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Ââåäåíèå

Â èññëåäîâàíèÿõ ïî ìàòåìàòè÷åñêîé òåîðèè òåïëîïðîâîäíîñòè [1, 2, 3] âàæíîå ìåñòî çà-
íèìàþò çàäà÷è îïòèìèçàöèè è îöåíèâàíèÿ ýôôåêòèâíûõ çà÷åíèé òåïëîôèçè÷åñêèõ è ãåîìå-
òðè÷åñêèõ ïàðàìåòðîâ êîíñòðóêöèè, ôóíêöèîíèðóþùåé â óñëîâèÿõ èíòåíñèâíûõ âíåøíèõ
òåïëîâûõ âîçäåéñòâèé [4, 5, 6, 7].
Îäèí èç âàæíûõ àñïåêòîâ ðàññìàòðèâàåìûõ çàäà÷ ñâÿçàí ñ ðàçðàáîòêîé ýôôåêòèâíûõ

ìåòîäîâ òåïëîâîé çàùèòû êîíñòðóêöèé [8]. Ïðè ýòîì, â ñîîòâåòñòâèè ñî ñëîæèâøåéñÿ
òåðìèíîëîãèåé [4], ïîä òåïëîâîéèçîëÿöèåé (òåïëîèçîëÿöèåé), áóäåìïîíèìàòü ñîâîêóïíîñòü
äåéñòâèé, íàïðàâëåííûõ íà ñíèæåíèå èíòåíñèâíîñòè êîíäóêòèâíîãî, êîíâåêòèâíîãî èëè
ðàäèàöèîííîãî òåïëîîáìåíà íà ïîâåðõíîñòè êîíñòðóêöèè. Ìàòåðèàëû, ïðèìåíÿåìûå äëÿ
òåïëîèçîëÿöèè, áóäåì íàçûâàòü òåðìîèçîëÿòîðàìè
Ïðàêòè÷åñêèé èíòåðåñ ïðåäñòàâëÿþò òåïëîèçîëÿöèè, èñïîëüçóþùèå òåðìîýëåêòðè÷å-

ñêèå ÿâëåíèÿ äëÿ ðåãóëèðîâàíèÿ òåìïåðàòóðíîãî ïîëÿ èëè òåðìîñòàòèðîâàíèÿ êîíñòðóê-
öèé [4,9]. Îäíèì èç îñíîâíûõ ýëåìåíòîâ ïîäîáíûõ òåïëîèçîëÿöèé ÿâëÿåòñÿ òåðìîàêòèâíàÿ
ïðîêëàäêà, îáðàçóþùàÿ ïðîìåæóòî÷íûé ñëîé â ñèñòåìå <êîíñòðóêöèÿ | òåïëîçàùèòíîå
ïîêðûòèå> è ïðåäñòàâëÿþùàÿ ñîáîé èçîòðîïíóþ ïëàñòèíó êîíå÷íîé òîëùèíû, íà ïîâåðõ-
íîñòè êîòîðîé íàíåñåíû ïëåíî÷íûå ïîêðûòèÿ (íàïðèìåð, ïóòåì âàêóóìíîãî íàïûëåíèÿ èëè
âæèãàíèåì â ïëàñòèíó) ïðåíåáðåæèìî ìàëîé òîëùèíû. Ïðè ýòîì, êàê ïðàâèëî, óäåëüíàÿ
òåïëîåìêîñòü òàêîãî ïëåíî÷íîãî ïîêðûòèÿ çíà÷èòåëüíî ìåíüøå, ÷åì óäåëüíûå òåïëîåìêî-
ñòè ñàìîé ïëàñòèíû è òåïëîèçîëèðóåìîé êîíñòðóêöèè. Â ðåçóëüòàòå óïðàâëÿåìûõ âíåøíèõ
âîçäåéñòâèé (íàïðèìåð, â ðåçóëüòàòå ðåãóëèðîâàíèÿ ñèëû ýëåêòðè÷åñêîãî òîêà) â òåðìîàê-
òèâíîé ïðîêëàäêå ìîæåò ïðîèñõîäèòü êàê âûäåëåíèå, òàê è ïîãëîùåíèå òåïëîòû ñ çàäàííîé
óäåëüíîé ìîùíîñòüþ [12].
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Èññëåäîâàíèÿ ïðîöåññà ôîðìèðîâàíèÿ òåìïåðàòóðíîãî ïîëÿ â ñèñòåìå <êîíñòðóêöèÿ {
òåðìîàêòèâíàÿ ïðîêëàäêà { òåïëîçàùèòíîå ïîêðûòèå>ìåòîäàìèìàòåìàòè÷åñêîãî ìîäåëèðî-
âàíèÿ äàæå ñ èñïîëüçîâàíèåì ïðîñòåéøåé ïîñòàíîâêè ñâÿçàíû ñ íåîáõîäèìîñòüþ ðåøåíèÿ
ñîîòâåòñòâóþùåé çàäà÷è òåîðèè òåïëîïðîâîäíîñòè â ïÿòèñëîéíîé îáëàñòè ïðè íàëè÷èè
èäåàëüíîãî òåïëîâîãî êîíòàêòà ìåæäó ñëîÿìè (ãðàíè÷íîå óñëîâèå ÷åòâåðòîãî ðîäà [2, 3]).
Òðóäíîñòè, êîòîðûå ïðèõîäèòñÿ ïðåîäîëåâàòü ïðè ïðîâåäåíèè ïàðàìåòðè÷åñêîãî àíàëèçà

òåìïåðàòóðíûõ ïîëåé â ìíîãîñëîéíûõ êîíñòðóêöèÿõ, ïîäâåðæåííûõ èíòåíñèâíûì âíåø-
íèì òåïëîâûì âîçäåéñòâèÿì, ïðèâîäÿò ê íåîáõîäèìîñòè ðàçðàáîòêè óïðîùåííûõ àíàëî-
ãîâ èñïîëüçóåìûõ <òî÷íûõ> ìîäåëåé. Ïîñòðîåíèå óïðîùåííûõ ìàòåìàòè÷åñêèõ ìîäåëåé
äëÿ îïèñàíèÿ ïðîöåññîâ ôîðìèðîâàíèÿ òåìïåðàòóðíûõ ïîëåé â ìíîãîñëîéíûõ îáëàñòÿõ â
ïðàêòèêå íàó÷íûõ èññëåäîâàíèé çà÷àñòóþ ñâÿçûâàþò ñ ðåàëèçàöèåé èäåè <ñîñðåäîòî÷åííàÿ
åìêîñòü> [13, 17, 18]. Ñóòü ýòîé èäåè ñîñòîèò â ïðèíÿòèè äîïóùåíèÿ î ðàâåíñòâå ñðåäíåèí-
òåãðàëüíîé òåìïåðàòóðû ñëîÿ òåìïåðàòóðå íà åãî ãðàíèöàõ.
Êîððåêòíîñòü âûáîðà ïàðàìåòðîâ òåðìîèçîëÿòîðà â çíà÷èòåëüíîé ñòåïåíè îïðåäåëÿåòñÿ

ïðîñòðàíñòâåííî-âðåìåííîé ñòðóêòóðîé âîçäåéñòâóþùåãî íà íåãî òåïëîâîãî ïîòîêà. Â òå-
îðåòè÷åñêèõ èññëåäîâàíèÿõ çíà÷èòåëüíîå âíèìàíèå óäåëÿåòñÿ ïðîñòðàíñòâåííî ðàñïðåäå-
ëåííûì (ñ èíòåíñèâíîñòüþ ãàóññîâñêîãî òèïà) è êîíöåíòðèðîâàííûì îñåñèììåòðè÷íûì
òåïëîâûì ïîòîêàì êàê ïðè ñòàöèîíàðíîì, òàê è ïðè íåñòàöèîíàðíîì ðåæèìàõ âîçäåé-
ñòâèÿ [10, 14, 11, 15, 16]. Â ÷àñòíîñòè, èñïîëüçîâàíèå òåïëîâîãî ïîòîêà ñ èíòåíñèâíîñòüþ
ãàóññîâñêîãî òèïà ïîçâîëèëî ðåøèòü çàäà÷è îá îïðåäåëåíèè îïòèìàëüíîé òîëùèíû îõëà-
æäàåìîé ñòåíêè, ïîäâåðæåííîé ìåñòíîìó íàãðåâó [11] è îá îïðåäåëåíèè äîñòàòî÷íûõ óñëî-
âèé ñóùåñòâîâàíèÿ îïòèìàëüíîé òîëùèíû îõëàæäàåìîé ñòåíêè ñ òåïëîçàùèòíûì ïîêðû-
òèåì ïîêðûòèåì, ïîäâåðæåííîé èìïóëüñíî-ïåðèîäè÷åñêîìó íàãðåâó [14]. Äëÿ îõëàæäàåìîé
ñòåíêè ñ òåïëîèçîëÿöèåé, èñïîëüçóþùåé òåðìîàêòèâíóþ ïðîêëàäêó, ôóíêöèîíèðóþùóþ ïî
ïðèíöèïó îáðàòíîé ñâÿçè àíàëîãè÷íûå ðåçóëüòàòû íå èçâåñòíû. Ïîýòîìó îñíîâíîé öå-
ëüþ ïðîâåäåííûõ èññëåäîâàíèé ÿâëÿåòñÿ îïðåäåëåíèå äîñòàòî÷íûõ óñëîâèé ñóùåñòâîâàíèÿ
îïòèìàëüíîé òîëùèíû ïëîñêîé èçîòðîïíîé ñòåíêè ñ òåïëîçàùèòíûì ïîêðûòèåì, îáåñïå-
÷èâàþùåé ìèíèìàëüíóþ óñòàíîâèâøóþñÿ òåìïåðàòóðó åå íàèáîëåå íàãðåòîé òî÷êè, ïðè
íàëè÷èè òåðìîàêòèâíîé ïðîêëàäêè, ôóíêöèîíèðóþùåé ïî ïðèíöèïó îáðàòíîé ñâÿçè.

1. Ïîñòàíîâêà çàäà÷è

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïëîñêàÿ èçîòðîïíàÿ ñòåíêà ñ òåïëîçàùèòíûì ïîêðû-
òèåì è ïðîìåæóòî÷íûì ñëîåì â âèäå òåðìîàêòèâíîé ïðîêëàäêè, ôóíêöèîíèðóþùåé ïî ïðèí-
öèïó îáðàòíîé ñâÿçè. Ñ íåçàùèùåííîé ñòîðîíû ñòåíêà îõëàæäàåòñÿ ñðåäîé ñ ïîñòîÿííûìè
òåìïåðàòóðîé Tc è êîýôôèöèåíòîì òåïëîîòäà÷è α, à ñî ñòîðîíû òåïëîçàùèòíîãî ïîêðû-
òèÿ íà íåå âîçäåéñòâóåò òåïëîâîé ïîòîê ñ èíòåíñèâíîñòüþ ãàóññîâñêîãî òèïà â èìïóëüñíî-
ïåðèîäè÷åñêîì ðåæèìå. Ó÷èòûâàÿ ðåçóëüòàòû àíàëèçà ïðîöåññîâ ôîðìèðîâàíèÿ òåìïå-
ðàòóðíîãî ïîëÿ â ñèñòåìå <ñòåíêà | òåðìîàêòèâíàÿ ïðîêëàäêà | òåïëîçàùèòíîå ïîêðû-
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òèå> [17], áóäåì ñ÷èòàòü, ÷òî íà÷àëüíàÿ òåìïåðàòóðà èçó÷àåìîé ñèñòåìû ðàâíà òåìïåðàòóðå
îõëàæäàþùåé ñðåäû. Ïîýòîìó, â ñîîòâåòñòâèè ñ ïîñòàâëåííîé öåëüþ, ñôîðìóëèðîâàííûì
ïðèíöèïîì îïòèìàëüíîñòè è èñïîëüçóåìûì ïðèíöèïîì ôóíêöèîíèðîâàíèÿ òåðìîàêòèâíîé
ïðîêëàäêè, ïðèõîäèì ê ñëåäóþùåé ìàòåìàòè÷åñêîé ìîäåëè ïðîöåññà ôîðìèðîâàíèÿ òåìïå-
ðàòóðíîãî ïîëÿ â ñèñòåìå <ñòåíêà| òåðìîàêòèâíàÿ ïðîêëàäêà| òåïëîçàùèòíîå ïîêðûòèå>
(ðèñ. 1):
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)
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, Fo > 0, 0 < x < ε, ρ > 0; (3)
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∣∣∣
Fo=0
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∂Θ1(ρ, x,Fo)
∂x

∣∣∣∣
x=ε+H

= −BiΘ1(ρ, x,Fo)
∣∣∣
x=ε+H

; (5)

Θ1(ρ, x,Fo)
∣∣∣
x=ε+0

= Θ3(ρ, x,Fo)
∣∣∣
x=ε−0

,

Λ3
∂Θ3
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∣∣∣∣
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− ∂Θ1

∂x

∣∣∣∣
x=ε+0
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∣∣∣
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; (6)
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∣∣∣
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∣∣∣
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,
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∂Θ3
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∣∣∣∣
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∣∣∣
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; (7)

∂Θ2(ρ, x,Fo)
∂x

∣∣∣∣
x=−l

= −Q(ρ)Φ(Fo)
Λ2

, (8)

ãäå

Φ(Fo) =
Fo∗

Fo∗ + ∆Fo∗
+ exp(−γFo)ϕ(Fo);

ϕ(Fo) =
∞∑

n=0

{
η[Fo− n(Fo∗ + ∆Fo∗)]− η[Fo− Fo∗ − n(Fo∗ + ∆Fo∗)]

}
;

Θm =
Tm − Tc

Tc

, m = 1, 3; x =
z

z∗
; ρ =

r

z∗
; Fo =

a1t

z2
∗

;

H =
l1
z∗

; ε =
l3
z∗

; l =
l2
z∗

; Bi =
αz∗
λ1

; χj =
aj

a1

, j = 2, 3;

Λj =
λj

λ1

, j = 2, 3; Qi =
qi z∗
λ1

, i = 1, 2; Q =
qz∗
λ1Tc

;

çíà÷åíèÿ èíäåêñîâ 1, 2 è 3 ñîîòâåòñòâóþò ñòåíêå, òåïëîçàùèòíîìó ïîêðûòèþ è òåðìîàê-
òèâíîé ïðîêëàäêå; a è λ | êîýôôèöèåíòû òåìïåðàòóðîïðîâîäíîñòè è òåïëîïðîâîäíîñòè
ñîîòâåòñòâåííî; z∗ | âûáðàííàÿ åäèíèöà ìàñøòàáà; q | óäåëüíàÿ ìîùíîñòü (ïëîòíîñòü)
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òåïëîâîãî ïîòîêà, èìåþùàÿ îñåñèììåòðè÷íîå ðàñïðåäåëåíèå q = q(r); η(·) | åäèíè÷íàÿ
ôóíêöèÿ Õåâèñàéäà [2]; Fo∗ + ∆Fo∗ | ïåðèîä èìïóëüñíî-ïåðèîäè÷åñêîãî ðåæèìà âîçäåé-
ñòâèÿ òåïëîâîãî ïîòîêà ñ èíòåíñèâíîñòüþ ãàóññîâñêîãî òèïà; Fo∗| äëèòåëüíîñòü àêòèâíîé
ôàçû âîçäåéñòâèÿ; γ | êîýôôèöèåíò çàòóõàíèÿ òåïëîâîãî ïîòîêà.

Ðèñ. 1. Ïðèíöèïèàëüíàÿ ñõåìà àíàëèçèðóåìîé ñèñòåìû <ñòåíêà |
òåðìîàêòèâíàÿ ïðîêëàäêà | òåïëîçàùèòíîå ïîêðûòèå>

Ïóñòü äàëåå

〈Θ〉 = 〈Θ(ρ,Fo)〉 =
1

ε

ε∫
0

Θ3(ρ, x,Fo)dx (9)

| ñðåäíåèíòåãðàëüíàÿ ïî òîëùèíå òåðìîàêòèâíîé ïðîêëàäêè òåìïåðàòóðà è äîïóñòèìà
ðåàëèçàöèÿ èäåè <ñîñðåäîòî÷åííàÿ åìêîñòü> [13, 17, 18]:

Θ1(ρ, ε+ 0,Fo) = 〈Θ(ρ,Fo)〉 = Θ2(ρ, 0− 0,Fo), Fo > 0. (10)

Â ýòîì ñëó÷àå, ñîãëàñíî (3) è (9), ïðèõîäèì ê óðàâíåíèþ:

∂〈Θ(ρ,Fo)〉
∂Fo

=
χ3

ε

{
ε
1

ρ

∂

∂ρ

(
ρ
∂〈Θ(ρ,Fo)〉

∂ρ

)
+

+
∂Θ3(ρ, x,Fo)

∂x

∣∣∣∣
x=ε−0

− ∂Θ3(ρ, x,Fo)
∂x

∣∣∣∣
x=0+0

}
, Fo > 0.

Èñïîëüçóÿ óñëîâèÿ ñîïðÿæåíèÿ (6) è (7), ïðèõîäèì ê ðàâåíñòâàì

∂Θ3

∂x

∣∣∣∣
x=ε−0

=
1

Λ3

{
∂Θ1

∂x

∣∣∣∣
x=ε+0

−Q1Θ3

∣∣∣
x=ε−0

}
,

∂Θ3

∂x

∣∣∣∣
x=0+0

=
1

Λ3

{
Λ2
∂Θ2

∂x

∣∣∣∣
x=0−0

+Q2Θ3

∣∣∣
x=0+0

}
,

ñ ó÷åòîì êîòîðûõ ïîëó÷åííîå óðàâíåíèå ìîæåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå:

∂〈Θ〉
∂Fo

= χ3
1

ρ

∂

∂ρ

(
ρ
∂〈Θ〉
∂ρ

)
+

χ3

εΛ3

{
∂Θ1

∂x

∣∣∣∣
x=ε+0

− Λ2
∂Θ2

∂x

∣∣∣∣
x=0−0

− 〈Θ〉(Q1 +Q2)

}
. (11)
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Ïîýòîìó, åñëè ñ÷èòàòü, ÷òî

ε∗ =
εΛ3

χ3

, Q∗ = Q1 +Q2, (12)

òî, ñîãëàñíî (1), (2), (4), (5) è (9){(12), ïðèõîäèì ê èñêîìîé ìàòåìàòè÷åñêîé ìîäåëè:

∂Θ1

∂Fo
=

1

ρ

∂

∂ρ

(
ρ
∂Θ1

∂ρ

)
+
∂2Θ1

∂x2
, Fo > 0, ε < x < ε+H, ρ > 0; (13)

ε∗

{
∂〈Θ〉
∂Fo

− χ3
1

ρ

∂

∂ρ

(
ρ
∂〈Θ〉
∂ρ

)}
=
∂Θ1

∂x

∣∣∣∣
x=ε+0

−

−Λ2
∂Θ2

∂x

∣∣∣∣
x=0−0

− 〈Θ〉Q∗, Fo > 0, ρ > 0, 0 < x < ε; (14)

∂Θ2

∂Fo
= χ2

(
1

ρ

∂

∂ρ

(
ρ
∂Θ2

∂ρ

)
+
∂2Θ2

∂x2

)
, Fo > 0, −l < x < 0, ρ > 0; (15)

Θ1(ρ, x,Fo)
∣∣∣
Fo=0

= 〈Θ(ρ,Fo)〉
∣∣∣
Fo=0

= Θ2(ρ, x, Fo)
∣∣∣
Fo=0

= 0; (16)

∂Θ1(ρ, x,Fo)
∂x

∣∣∣∣
x=ε+H

+ BiΘ1(ρ, x,Fo)
∣∣∣
x=ε+H

= 0; (17)

Θ1(ρ, x,Fo)
∣∣∣
x=ε+0

= 〈Θ(ρ,Fo)〉 = Θ2(ρ, x,Fo)
∣∣∣
x=0−0

; (18)

∂Θ2(ρ, x,Fo)
∂x

∣∣∣∣
x=−l

= −Q(ρ)Φ(Fo)
Λ2

, (19)

ãäå ïðè ëþáûõ ôèêñèðîâàííûõ çíà÷åíèÿõ Fo > 0 è x ∈ (−l, ε + H) ôóíêöèè Θm(ρ, x,Fo),
m ∈ 1, 2, 〈Θ(ρ,Fo)〉 è Q(ρ), êàê ôóíêöèè ïåðåìåííîãî ρ, ÿâëÿþòñÿ îðèãèíàëàìè èíòåãðàëü-
íîãî ïðåîáðàçîâàíèÿ Õàíêåëÿ íóëåâîãî ïîðÿäêà [2, 20], à èõ èçîáðàæåíèÿ, êàê ôóíêöèè Fo,
ÿâëÿþòñÿ îðèãèíàëàìè èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà [2, 20];

Q(ρ) = Q0 exp(−k2ρ2), (20)

ãäå Q0 = q0z∗/λ1Tc.

2. Óñòàíîâèâøàÿñÿ òåìïåðàòóðà íàèáîëåå íàãðåòîé òî÷êè ñòåíêè

Ïðèìåíèì ïîñëåäîâàòåëüíî ê (13){(20) îïåðàòîð H0 ïðÿìîãî èíòåãðàëüíîãî ïðåîáðàçî-
âàíèÿ Õàíêåëÿ íóëåâîãî ïîðÿäêà ïî ρ [2, 20]:

Um(p, x,Fo) = H0[Θm(ρ, x,Fo)] ≡
∞∫

0

Θm(ρ, x,Fo) J0(pρ)ρ dρ;

U(p, Fo) = H0[〈Θ(ρ,Fo)〉 ≡
∞∫

0

〈Θ(ρ,Fo)〉ρJ0(pρ) dρ;

G(p) = H0[Q(ρ)] ≡
∞∫

0

Q(ρ)ρJ0(pρ) dρ =
Q0

2k2
exp

(
− p2

4k2

)
,

(21)
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à çàòåì îïåðàòîð L ïðÿìîãî èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ëàïëàñà ïî Fo [2]:

Vm(p, x, s) = L[Um(p, x,Fo)] ≡
∞∫

0

exp(−sFo)Um(p, x,Fo) dFo;

V (p, s) = L[U(p, Fo)] ≡
∞∫

0

exp(−sFo)U(p, Fo) dFo;

Ψ(s) = L[Φ(Fo)] =
1

s

Fo∗

Fo∗ + ∆Fo∗
+

1

s+ γ

1− exp[−(s+ γ)Fo∗]
1− exp[−(s+ γ)(Fo∗ + ∆Fo∗)]

.

(22)

Â èòîãå, ñ èñïîëüçîâàíèåì èçâåñòíûõ ðåçóëüòàòîâ òåîðèè èíòåãðàëüíûõ ïðåîáðàçîâàíèé [2],
ïðèõîäèì ê ñëåäóþùåé çàäà÷å äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

d2V1

dx2
= (s+ p2)V1, ε < x < ε+H; (23)

ε∗{s+ χ3p
2}V (p, s) =

dV1(p, x, s)

dx

∣∣∣∣
x=ε+0

−

−Λ2
dV2(p, x, s)

dx

∣∣∣∣
x=0−0

−Q∗V (p, s), 0 < x < ε; (24)

d2V2

dx2
=

( s

χ2

+ p2
)
V2, −l < x < 0; (25)

dV1(p, x, s)

dx

∣∣∣∣
x=ε+H

+ BiV1(p, x, s)
∣∣∣
x=ε+H

= 0; (26)

V1(p, x, s)
∣∣∣
x=ε+0

= V (p, s) = V2(p, x, s)
∣∣∣
x=0−0

; (27)

dV2(p, x, s)

dx

∣∣∣∣
x=−l

= −G(p)Ψ(s)

Λ2

. (28)

Ðåøåíèÿ óðàâíåíèé (23) è (25) ìîãóò áûòü íàéäåíû ñòàíäàðòíûìè ìåòîäàìè è ïðåäñòà-
âëåíû â ñëåäóþùåì âèäå:

V1(p, x, s) = c11(p, s) exp
[
−(x− ε)

√
s+ p2

]
+

+ c12(p, s) exp
[
(x− ε)

√
s+ p2

]
, ε < x < ε+H; (29)

V2(p, x, s) = c21(p, s) exp

(
−x

√
s

χ2

+ p2

)
+

+ c22(p, s) exp

(
x

√
s

χ2

+ p2

)
, −l < x < 0. (30)

Èç (29), (30) ñëåäóåò, ÷òî óðàâíåíèå (23), ãðàíè÷íûå óñëîâèÿ (26), (28) è ðàâåíñòâî (27) ýêâè-
âàëåíòíû ñîîòâåòñòâóþùåé èì ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
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ôóíêöèîíàëîâ {cij(p, s)}2
i,j=1:

[ε∗s+ε∗χ3p
2+Q∗]V (p,s)=

√
s+p2[c12(p,s)−c11(p,s)]−Λ2

√
s

χ2

+p2
[
c22(p,s)−c21(p,s)

]
;

√
s+ p2

{
c12(p, s) exp

(
H

√
s+ p2

)
− c11(p, s) exp

(
−H

√
s+ p2

)}
=

= −Bi
{
c11(p, s) exp

(
−H

√
s+ p2

)
+ c12(p, s) exp

(
H

√
s+ p2

)}
;

c11(p, s) + c12(p, s) = c21(p, s) + c22(p, s) = V (p, s);

Λ2

√
s

χ2

+ p2

{
c22(p, s) exp

(
−l

√
s

χ2

+ p2

)
− c21(p, s) exp

(
l

√
s

χ2

+ p2

)}
= −G(p) Ψ(s).

Îïðåäåëåíèåì ôóíêöèîíàëîâ cij(p, s), i, j ∈ {1, 2} è çàâåðøàåòñÿ ðåøåíèå çàäà÷è î íà-
õîæäåíèè òåìïåðàòóðíîãî ïîëÿ ðàññìàòðèâàåìîé ñòåíêè ñ òåïëîçàùèòíûì ïîêðûòèåì è
ïðîìåæóòî÷íûì ñëîåì â âèäå òåðìîàêòèâíîé ïðîêëàäêè, ôóíêöèîíèðóþùåé ïî ïðèíöèïó
îáðàòíîé ñâÿçè, â èçîáðàæåíèÿõ èñïîëüçîâàííûõ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà
(22) è Õàíêåëÿ (21). Íî äëÿ äîñòèæåíèÿ ïîñòàâëåííîé öåëè äîñòàòî÷íî çíàòü ëèøü óñòàíî-
âèâøóþñÿ òåìïåðàòóðó íàèáîëåå íàãðåòîé òî÷êè ñòåíêè. Ïðè ýòîì, ôèçè÷åñêè ñîâåðøåííî
î÷åâèäíî, ÷òî â îáîçíà÷åíèÿõ ìàòåìàòè÷åñêîé ìîäåëè (13){(19) íàèáîëåå íàãðåòîé ïîâåðõ-
íîñòüþ ñòåíêè ÿâëÿåòñÿ ïîâåðõíîñòü x = ε. Ó÷èòûâàÿ, ÷òî J0(y) èìååò ìàêñèìóì ïðè
y = 0 [19], ïðèõîäèì ê âûâîäó, ÷òî íàèáîëåå íàãðåòîé òî÷êîé ÿâëÿåòñÿ òî÷êà ñ êîîðäèíàòàìè
ρ = 0 è x = ε.

Îáðàòèâ èíòåãðàëüíîå ïðåîáðàçîâàíèåÕàíêåëÿ íóëåâîãî ïîðÿäêà [2] è âîñïîëüçîâàâøèñü
ïðåäåëüíîé òåîðåìîé îïåðàöèîííîãî èñ÷èñëåíèÿ [2], íàõîäèì óñòàíîâèâøóþñÿ òåìïåðàòóðó
íàèáîëåå íàãðåòîé òî÷êè ñòåíêè:

Θ(H, l) = Θ1(0, ε+ 0,∞) = lim
s→0

s

∞∫
0

V1(p, ε+ 0, s) p dp =

=
Q0Fo∗

k2(Fo∗+∆Fo∗)

∞∫
0

p exp
(
− p2

4k2
−pl

)[
(p+Bi)+(p−Bi)exp(−2Hp)

]
ψ−1(p)dp, (31)

ãäå

ψ(p) = (Q∗ + ε∗χ3p
2) [1 + exp(−2lp)] [(p+ Bi) + (p− Bi) exp(−2Hp)] +

+ Λ2p[1− exp(−2lp)] [(p+ Bi) + (p− Bi) exp(−2Hp)] +

+ p[1 + exp(−2lp)] [(p+ Bi)− (p− Bi) exp(−2Hp)]. (32)
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3. Ïàðàìåòðè÷åñêèé àíàëèç óñòàíîâèâøåéñÿ òåìïåðàòóðû
íàèáîëåå íàãðåòîé òî÷êè ýêðàíèðîâàííîé ñòåíêè

Âîñïîëüçîâàâøèñü ðàâåíñòâàìè (31) è (32), íàõîäèì ÷àñòíóþ ïðîèçâîäíóþ

∂Θ(H, l)

∂l
= − Q0 Fo∗

k2(Fo∗ + ∆Fo∗)
×

×
∞∫

0

p2 exp
(
− p2

4k2
− pl

)
ψ−2(p)µ(p)[(p+ Bi) + (p− Bi) exp(−2Hp)] dp,

ãäå

µ(p) = [1− exp(−2lp)] [ε∗χ3p
2 +Q∗] [(p+ Bi) + exp(−2Hp)(p− Bi)] +

+ Λ2p [1 + exp(−2lp)] [(p+ Bi) + exp(−2Hp)(p− Bi)] +

+ p[1− exp(−2lp)] [(p+ Bi)− exp(−2Hp)(p− Bi)].

Íåïîñðåäñòâåííîé ïðîâåðêîé óáåæäàåìñÿ â òîì, ÷òî

∂Θ(H, l)

∂l

∣∣∣∣
l>0

< 0; ∃ lim
l→+∞

∂Θ(H, l)

∂l
= −0,

ò.å. ïðè ëþáîé ôèêñèðîâàííîé òîëùèíå ñòåíêè óâåëè÷åíèå òîëùèíû òåïëîçàùèòíîãî ïî-
êðûòèÿ ïðèâîäèò ê ìîíîòîííîìó ñíèæåíèþ èñêîìîé òåìïåðàòóðû Θ(H, l). Òàêèì îáðàçîì,
èìååò ñìûñë èñêàòü óñëîâèÿ ñóùåñòâîâàíèÿ îïòèìàëüíîé òîëùèíû ñòåíêè ïðè ôèêñèðîâàí-
íîé òîëùèíå òåïëîçàùèòíîãî ïîêðûòèÿ.
Äàëåå åäèíèöó ìàñøòàáà z∗ ïîëàãàåì ðàâíîé ôèêñèðîâàííîé òîëùèíå ïîêðûòèÿ l2. Òà-

êèì îáðàçîì, ïðè äàëüíåéøèõ ðàññóæäåíèÿõ l = 1. Äèôôåðåíöèðóÿ ëåâóþ è ïðàâóþ ÷àñòè
ðàâåíñòâà (31) ïî ïàðàìåòðó H ïðè l = 1, ñ ó÷åòîì ðàâåíñòâà (32) íàõîäèì íåîáõîäèìîå
óñëîâèå ñóùåñòâîâàíèÿ ëîêàëüíîãî ýêñòðåìóìà:

k2(Fo∗ + ∆Fo∗)
Q0 Fo∗

∂Θ(H, l)

∂H

∣∣∣∣
l=1

=

= 4

∞∫
0

p3 exp
(
− p2

4k2
− p− 2Hp

)
[1 + exp(−2p)](Bi2 − p2)ψ−2(p) dp = 0.

Ïîñêîëüêó èç ôèçè÷åñêèõ ñîîáðàæåíèé ñëåäóåò, ÷òî

∃ lim
H→∞

∂Θ(H, l)

∂H

∣∣∣∣
l=1

= +0,

òî äëÿ ñóùåñòâîâàíèÿ ìèíèìóìà ôóíêöèèΘ(H, 1) äîëæíî âûïîëíÿòüñÿ ñëåäóþùåå óñëîâèå:

lim
H→+0

∂Θ(H, l)

∂H

∣∣∣∣
l=1

< 0
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èëè, ÷òî òî æå ñàìîå:

J =

∞∫
0

exp
(
− p2

4k2
− p

)
[1 + exp(−2p)] (Bi2 − p2) ν−2(p)p dp < 0, (33)

ãäå

ν(p) = (Q∗ + ε∗χ3p
2)[1 + exp(−2p)] + pΛ2[1− exp(−2p)] + Bi[1 + exp(−2p)]. (34)

Ïóñòü äàëåå

J1 = Bi2
∞∫

0

exp
(
− p2

4k2
− p

)
[1 + exp(−2p)] ν−2(p) p dp > 0, (35)

J2 =

∞∫
0

exp
(
− p2

4k2
− p

)
[1 + exp(−2p)] ν−2(p) p3 dp > 0. (36)

Â ýòîì ñëó÷àå, ñîãëàñíî (35) è (36), èìåþò ìåñòî íåðàâåíñòâà J1 > 0, J2 > 0, à óñëîâèå (33)
ìîæåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå: J1 < J2. Òàêèì îáðàçîì, åñëè J∗1 | âåðõíÿÿ
îöåíêà äëÿ J1, ò.å. J∗1 > J1 è J∗2 | íèæíÿÿ îöåíêà äëÿ J2, ò.å. J∗2 < J2, òî íåðàâåíñòâî

J∗1 < J∗2 (37)

çàäàåò äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ îïòèìàëüíîé òîëùèíû ðàññìàòðèâàåìîé ñòåíêè.
Äëÿ íàõîæäåíèÿ îöåíêè J∗1 âîñïîëüçóåìñÿ öåïî÷êîé î÷åâèäíûõ íåðàâåíñòâ:

J1 < Bi2
∞∫

0

exp
(
− p2

4k2
− p

) p dp

(Q∗ + ε∗χ3p2 + Bi)2[1 + exp(−2p)]
<

< Bi2
∞∫

0

exp
(
− p2

4k2
− p

) p dp

(Q∗ + ε∗χ3p2 + Bi)2
<

Bi2

(Q∗ + Bi)2

∞∫
0

exp
(
− p2

4k2
− p

)
p dp.

Âîñïîëüçîâàâøèñü èçâåñòíûì ðåçóëüòàòîì [21], ïîëàãàåì

J∗1 =
Bi2

(Q∗+Bi)2

∞∫
0

exp
(
− p2

4k2
−p

)
pdp= 2k2 Bi2

(Q∗+Bi)2

[
1−k

√
π exp(k2)erfc(k)

]
>J1. (38)

Ñîâåðøåííî àíàëîãè÷íî

J2 >

∞∫
0

exp
(
− p2

4k2
− p

) p2 dp

(Q∗ + ε∗χ3p2 + Λ2p+ Bi)2[1 + exp(−2p)]
>

>
1

2

∞∫
0

exp
(
− p2

4k2
− p

) p2 dp

(Q∗ + ε∗χ3p2 + Λ2p+ Bi)2
.
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Äëÿ ïîëó÷åíèÿ íèæíåé îöåíêè J∗2 äëÿ J2 ðàññìîòðèì ôóíêöèîíàë

ϕ(p) = (Q∗ + ε∗χ3p
2 + Λ2p+ Bi)2 exp(−ωp),

ãäå ω| íåêîòîðûé ïîëîæèòåëüíûé ïàðàìåòð. Òàê êàê

Q∗ + ε∗χ3p
2 + Λ2p+ Bi > 0, ∀p > 0;

ϕ(p) > 0, ∀p ∈ (0,∞);

ϕ(0) = (Bi+Q∗)
2 > 0; è ϕ(+∞) = +0,

òî ñóøåñòâóåò A = max
p>0

ϕ(p).
Òàêèì îáðàçîì,

(Q∗ + ε∗χ3p
2 + Λ2p+ Bi)−2 >

exp(−ωp)
A

. (39)

Â íåðàâåíñòâå (39) íóæíî èäåíòèôèöèðîâàòü ïàðàìåòðû A è ω. Âû÷èñëèì ïðîèçâîäíóþ
ôóíêöèè ϕ(p):

ϕ′(p) = exp(−ωp)
[
ε∗χ3p

2 +Λ2p+Q∗+Bi
][

2(2ε∗χ3p+Λ2)−ω(ε∗χ3p
2 +Λ2p+Q∗+Bi)

]
.

Âûáåðåì

ω =
2Λ2

(Bi+Q∗)
,

òîãäà íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ ýêñòðåìóìà ôóíêöèè ϕ(p) ïðåäñòàâëÿåò ñîáîé
êâàäðàòíîå óðàâíåíèå

p
{
ωε∗χ3p− (4ε∗χ3 − ωΛ2)

}
= 0,

êîòîðîå èìååò äâà ðàçëè÷íûõ êîðíÿ:

p1 = 0; p2 =
2ε∗χ3(Bi+Q∗)− Λ2

2

Λ2ε∗χ3

.

Åñëè p2 6 0, òî A = ϕ(0) = (Bi + Q∗)
2. Ïðè 2ε∗χ3(Bi + Q∗) > Λ2

2. Â îáùåì ñëó÷àå èìååì
äâå òî÷êè ëîêàëüíîãî ýêñòðåìóìà ïðè p > 0. Ïðè ýòîì

ϕ(p2) = ϕ(0)Φ

[
2ε∗χ3(Bi+Q∗)

Λ2
2

]
,

ãäå

Φ ≡ Φ

[
2ε∗χ3(Bi+Q∗)

Λ2
2

]
=

{
4ε∗χ3(Bi+Q∗)

Λ2
2

− 1

}2

exp

{
−4

(
1− Λ2

2

2ε∗χ3(Bi+Q∗)

)}
.

Òàêèìîáðàçîì, åñëè 2ε∗χ3(Bi+Q∗) > Λ2
2, òîA = (Bi+Q∗)2 max{1; Φ}. Ñ ó÷åòîìïîëó÷åííûõ

âûøå ðåçóëüòàòîâ, íèæíÿÿ îöåíêà J∗2 äëÿ J2 îïðåäåëÿåòñÿ íåðàâåíñòâîì:

J2 >
1

2A

∞∫
0

exp
(
− p2

4k2
− p− ωp

)
p3 dp.
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Åñëè âîñïîëüçîâàòüñÿ èçâåñòíûì ðåçóëüòàòîì [21] è ñ÷èòàòü, ÷òî

J∗2 =
1

2A

∞∫
0

exp
(
− p2

4k2
− p− ωp

)
p3 dp =

=
2k4

A

[
2 + 2k2(ω + 1)2 − k

√
π(ω + 1) erfc[k(ω + 1)]×

×
{
3 + 2k2(ω + 1)2

}
exp

[
k2(ω + 1)2

]]
, (40)

òî äîñòàòî÷íîå óñëîâèå (37), ãäå J∗1 è J∗2 îïðåäåëÿþòñÿ ñîîòíîøåíèÿìè (38), (40), îïðåäåëåíî
ïîëíîñòüþ è ìîæåò áûòü ïðåäñòàâëåíî â ñëåäóþùåì âèäå:[

Bi2, 2ε∗χ3(Bi+Q∗) 6 Λ2
2

Bi2 max{1; Φ}, 2ε∗χ3(Bi+Q∗) > Λ2
2

]
<

< k2
[
1− k

√
π exp(k2)erfc(k)

]−1
[
2+2k2(ω+1)2− k

√
π(ω+1)erfc[k(ω+1)]×

× {3 + 2k2(ω + 1)2} exp[k2(ω + 1)2]
]
. (41)

Ñëåäóåò çàìåòèòü, ÷òî äëÿ áîëüøèõ çíà÷åíèé ïàðàìåòðà k ïðè âû÷èñëåíèè îöåíîê J∗1 è
J∗2 öåëåñîîáðàçíî èñïîëüçîâàòü àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå äîïîëíèòåëüíîé ôóíêöèè
îøèáîê Ãàóññà [21]:

erfc(x) =
exp(−x2)

x
√
π

{
1 +

N−1∑
n=1

(−1)n (2n− 1)!!

(2x2)n

}
, N = 2, 3, . . .

Â ýòîì ñëó÷àå ñ òî÷íîñòüþ äî âòîðîãî ñëàãàåìîãî â àñèìïòîòè÷åñêîì ïðåäñòàâëåíèè äîïîë-
íèòåëüíîé ôóíêöèè îøèáîê Ãàóññà èìååì[

Bi2, 2ε∗χ3(Bi+Q∗) 6 Λ2
2

Bi2 max{1; Φ}, 2ε∗χ3(Bi+Q∗) > Λ2
2

]
<

3k2(Bi+Q∗)
2

(Bi+Q∗ + 2Λ2)2
.

Äëÿ èëëþñòðàöèè ïîëó÷åííûõ òåîðåòè÷åñêèõ ðåçóëüòàòîâ ïðåäïîëîæèì, ÷òî ìàòåðèàë
ñòåíêè | òèòàí (λ1 = 15

Âò
ì · K

) [10]. Òîãäà, ïðèíèìàÿ äëÿ òåïëîçàùèòíîãî ïîêðûòèÿ

λ2 = 0.45
Âò
ì · K

[22], ïîëó÷àåì Λ2 = 0.03. Ðàñ÷åòû ïðîâîäèëèñü ïðè χ3 = 0.001, Q∗ = 1

è ε∗ = 1. Äëÿ óäîáñòâà ïðåäñòàâëåíèÿ ãðàôè÷åñêîé èíôîðìàöèè (ðèñ. 2) ïî ãîðèçîíòàëü-
íîé îñè îòëîæåíà òîëùèíà ñòåíêè H , à ïî âåðòèêàëüíîé | íîðìèðîâàííàÿ òåìïåðàòóðà

δ(H) = k2Fo∗ + ∆Fo∗

Q0Fo∗
Θ(H, 1)|âåëè÷èíà, ïðîïîðöèîíàëüíàÿ óñòàíîâèâøåéñÿ òåìïåðàòóðå

íàèáîëåå íàãðåòîé òî÷êè ðàññìàòðèâàåìîé ñòåíêè.

Çàêëþ÷åíèå

Ðåàëèçàöèÿ óñëîâèÿ (41), ïîëó÷åííîãî â ðåçóëüòàòå èññëåäîâàíèé, ãàðàíòèðóåò ñóùåñòâî-
âàíèå îïòèìàëüíîé òîëùèíû ñòåíêè.
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Ðèñ. 2. Çàâèñèìîñòü íîðìèðîâàííîé òåìïåðàòóðû δ(H) íàèáîëåå íàãðåòîé
òî÷êè ýêðàíèðîâàííîé ñòåíêè îò åå òîëùèíû H ïðè ðàçëè÷íûõ çíà÷åíèÿõ êðè-
òåðèÿ Áèî è êîýôôèöèåíòà ñîñðåäîòî÷åííîñòè k èìïóëüñíî-ïåðèîäè÷åñêîãî òå-
ïëîâîãî ïîòîêà ñ èíòåíñèâíîñòüþ ãàóññîâñêîãî òèïà: 1| Bi = 0.5, k = 1; 2|
Bi = 0.6, k = 1; 3 | Bi = 0.7, k = 1; 4 | Bi = 1.5, k = 1; 5 | Bi = 0.6,
k = 1.1; 6| Bi = 0.6, k = 0.9

Òàê êàê óñëîâèå (41) ÿâëÿåòñÿ äîñòàòî÷íûì, òî ìîãóò ñóùåñòâîâàòü ñèñòåìû <ñòåíêà |
òåðìîàêòèâíàÿ ïðîêëàäêà, ôóíêöèîíèðóþùàÿ ïî ïðèíöèïó îáðàòíîé ñâÿçè | òåïëîçàùèò-
íîå ïîêðûòèå>, ïàðàìåòðû êîòîðûõ íå óäîâëåòâîðÿþò óñëîâèþ (41), íî îáåñïå÷èâàþò ñóùå-
ñòâîâàíèå îïòèìàëüíîé òîëùèíû ñòåíêè (ñì. ðèñ. 2, êðèâûå 3, 6) â ñìûñëå èñïîëüçóåìîãî
ïðèíöèïà îïòèìàëüíîñòè.

Â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ, ÷àñòè÷íî ïðåäñòàâëåí-
íûõíà ðèñ. 2, ìîæíîóòâåðæäàòü, ÷òî â ñëó÷àå ñóùåñòâîâàíèÿ îïòèìàëüíîé òîëùèíûïëîñêîé
èçîòðîïíîé ñòåíêè ñ òåïëîçàùèòíûì ïîêðûòèåì è ïðîìåæóòî÷íûì ñëîåì â âèäå òåðìîàê-
òèâíîé ïðîêëàäêè, ôóíêöèîíèðóþùåéïî ïðèíöèïó îáðàòíîé ñâÿçè âîçðàñòàíèå çíà÷åíèÿBi,
ò.å. óâåëè÷åíèå èíòåíñèâíîñòè òåïëîîáìåíà ñ íåçàùèùåííîé ñòîðîíû ñòåíêè, ïðè ôèêñèðî-
âàííîì k ñîïðîâîæäàåòñÿ óìåíüøåíèåì çíà÷åíèÿ opt{H} âïëîòü äî íóëÿ (ñì. ðèñ. 2, êðèâûå
1, 2, 3, 4). Óâåëè÷åíèå çíà÷åíèÿ k, ò.å. óìåíüøåíèå äèñïåðñèè âîçäåéñòâóþùåãî òåïëîâîãî
ïîòîêà, ñîïðîâîæäàåòñÿ ðîñòîì çíà÷åíèÿ opt{H} ïðè ôèêñèðîâàííîì Bi (ñì. ðèñ. 2, êðèâûå
6, 2, 5).
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In this paper the sufficient conditions for existence of the optimal thickness of a plane wall
that ensures the minimum steady-state temperature of the wall's most heated point are determined,
provided that a thermal insulator and a thermal active layer are available. The thermal active layer
is supposed to function using the feedback principle. On the unprotected side the wall is cooled by
a medium whose temperature and heat-transfer coefficient are constant, whereas on the side of a
coating the wall is exposed to a heat flux in the pulse-periodic regime.
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