1 = 0,
z2 = 0 â (23), ÷òî ñ ó÷åòîì çàìåíû η = η ïðèâîäèò ê ñèñòåìå

η̇ = q(v1(η), w2(0, 0, η), η). (24)
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Ïîñêîëüêó ż1 = z2, òî ż
1
+ v̇1(η) = w2(z1, z2, η), ÷òî ïðè z1 = 0, z2 = 0

ïîñëå çàìåíû η = η äàåò ñîîòíîøåíèå

∂v1

∂η
(η)q(v1(η), w2(0, 0, η), η) = w2(0, 0, η).

Ïåðåïèñàâ (14) â âèäå

∂v1(η)

η
q(v1(η), v2(η), η) = v2(η),

íàõîäèì, ÷òî w2(0, 0, η) = v2(η) â îêðåñòíîñòè òî÷êè η = 0, ïîñêîëüêó îáå ýòè

ôóíêöèè ðàâíû 0 ïðè η = 0 è ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû óðàâíåíèé

s(z2, η) = z2 − ∂v1

∂η
(η)q(v1(η), z2, η) = 0 (25)

îòíîñèòåëüíî z2. Ñèñòåìà óðàâíåíèé (25) èìååò åäèíñòâåííîå ðåøåíèå â

îêðåñòíîñòè òî÷êè z2 = 0, η = 0, òàê êàê â ýòîé òî÷êå îïðåäåëèòåëü ìàòðèöû

ßêîáè
∂s(z2, η)

∂z2 îòëè÷åí îò íóëÿ áëàãîäàðÿ òîìó, ÷òî îòíîñèòåëüíàÿ ñòåïåíü

ñèñòåìû (12) ñ âèðòóàëüíûì âûõîäîì φ = z1 − v1(η) â òî÷êå (z, η) = 0 ðàâíà

(2, . . . , 2).

Ñëåäîâàòåëüíî, óðàâíåíèÿ (24) íóëåâîéäèíàìèêè ñîâïàäàþò ñ ñèñòåìîé (13),

çàìêíóòîé óïðàâëåíèÿìè v1(η), v2(η), è ïîýòîìó íóëåâàÿ äèíàìèêà àñèìïòîòè-

÷åñêè óñòîé÷èâà â òî÷êå η = 0.

Â çàêëþ÷åíèå îòìåòèì, ÷òî â ïåðåìåííûõ àôôèííîé ñèñòåìû (1)φ = h(x)−
v1(Ψ(x)). I

Ç à ì å ÷ à í è å 1. Åñëè â íîðìàëüíîé ôîðìå (12) àôôèííîé ñèñòåìû (1) ñ

ôèêñèðîâàííûì âèðòóàëüíûì âûõîäîì (10) det
∂q

∂z2
(0, 0) = 0, òî:

1) â ôîðìóëèðîâêå òåîðåìû 1 óñëîâèå det
∂φ

∂z1

∣∣∣
z=0,η=0

6= 0 ìîæíî îïóñòèòü,

òàê êàê îíî ñëåäóåò èç òîãî, ÷òî ñèñòåìà (1) ñ âèðòóàëüíûì âûõîäîì φ èìååò â

òî÷êå x = 0 âåêòîðíóþ îòíîñèòåëüíóþ ñòåïåíü (2, . . . , 2);

2) â ôîðìóëèðîâêå òåîðåìû 2ìîæíî îïóñòèòü óñëîâèå òîãî, ÷òî ñèñòåìà (12)

ñ âèðòóàëüíûì âûõîäîì φ(z, η) = z1 − v1(η) èìååò âåêòîðíóþ îòíîñèòåëüíóþ
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ñòåïåíü (2, . . . , 2) â òî÷êå (z, η) = 0, òàê êàê â äàííîì ñëó÷àå îíî âñåãäà âûïîë-
íåíî;
3) òåîðåìû 1, 2 â ýòîì ñëó÷àå óòâåðæäàþò, ÷òî äëÿ ñóùåñòâîâàíèÿ ó àô-

ôèííîé ñèñòåìû (1) âèðòóàëüíîãî âûõîäà φ, φ
∣∣∣
x=0

= 0, ïðè êîòîðîì îíà èìååò
â òî÷êå x = 0 âåêòîðíóþ îòíîñèòåëüíóþ ñòåïåíü (2, . . . , 2) è àñèìïòîòè÷åñêè
óñòîé÷èâóþ íóëåâóþ äèíàìèêó, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñèñòåìà (13)
ñ óïðàâëåíèÿìè v1, v2 áûëà ñòàáèëèçèðóåìà â ñîñòîÿíèè η = 0 îáðàòíûìè
ñâÿçÿìè v1(η), v2(η), óäîâëåòâîðÿþùèìè óñëîâèþ (14), ïðè÷åì îäíèì èç òàêèõ
âèðòóàëüíûõ âûõîäîâ ÿâëÿåòñÿ φ = z1 − v1(η) = h(x)− v1(Ψ(x)).

Çàêëþ÷åíèå

Ìåòîä âèðòóàëüíûõ âûõîäîâ îáîáùåí íà ñëó÷àé àôôèííûõ ñèñòåì ñ âåêòîð-
íûì óïðàâëåíèåì è âûõîäîì, èìåþùèì îäíîðîäíóþ âåêòîðíóþ îòíîñèòåëü-
íóþ ñòåïåíü (2, . . . , 2). Äëÿ òàêèõ ñèñòåì ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷-
íûå óñëîâèÿ ñóùåñòâîâàíèÿ íîâîãî âûõîäà ñ òàêîéæå îòíîñèòåëüíîé ñòåïåíüþ,
ïðè êîòîðîì ñîîòâåòñòâóþùàÿ åìó íîðìàëüíàÿ ôîðìà èìååò àñèìïòîòè÷åñêè
óñòîé÷èâóþ íóëåâóþ äèíàìèêó.
Ïîëó÷åííûå óñëîâèÿ ÿâëÿþòñÿ êîíñòðóêòèâíûìè, ïîñêîëüêó óêàçûâàþò ìå-

òîä íàõîæäåíèÿ íîâûõ âûõîäîâ ñ òðåáóåìûìè ñâîéñòâàìè.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû 11-01-00733,

12-07-00329) è Ïðîãðàììû Ïðåçèäåíòà ÐÔ ïî ãîñóäàðñòâåííîé ïîääåðæêå âå-
äóùèõ íàó÷íûõ øêîë (ãðàíò ÍØ-3659.2012.1).
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For multi-input nonlinear dynamic systems the problem of state feedback design
stabilizing position of equilibrium is solved using the method of virtual outputs.
Affine systems are considered for which smooth function (a system output) defining
transformation of the system to a normal form with a vectorial relative level of an
output (2, , 2) is known. If zero dynamics of the system isn't asymptotically stable,
that is the nonlinear system isn't minimum-phase, for the specified class of systems
necessary and sufficient conditions of existence of such new outputs having the
relative level (2, , 2) for which the corresponding normal form has asymptotically
stable zero dynamics are proved. The received results generalize the results received
earlier for affine systems with scalar input.
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