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Ââåäåíèå
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íîâûé ìåòîä èññëåäîâàíèÿ ýâîëþöèîííûõ ñèñòåì.

Ìåòîä îñíîâàí íà ïðåäñòàâëåíèè ñîîòâåòñòâóþùèõ ýâîëþöèîííûõ ïîëóãðóïï (èëè, ÷òî òî
æå ñàìîå, ðåøåíèé ñîîòâåòñòâóþùèõ ýâîëþöèîííûõ óðàâíåíèé) ñ ïîìîùüþ ôîðìóë Ôåéí-
ìàíà, ò.å. â âèäå ïðåäåëîâ êîíå÷íîêðàòíûõ èíòåãðàëîâ ïðè ñòðåìëåíèè êðàòíîñòè ê áåñêî-
íå÷íîñòè. Êàê èçâåñòíî, äëÿ ìíîãèõ íà÷àëüíî-êðàåâûõ çàäà÷ ôóíêöèè Ãðèíà íåèçâåñòíû â
ÿâíîì âèäå. Â òî æå âðåìÿ äëÿ íåêîòîðûõ òàêèõ çàäà÷ óäàeòñÿ ïîëó÷èòü ôîðìóëû Ôåéíìàíà,
ñîäåðæàùèå êîíå÷íîêðàòíûå èíòåãðàëû òîëüêî îò ýëåìåíòàðíûõ ôóíêöèé. Òàêèå ôîðìóëû
Ôåéíìàíà ïîçâîëÿþò ïðîâîäèòü íåïîñðåäñòâåííûå âû÷èñëåíèÿ ðåøåíèé ýâîëþöèîííûõ
óðàâíåíèé, ïðèãîäíû äëÿ àïïðîêñèìàöèè ïåðåõîäíûõ âåðîÿòíîñòåé ñëó÷àéíûõ ïðîöåññîâ,
ïîëåçíû äëÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñòîõàñòè÷åñêîé è êâàíòîâîé äèíàìèêè. Òåðìèí
<ôîðìóëà Ôåéíìàíà> áûë ââåäåí â ñòàòüå [65]; â ñåðèè ðàáîò [65, 66, 67, 68, 69, 70, 71, 72]
áûë ðàçâèò ìåòîä ïîëó÷åíèÿ ôîðìóë Ôåéíìàíà äëÿ ýâîëþöèîííûõ óðàâíåíèé íà îñíîâå
èñïîëüçîâàíèÿ òåîðåìû ×åðíîâà [24]. Â ïîñëåäíåå äåñÿòèëåòèå ýòîò ìåòîä àêòèâíî ïðè-
ìåíÿåòñÿ äëÿ îïèñàíèÿ ðàçëè÷íûõ òèïîâ äèíàìèêè â îáëàñòÿõ åâêëèäîâûõ ïðîñòðàíñòâ è
ðèìàíîâûõ ìíîãîîáðàçèé, â áåñêîíå÷íîìåðíûõ ëèíåéíûõ è íåëèíåéíûõ ïðîñòðàíñòâàõ,
ïðè èññëåäîâàíèè ð-àäè÷åñêèõ àíàëîãîâ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè (ñì., íàïðè-
ìåð, [9,10,11,12,13,14,15,16,17,18,19,35,54,57,61,65,62]); à òàêæå äëÿ ïîñòðîåíèÿ ïîâåðõ-
íîñòíûõ ìåð íà áåñêîíå÷íîìåðíûõ ìíîãîîáðàçèÿõ (ñì., íàïðèìåð, [68,69,70,71,72]). Îòìå-
òèì, ÷òî ôîðìóëû Ôåéíìàíà, ïðåäñòàâëåííûå â íàñòîÿùåé ðàáîòå, ìîãóò áûòü, â ÷àñòíîñòè,
èñïîëüçîâàíû ïðè ìîäåëèðîâàíèè êâàçè÷àñòèö ñ ïåðåìåííîé ìàññîé. Òàêèå êâàçè÷àñòèöû
âñòðå÷àþòñÿ, íàïðèìåð, â ìîäåëÿõ ïîëóïðîâîäíèêîâ, æèäêèõ êðèñòàëëîâ, ïðè îïèñàíèè íà-
íîñòðóêòóð. Íåêîòîðûå ÷àñòíûå ñëó÷àè îïèñàííûõ â íàñòîÿùåé ðàáîòå ôîðìóë Ôåéíìàíà
ïðèìåíÿëèñü, íàïðèìåð, â ðàáîòàõ [30, 52] äëÿ êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñîîòâåòñòâó-
þùåé äèíàìèêè. Êðîìå òîãî, ïðåäñòàâëåííûå â íàñòîÿùåé ðàáîòå ôîðìóëû Ôåéíìàíà äëÿ
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ôåëëåðîâñêèõ ïîëóãðóïï ìîãóò áûòü èñïîëüçîâàíû äëÿ êîìïüþòåðíîé ñèìóëÿöèè ñîîòâåò-
ñòâóþùèõ ñëó÷àéíûõ ïðîöåññîâ.
Ïðåäåëû êîíå÷íîêðàòíûõ èíòåãðàëîâ â ôîðìóëàõ Ôåéíìàíà ñîâïàäàþò ñ íåêîòîðûìè

ôóíêöèîíàëüíûìè èíòåãðàëàìè ïî âåðîÿòíîñòíûì ìåðàì èëè ïî ïñåâäîìåðàì ôåéíìàíîâ-
ñêîãî òèïà. Ïîíÿòèå ôóíêöèîíàëüíîãî èíòåãðàëà, èëè èíòåãðàëà ïî òðàåêòîðèÿì, áûëî
ââåäåíî Ðè÷àðäîì Ôåéíìàíîì (íà ýâðèñòè÷åñêîì óðîâíå [33,34]), è òðè îñíîâíûõ íàáëþäå-
íèÿ Ôåéíìàíà çàêëþ÷àþòñÿ â ñëåäóþùåì. Âî-ïåðâûõ, ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ
Øðåäèíãåðà ïðåäñòàâëÿåòñÿ â âèäå ïðåäåëà êîíå÷íîìåðíûõ èíòåãðàëîâ ïî n-é äåêàðòîâîé
ñòåïåíè êîíôèãóðàöèîííîãî ïðîñòðàíñòâà ïðè ñòðåìëåíèè n ê áåñêîíå÷íîñòè. Âî-âòîðûõ,
ýòîò ïðåäåë èíòåðïðåòèðóåòñÿ êàê èíòåãðàë ïî ìíîæåñòâó òðàåêòîðèé â êîíôèãóðàöèîííîì
ïðîñòðàíñòâå. È, íàêîíåö, çàìå÷åíî, ÷òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ â ýòîì ôóíêöèîíàëüíîì
èíòåãðàëå ñîäåðæèò ýêñïîíåíòó îò êëàññè÷åñêîãî äåéñòâèÿ. Îïðåäåëåíèå ôóíêöèîíàëüíîãî
èíòåãðàëà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå áûëî ââåäåíî Ôåéíìàíîì â ðàáîòå [34]
è èìååò òàêóþ æå ñòðóêòóðó, ÷òî è â ñëó÷àå êîíôèãóðàöèîííîãî ïðîñòðàíñòâà. Òîëüêî
êëàññè÷åñêîå äåéñòâèå âûðàæåíî â òåðìèíàõ íå ëàãðàíæèàíà, à ôóíêöèè Ãàìèëüòîíà. Ôîð-
ìàëèçàöèÿ ïåðâîãî íàáëþäåíèÿ Ôåéíìàíà íàçûâàåòñÿ ôîðìóëîé Ôåéíìàíà; âòîðîå íàáëþ-
äåíèå ïðèâîäèò ê èíòåãðàëàì Ôåéíìàíà ïî òðàåêòîðèÿì â êîíôèãóðàöèîííîì è ôàçîâîì
ïðîñòðàíñòâàõ (èíòåãðàëû ïî áåñêîíå÷íîìåðíûì ïðîñòðàíñòâàì òðàåêòîðèé íàçûâàþòñÿ
ôóíêöèîíàëüíûìè). Ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé ñ ïîìîùüþ ôóíê-
öèîíàëüíûõ èíòåãðàëîâ íàçûâàþòñÿ òàêæå ôîðìóëàìè Ôåéíìàíà | Êàöà (îòìåòèì, ÷òî ñàì
Ì. Êàö ðàññìàòðèâàë òîëüêî óðàâíåíèå òåïëîïðîâîäíîñòè è â ñâîåé ôîðìóëå èñïîëüçîâàë
òîëüêî èíòåãðàë ïî òðàåêòîðèÿì â êîíôèãóðàöèîííîì ïðîñòðàíñòâå).
Â íàñòîÿùåå âðåìÿ èíòåãðàëû ïî òðàåêòîðèÿì çàíèìàþò îäíî èç öåíòðàëüíûõ ìåñò â

ìàòåìàòè÷åñêîì àïïàðàòå òåîðåòè÷åñêîé ôèçèêè. Ýòî âàæíûå îáúåêòû â êâàíòîâîé òåî-
ðèè ïîëÿ, îñîáåííî â òåîðèè êàëèáðîâî÷íûõ ïîëåé. Ñ îäíîé ñòîðîíû, ôóíêöèîíàëüíûå
èíòåãðàëû ïîçâîëÿþò ïðåäñòàâèòü êâàíòîâóþ âåëè÷èíó êàê ñóììó âêëàäîâ âñåâîçìîæíûõ
âèðòóàëüíûõ êëàññè÷åñêèõ òðàåêòîðèé. È ïðîñòàÿ çàâèñèìîñòü îò ïîñòîÿííîé Ïëàíêà ~
ïîêàçûâàåò, ÷òî åñëè ~ → 0, òî äîìèíèðóþùèé âêëàä äàåòñÿ ðåàëüíîé êëàññè÷åñêîé òðà-
åêòîðèåé, ò.å. òðàåêòîðèåé, óäîâëåòâîðÿþùåé ïðèíöèïó íàèìåíüøåãî äåéñòâèÿ. Ñ äðóãîé
ñòîðîíû, ôóíêöèîíàëüíûå èíòåãðàëû|ýòî òåõíè÷åñêè óäîáíîå ñðåäñòâî èññëåäîâàíèÿ êâà-
çèêëàññè÷åñêèõ àñèìïòîòèê, ïîñòðîåíèÿ ðÿäîâ òåîðèè âîçìóùåíèé è ò.ä. Âî ìíîãèõ çàäà÷àõ
ïîëåçíî ïðèìåíÿòü ãàìèëüòîíîâ ôîðìàëèçì êâàíòîâîé ìåõàíèêè è ðàáîòàòü ñ (ãàìèëüòîíî-
âûìè) èíòåãðàëàìè Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå.
Ñóùåñòâóåò ìíîãî ïîäõîäîâ ê ìàòåìàòè÷åñêè ñòðîãîìó îïðåäåëåíèþ èíòåãðàëîâ Ôåéí-

ìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå (ïðè ýòîì â ðàìêàõ êàæäîãî èç ïîäõîäîâ âîç-
íèêàåò ñâîé ñîáñòâåííûé êëàññ ôóíêöèé, èíòåãðèðóåìûõ â äàííîì ñìûñëå). Íåêîòîðûå èí-
òåãðàëû Ôåéíìàíà îïðåäåëÿþòñÿ ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå è ðàâåíñòâà Ïàðñåâàëÿ
(ñì. [63, 2, 62, 27, 23] è ññûëêè â íèõ); íåêîòîðûå îïðåäåëÿþòñÿ ñ ïîìîùüþ àíàëèòè÷åñêîãî
ïðîäîëæåíèÿ ãàóññîâñêîé ìåðû íà òðàåêòîðèÿõ â ôàçîâîì ïðîñòðàíñòâå [63], íåêîòîðûå |
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ñ ïîìîùüþ ðàçëè÷íûõ ïðîöåäóð ðåãóëÿðèçàöèè, íàïðèìåð, êàê ïðåäåëû èíòåãðàëîâ ïî ãàóñ-
ñîâñêèì ìåðàì ñ ðàñõîäÿùèìñÿ êîýôôèöèåíòîì äèôôóçèè [26]; ïîäûíòåãðàëüíûå ôóíêöèè
íåêîòîðûõ èíòåãðàëîâ Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå ðåàëèçîâàíû êàê
ðàñïðåäåëåíèÿ Õèäû â ðàìêàõ òåîðèè White Noise Analysis [6]. Â ìíîãî÷èñëåííûõ ïîäõîäàõ
èíòåãðàëû Ôåéíìàíà ðàññìàòðèâàþòñÿ êàê ïðåäåëû èíòåãðàëîâ ïî êîíå÷íîìåðíûì ïîä-
ïðîñòðàíñòâàì òðàåêòîðèé, êîãäà ðàçìåðíîñòü ïîäïðîñòðàíñòâ ñòðåìèòñÿ ê áåñêîíå÷íîñòè.
Òàêèå èíòåãðàëû ïî òðàåêòîðèÿì èíîãäà íàçûâàþòñÿ ñåêâåíöèàëüíûìè. Îáùåå îïðåäåëåíèå
ñåêâåíöèàëüíîé ïñåâäîìåðû Ôåéíìàíà (èíòåãðàëà Ôåéíìàíà ïî òðàåêòîðèÿì) â àáñòðàêò-
íîì ïðîñòðàíñòâå (íà ìíîæåñòâå òðàåêòîðèé â ôàçîâîì ïðîñòðàíñòâå, â ÷àñòíîñòè) ìîæíî
íàéòè â êíèãå [63]. Íåêîòîðûå êîíêðåòíûå ðåàëèçàöèè ïðåäñòàâëåíû, íàïðèìåð, â ñòà-
òüÿõ [65, 19, 8, 1, 42, 50, 49, 48, 36]. Â íàñòîÿùåé ðàáîòå ðàçâèâàåòñÿ ïîäõîä Ñìîëÿíîâà è åãî
ñîàâòîðîâ [65] (ââåäåííûé â ñòàòüÿõ [68, 69] äëÿ èññëåäîâàíèÿ ïîâåðõíîñòíûõ ìåð; íà ýòó
òåìó ñì. òàêæå [70,72]). Äàííûé ïîäõîä ïîçâîëÿåò ñâÿçàòü èíòåãðàëû Ôåéíìàíà ïî òðàåêòî-
ðèÿì â ôàçîâîì ïðîñòðàíñòâå ñ ãàìèëüòîíîâûìè ôîðìóëàìè Ôåéíìàíà äëÿ ýâîëþöèîííûõ
ïîëóãðóïï.
Â ðàáîòå [4] Áåðåçèí ïîñòàâèë çàäà÷ó ðàñïîçíàâàíèÿ ðàçëè÷íûõ ïðîöåäóð êâàíòîâàíèÿ

íà ÿçûêå èíòåãðàëîâ Ôåéíìàíà. Â íàñòîÿùåé ðàáîòå ìîæíî íàéòè ÷àñòè÷íûé îòâåò ê ýòîé
çàäà÷å. Èìåííî, â äàííîé ðàáîòå ïðåäñòàâëåíû ãàìèëüòîíîâû ôîðìóëû Ôåéíìàíà äëÿ ïî-
ëóãðóïï, ïîðîæäåííûõ τ -êâàíòîâàíèåì êâàäðàòè÷íîé ôóíêöèè Ãàìèëüòîíà. Ýòè ôîðìóëû
äàþò àïïðîêñèìàöèè èíòåãðàëîâ Ôåéíìàíà (ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå) ïî
ïñåâäîìåðå Φ1

x, îïðåäåëåííîé â ðàáîòå [19]1. Ïðè ýòîì, ïîäûíòåãðàëüíûå âûðàæåíèÿ ðàç-
ëè÷íû ïðè ðàçëè÷íûõ τ . Òàêèì îáðàçîì, ïðîöåäóðà êâàíòîâàíèÿ ðàçëè÷èìà.
Â ñîîòâåòñòâèè ñ çàìå÷àíèåìÁåðåçèíà â [4], äëÿ ïðåäñòàâëåíèÿ êîíêðåòíîãî ðåøåíèÿ ýâî-

ëþöèîííîãî óðàâíåíèÿ ìîãóò áûòü èñïîëüçîâàíû èíòåãðàëû Ôåéíìàíà ïî ðàçëè÷íûì ìíî-
æåñòâàì òðàåêòîðèé â ôàçîâîì ïðîñòðàíñòâå (ñðàâí. [64]). È <êà÷åñòâî> (íàïðèìåð, ñòåïåíü
ãëàäêîñòè) òðàåêòîðèé â êîíôèãóðàöèîííîì ïðîñòðàíñòâå îáðàòíî ïðîïîðöèîíàëüíî <êà÷å-
ñòâó> òðàåêòîðèé â èìïóëüñíîì ïðîñòðàíñòâå. Ýòî îòðàæàåò ïðèíöèï íåîïðåäåëåííîñòè
Ãåéçåíáåðãà. Âî ìíîãèõ ðàáîòàõ ðàññìàòðèâàþòñÿ íåïðåðûâíûå òðàåêòîðèè â êîíôèãóðàöè-
îííîì ïðîñòðàíñòâå è ðàçðûâíûå òðàåêòîðèè â èìïóëüñíîì ïðîñòðàíñòâå (ñð. [6, 1, 49, 42]).
Ïðè íàøåì ïîäõîäå êàðòèíà ñèììåòðè÷íà: òðàåêòîðèè â îáîèõ ïðîñòðàíñòâàõ èìåþò îäè-
íàêîâîå <êà÷åñòâî>| îíè êóñî÷íî ïîñòîÿííû. Ïðè ýòîì, èõ îäíîñòîðîííÿÿ íåïðåðûâíîñòü
ðàçëè÷àåòñÿ (è, â íåêîòîðîì ñìûñëå, ñîïðÿæåíà).
Íàñòîÿùàÿ ðàáîòà íîñèò îáçîðíûé õàðàêòåð; â íåé ñîáðàíû âîåäèíî íåêîòîðûå ðåçóëü-

òàòû íåäàâíèõ ñòàòåé [8, 14, 18, 19, 20, 21], â êîòîðûõ ïîñëåäîâàòåëüíî ðàçâèâàåòñÿ ìåòîä
ôîðìóë Ôåéíìàíà äëÿ èññëåäîâàíèÿ ôåëëåðîâñêèõ ïîëóãðóïï è èçó÷àåòñÿ ñâÿçü òàêèõ ôîð-
ìóë ñ èíòåãðàëàìè Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå.

1Ýòà ïñåâäîìåðà ñîîòâåòñòâóåò ñëó÷àþ qp-êâàíòîâàíèÿ â ñòàòüå [65], â êîòîðîé ïîñòðîåíî ñåìåéñòâî ôåé-
ìàíîâñêèõ ïñåâäîìåð Φτ , τ ∈ [0, 1], è ïîëó÷åíû ôîðìóëû Ôåéíìàíà äëÿ íåêîòîðûõ øðåäèãåðîâñêèõ ãðóïï,
ïîðîæäåííûõ τ -êâàíòîâàíèåì ôóíêöèé, ÿâëÿþùèõñÿ ïðåîáðàçîâàíèÿìè Ôóðüå ìåð.
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1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

1.1. Òåîðåìà ×åðíîâà è ôîðìóëû Ôåéíìàíà. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ
ýâîëþöèîííûå óðàâíåíèÿ

∂f

∂t
(t, q) = Lf(t, q),

ãäå L | íåêîòîðûé îïåðàòîð, äåéñòâóþùèé íà ôóíêöèþ f(t, ·) ïåðåìåííîé q ∈ Q; Q |
íåêîòîðîå ïðîñòðàíñòâî, êîòîðîå ìû áóäåì íàçûâàòü êîíôèãóðàöèîííûì ïðîñòðàíñòâîì
ñèñòåìû, îïèñûâàåìîé ýòèì óðàâíåíèåì; t ≥ 0. Ðàññìîòðèì çàäà÷ó Êîøè

∂f

∂t
(t, q) = Lf(t, q),

f(0, q) = f0(q).
(1)

ÅñëèL|ýòî îãðàíè÷åííûé îïåðàòîð íà íåêîòîðîì áàíàõîâîì ïðîñòðàíñòâå (X, ‖·‖X)ôóíê-
öèé ïåðåìåííîé q è f0 ∈ X , òî ðåøåíèå çàäà÷è Êîøè ïðåäñòàâèìî â âèäå f(t, q) = (etLf0)(q),

ãäå îïåðàòîð etL îïðåäåëÿåòñÿ êàê ñóììà ðÿäà etL =
∞∑
n=0

tn

n!
Ln, ïðè÷eì ðÿä ñõîäèòñÿ â ðàâ-

íîìåðíîé îïåðàòîðíîé òîïîëîãèè. Ïðè ýòîì, ‖etL‖ ≤ et‖L‖, ò.å. îïåðàòîð etL ñíîâà ÿâëÿåòñÿ
îãðàíè÷åííûì äëÿ ëþáîãî t ≥ 0. Êðîìå òîãî, êàê âèäíî èç îïðåäåëåíèÿ etL, ïðè t, s ≥ 0 ñïðà-
âåäëèâû ñîîòíîøåíèÿ etL ◦ esL = e(t+s)L è e0L = Id, ãäå Id | òîæäåñòâåííûé îïåðàòîð íàX .
Êàê ïðàâèëî, îäíàêî, îïåðàòîð L íå ÿâëÿåòñÿ îãðàíè÷åííûì. Â ýòîì ñëó÷àå ïðèâåäåí-

íàÿ âûøå ñõåìà ðåøåíèÿ çàäà÷è Êîøè (1) îáîáùàåòñÿ îïèñàííûì íèæå îáðàçîì. Ïóñòü
ñèìâîë L(X) îáîçíà÷àåò ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ ëèíåéíûõ îïåðàòîðîâ íà X ñ
ñèëüíîé îïåðàòîðíîé òîïîëîãèåé. Åñëè Dom(L) ⊂ X | ýòî ëèíåéíîå ïîäïðîñòðàíñòâî
è L : Dom(L) → X | ëèíåéíûé îïåðàòîð, òî Dom(L) îçíà÷àåò îáëàñòü îïðåäåëåíèÿ L.
Îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî (Tt)t≥0 îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ Tt : X → X

íàçûâàåòñÿ ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé, åñëè T0 = Id, Ts+t = Ts ◦ Tt äëÿ âñåõ s, t ≥ 0

è lim
t→0

‖Ttϕ − ϕ‖X = 0 äëÿ âñåõ ϕ ∈ X . Åñëè (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà
áàíàõîâîì ïðîñòðàíñòâå (X, ‖ · ‖X), òî ãåíåðàòîðîì ýòîé ïîëóãðóïïû íàçûâàåòñÿ îïåðàòîð
L, îïðåäåëåííûé ïî ôîðìóëå

Lϕ := lim
t→0

Ttϕ− ϕ

t
ñ îáëàñòüþ îïðåäåëåíèÿ

Dom(L) :=
{
ϕ ∈ X

∣∣∣ lim
t→0

Ttϕ− ϕ

t
ñóùåñòâóåò êàê ñèëüíûé ïðåäåë

}
.

Òàêèì îáðàçîì, åñëè L | îãðàíè÷åííûé îïåðàòîð íà X , òî Tt = etL | ýòî ñèëüíî íåïðå-
ðûâíàÿ ïîëóãðóïïà íàX ñ ãåíåðàòîðîì L. È â ñëó÷àå, åñëè ãåíåðàòîð L| íåîãðàíè÷åííûé
îïåðàòîð, áóäåì èíîãäà èñïîëüçîâàòü îáîçíà÷åíèå etL äëÿ ñîîòâåòñòâóþùåé ïîëóãðóïïû.
Ìîæíî ïîêàçàòü, ÷òî äëÿ êîððåêòíî ïîñòàâëåííîé â áàíàõîâîì ïðîñòðàíñòâå X çàäà÷è

Êîøè (1) åå ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå f(t, q) = Ttf0(q) äëÿ ëþáîãî f0 ∈ Dom(L). È
çíà÷èò ðåøåíèå çàäà÷è Êîøè (1) ðàâíîñèëüíî ïîñòðîåíèþ ïîëóãðóïïû (Tt)t≥0 ñ çàäàííûì
ãåíåðàòîðîì L. Êàê ïðàâèëî, ïîëóãðóïïó (Tt)t≥0 íå óäàåòñÿ ïîëó÷èòü â ÿâíîì âèäå, íî
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óäàåòñÿ ðàçëè÷íûìè ìåòîäàìè åå àïïðîêñèìèðîâàòü. Â íàñòîÿùåé ðàáîòå èñïîëüçóåòñÿ
ìåòîä ïðèáëèæåíèÿ, îñíîâàííûé íà òåîðåìå ×åðíîâà [65].
Òåîðåìà 1 (×åðíîâà). ÏóñòüX áàíàõîâî ïðîñòðàíñòâî, F : [0,∞) → L(X)| (ñèëüíî)

íåïðåðûâíîå îòîáðàæåíèå, òàêîå, ÷òî F (0) = Id è ‖F (t)‖ ≤ ect äëÿ íåêîòîðîé êîíñòàíòû
c ∈ [0,∞) è âñåõ t ≥ 0. Ïóñòü D | ëèíåéíîå ïîäïðîñòðàíñòâî Dom(F ′(0)), òàêîå, ÷òî
ñóæåíèå îïåðàòîðà F ′(0) íà D çàìûêàåìî. Ïóñòü (L,Dom(L)) | ñîîòâåòñòâóþùåå çà-
ìûêàíèå. Åñëè (L,Dom(L)) ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0,
òî äëÿ âñåõ t0 > 0 ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ (F (t/n))n)n∈N ñõîäèòñÿ ê (Tt)t≥0 ïðè
n→∞ â ñèëüíîé îïåðàòîðíîé òîïîëîãèè ðàâíîìåðíî ïî t ∈ [0, t0], ò.å. Tt = lim

n→∞
(F (t/n))n.

Çàìåòèì, ÷òî ïðîèçâîäíàÿ â íóëå ôóíêöèè F : [0, ε) → L(X), ε > 0, | ýòî ëèíåéíîå
îòîáðàæåíèå F ′(0) : Dom(F ′(0)) → X , òàêîå, ÷òî

F ′(0)g := lim
t↘0

F (t)g − F (0)g

t
,

ãäå Dom(F ′(0)) | âåêòîðíîå ïðîñòðàíñòâî âñåõ òåõ ýëåìåíòîâ g ∈ X , äëÿ êîòîðûõ ýòîò
ïðåäåë ñóùåñòâóåò.
Ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0 íàçûâàåòñÿ ýêâèâàëåíòíûì ïîëóãðóïïå (Tt)t≥0 ïî ×åð-

íîâó (áóäåì îáîçíà÷àòü ýòî òàê: F (t) ∼Tt), åñëè ýòî ñåìåéñòâî óäîâëåòâîðÿåò âñåì òðåáîâà-
íèÿì òåîðåìû ×åðíîâà ïî îòíîøåíèþ ê ýòîé ïîëóãðóïïå. Òàêèì îáðàçîì, åñëè F (t)∼Tt, òî
ïî òåîðåìå ×åðíîâà â ïðîñòðàíñòâå L(X) ëîêàëüíî ðàâíîìåðíî ïî t âûïîëíÿåòñÿ ðàâåíñòâî

Tt = lim
n→∞

(F (t/n))n. (2)

Ýòî ðàâåíñòâî ìû áóäåì íàçûâàòü ôîðìóëîé Ôåéíìàíà. Ìû èñïîëüçóåì òàêóþ òåðìèíîëî-
ãèþ, òàê êàê âî ìíîãèõ ñëó÷àÿõ îïåðàòîðû F (t) îêàçûâàþòñÿ èíòåãðàëüíûìè îïåðàòîðàìè,
ò.å. â ïðàâîé ÷àñòè ôîðìóëû Ôåéíìàíà ñòîèò ïðåäåë êðàòíûõ èíòåãðàëîâ ïðè âîçðàñòà-
íèè êðàòíîñòè ê áåñêîíå÷íîñòè, à èìåííî Ðè÷àðä Ôåéíìàí [33, 34]) âïåðâûå ðàññìîòðåë
êîíñòðóêöèþ ôóíêöèîíàëüíîãî èíòåãðàëà êàê ïðåäåëà îáûêíîâåííûõ ìíîãîêðàòíûõ èíòå-
ãðàëîâ ïî ïðîñòðàíñòâó íåîãðàíè÷åííî âîçðàñòàþùåé ðàçìåðíîñòè. Ëþáîå ïðåäñòàâëåíèå
ðåøåíèÿ íà÷àëüíîé (èëè íà÷àëüíî-êðàåâîé) çàäà÷è äëÿ ýâîëþöèîííîãî óðàâíåíèÿ (èëè, ýêâè-
âàëåíòíî, ïðåäñòàâëåíèå ïîëóãðóïïû, ðàçðåøàþùåé äàííóþ çàäà÷ó) â âèäå ïðåäåëà êðàòíûõ
èíòåãðàëîâ ïðè âîçðàñòàíèè êðàòíîñòè ê áåñêîíå÷íîñòè ìû áóäåì íàçûâàòü ôîðìóëîé Ôåé-
íìàíà.
Ïðåäåëû âôîðìóëàõÔåéíìàíà ñîâïàäàþò ñ íåêîòîðûìèôóíêöèîíàëüíûìèèíòåãðàëàìè

ïî âåðîÿòíîñòíûì ìåðàì èëè ïî ôåéíìàíîâñêèì ïñåâäîìåðàì íà ìíîæåñòâå òðàåêòîðèé íå-
êîòîðîé ôèçè÷åñêîé ñèñòåìû. Ïðåäñòàâëåíèå ðåøåíèÿ íà÷àëüíîé (èëè íà÷àëüíî-êðàåâîé)
çàäà÷è äëÿ ýâîëþöèîííîãî óðàâíåíèÿ (èëè, ýêâèâàëåíòíî, ïðåäñòàâëåíèå ïîóãðóïïû, ðàçðå-
øàþùåé äàííóþ çàäà÷ó) â âèäå ôóíêöèîíàëüíîãî èíòåãðàëà îáû÷íî íàçûâàåòñÿ ôîðìóëîé
Ôåéíìàíà | Êàöà. Òàêèì îáðàçîì, êðàòíûå èíòåãðàëû â ôîðìóëå Ôåéíìàíà äëÿ íåêîòîðîé
çàäà÷è àïïðîêñèìèðóþò ôóíêöèîíàëüíûé èíòåãðàë â ôîðìóëå Ôåéíìàíà | Êàöà, ïðåäñòà-
âëÿþùåé ðåøåíèå ýòîé æå çàäà÷è. Òàêèå àïïðîêñèìàöèè âî ìíîãèõ ñëó÷àÿõ ïðåäñòàâëÿþò
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ñîáîé êðàòíûå èíòåãðàëû òîëüêî îò ýëåìåíòàðíûõ ôóíêöèé è, ñëåäîâàòåëüíî, ìîãóò áûòü
èñïîëüçîâàíû äëÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé è ìîäåëèðîâàíèÿ ðàññìàòðèâàåìîé äèíà-
ìèêè.
Ç à ì å ÷ à í è å 1. Ïóñòü îïåðàòîðûA,B,A+B ÿâëÿþòñÿ ãåíåðàòîðàìè ñèëüíî íåïðåðûâ-

íûõ ïîëóãðóïï etA, etB è et(A+B) íà íåêîòîðîì áàíàõîâîì ïðîñòðàíñòâå X ñîîòâåòñòâåííî,
ïðè÷åì îïåðàòîðû A è B íå êîììóòèðóþò. Òîãäà etA ◦ etB 6= et(A+B) 6= etB ◦ etA. Òåì íå
ìåíåå, ìîæíî ïîêàçàòü, ÷òî etA ◦ etB ∼ et(A+B), etB ◦ etA ∼ et(A+B), è, çíà÷èò, èç òåîðåìû
×åðíîâà ñëåäóåò ðàâåíñòâî

et(A+B) = lim
n→∞

[
e

t
n
A ◦ e

t
n
B
]n

= lim
n→∞

[
e

t
n
B ◦ e

t
n
A
]n
.

Ïîñëåäíÿÿ ôîðìóëà øèðîêî èçâåñòíà êàê ôîðìóëà Òðîòòåðà.
Ç à ì å ÷ à í è å 2. ÏóñòüL|îãðàíè÷åííûé îïåðàòîð. Ìîæíî ïîêàçàòü, ÷òî Id+tL ∼ etL,

è, çíà÷èò, ïî òåîðåìå ×åðíîâà

etL = lim
n→∞

(
Id+

t

n
L

)n
,

÷òî îáîáùàåò êëàññè÷åñêóþ ôîðìóëó ìàòåìàòè÷åñêîãî àíàëèçà ex = limn→∞
(
1 + x

n

)n
.

Ðàâåíñòâî (2) ìû áóäåì íàçûâàòü ëàãðàíæåâîé ôîðìóëîé Ôåéíìàíà, åñëè F (t), t > 0,
| ýòî èíòåãðàëüíûå îïåðàòîðû, ÿäðà êîòîðûõ ïðåäñòàâëÿþòñÿ ýëåìåíòàðíûìè ôóíêöèÿìè
(ñì., íàïðèìåð, ôîðìóëó (25)); åñëèF (t)|ýòî ïñåâäî-äèôôåðåíöèàëüíûå îïåðàòîðû (îïðå-
äåëåíèå áóäåò äàíî â ñåêöèè 1.2), òî ìû ãîâîðèì î ãàìèëüòîíîâîé ôîðìóëå Ôåéíìàíà (ñì.,
íàïðèìåð, ôîðìóëó (23)). Òàêàÿ òåðìèíîëîãèÿ ñâÿçàíà ñ òåì, ÷òî ëàãðàíæåâû ôîðìóëû
Ôåéíìàíà äàþò àïïðîêñèìàöèè äëÿ ôóíêöèîíàëüíûõ èíòåãðàëîâ ïî ìíîæåñòâó òðàåêòî-
ðèé â êîíôèãóðàöèîííîì ïðîñòðàíñòâå ñèñòåìû (÷üÿ ýâîëþöèÿ îïèñûâàåòñÿ ïîëóãðóïïîé
(Tt)t≥0), â òî âðåìÿ, êàê ãàìèëüòîíîâû ôîðìóëû Ôåéíìàíà ñîîòâåòñòâóþò èíòåãðàëàì Ôåé-
íìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå íåêîòîðîé ýâîëþöèîííîé ñèñòåìû. Êîíå÷íî
æå, ñóùåñòâóþò è äðóãèå òèïû ôîðìóë Ôåéíìàíà, â ÷àñòíîñòè, ôîðìóëû Ôåéíìàíà, ñîîò-
âåòñòâóþùèå ôóíêöèîíàëüíûì èíòåãðàëàì ïî òðàåêòîðèÿì â ïðîñòðàíñòâå èìïóëüñîâ.

1.2. Ïñåâäî-äèôôåðåíöèàëüíûå îïåðàòîðû, ñèìâîëû è τ -êâàíòîâàíèå. Áóäåì èñ-
ïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: C∞

c (Rd) | ïðîñòðàíñòâî áåñêîíå÷íî äèôôåðåíöèðó-
åìûõ íà Rd ôóíêöèé ñ êîìïàêòíûì íîñèòåëåì; S(Rd) | ïðîñòðàíñòâî Øâàðöà áûñòðî
óáûâàþùèõ ôóíêöèé; C∞(Rd) | ïðîñòðàíñòâî âñåõ íåïðåðûâíûõ íà Rd ôóíêöèé, óáûâà-
þùèõ íà áåñêîíå÷íîñòè ê íóëþ (ýòî áàíàõîâî ïðîñòðàíòñâî ñ íîðìîé ‖f‖∞ = sup

x∈Rd

|f(x)|);

Ck
∞(Rd) | ïðîñòðàíñòâî k ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, óáûâàþùèõ ê
íóëþ íà áåñêîíå÷íîñòè âìåñòå ñî âñåìè ñâîèìè ïðîèçâîäíûìè (ýòî áàíàõîâî ïðîñòðàíñòâî
ñ íîðìîé

‖u‖(k) :=
∑
|α|≤k

‖∂αu‖∞,
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ãäå α ∈ Nn
0 , ∂α = ∂|α|/∂xα1

1 · · · ∂xαn
n è |α| = α1 + . . . + αn). Ìû èñïîëüçóåì ñëåäóþùèå

îáîçíà÷åíèÿ äëÿ ïðÿìîãî è îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå:

f̃(p) = (2π)−d/2
∫
Rd

e−ip·qf(q)dq and F−1[f ](q) = (2π)−d/2
∫
Rd

eip·qf(p)dp.

Ïóñòü H : Rd × Rd → C | èçìåðèìàÿ ôóíêöèÿ è τ ∈ [0, 1]. Îïðåäåëèì ïñåâäî-äèô-
ôåðåíöèàëüíûé îïåðàòîð (äëÿ êðàòêîñòè ΨDO) Ĥτ (·, D) ñ τ -ñèìâîëîìH(q, p) íà áàíàõîâîì
ïðîñòðàíñòâå (X, ‖ · ‖X) íåêîòîðûõ ôóíêöèé íà Rd ïî ôîðìóëå

Ĥτ (q,D)ϕ(q) = (2π)−d
∫
Rd

∫
Rd

eip·(q−q1)H(τq + (1− τ)q1, p)ϕ(q1) dq1dp, (3)

ãäå îáëàñòü îïðåäåëåíèÿ Dom(Ĥτ (·, D)) ýòîãî îïåðàòîðà | ìíîæåñòâî âñåõ ϕ ∈ X òàêèõ,
÷òî ïðàâàÿ ÷àñòü ôîðìóëû (3) êîððåêòíî îïðåäåëåíà êàê ýëåìåíò (X, ‖ · ‖X). Â äàëüíåéøåì
ìû áóäåì ðàññìàòðèâàòü ïñåâäî-äèôôåðåíöèàëüíûå îïåðàòîðû íà ïðîñòðàíñòâå C∞(Rd).
Ìû áóäåì âñåãäà ïðåäïîëàãàòü ÷òî ìíîæåñòâî ïðîáíûõ ôóíêöèé C∞

c (Rd) âõîäèò â îáëàñòü
îïðåäåëåíèÿ îïåðàòîðà Ĥτ (·, D).
Îòîáðàæåíèå H 7→ Ĥτ (·, D) èç ïðîñòðàíñòâà ôóíêöèé íà Rd × Rd â ïðîñòðàíñòâî ëè-

íåéíûõ îïåðàòîðîâ íà (X, ‖ · ‖X) áóäåì íàçûâàòü τ -êâàíòîâàíèåì, îïåðàòîð Ĥτ (·, D) áóäåì
íàçûâàòü τ -êâàíòîâàíèåì ôóíêöèè H . Îòìåòèì, ÷òî åñëè ñèìâîë H åñòü ñóììà ôóíêöèé,
êàæäàÿ èç êîòîðûõ çàâèñèò òîëüêî îò îäíîé èç ïåðåìåííûõ q èëè p, òî ïñåâäî-äèôôåðåíöè-
àëüíûå îïåðàòîðû Ĥτ (·, D) ñîâïàäàþò ïðè âñåõ τ ∈ [0, 1] (â òàêîì ñëó÷àå, áóäåì ãîâîðèòü, ÷òî
ôóíêöèÿH åñòü ñèìâîë îïåðàòîðà Ĥ , îòáðàñûâàÿ óïîìèíàíèå î τ ). ÅñëèH(q, p) = qp = pq,
q, p ∈ R1, òî Ĥτ (q,D)ϕ(q) = −iτq ∂

∂q
ϕ(q)− i(1− τ) ∂

∂q
(qϕ(q)). Òàêèì îáðàçîì, ðàçëè÷íûå τ

ñîîòâåòñòâóþò ðàçëè÷íîìó ïîðÿäêó ïðèìåíåíèÿ íåêîììóòèðóþùèõ îïåðàòîðîâ. Ïðè ýòîì,
<qp>-êâàíòîâàíèå ïîëó÷àåòñÿ ïðè τ = 1, <pq>-êâàíòîâàíèå | ïðè τ = 0 è êâàíòîâàíèå
Âåéëÿ | ïðè τ = 1/2. Ôóíêöèÿ H(q, p) îáû÷íî ðàññìàòðèâàåòñÿ êàê ôóíêöèÿ Ãàìèëüòîíà
íåêîòîðîé êëàññè÷åñêîé ñèñòåìû. Òîãäà îïåðàòîð Ĥτ (·, D) | ýòî ãàìèëüòîíèàí êâàíòîâîé
ñèñòåìû, ïîëó÷åííîé ïðè ïðîöåäóðå τ -êâàíòîâàíèÿ èç êëàññè÷åñêîé ñèñòåìû ñ ôóíêöèåé
Ãàìèëüòîíà H .

1.3. Îòðèöàòåëüíî îïðåäåëåííûå ôóíêöèè. Ïîíÿòèå îòðèöàòåëüíî îïðåäåëåííîé
ôóíêöèè ââåäåíî Øåíáåðãîì â ñâÿçè ñ èçîìåòðè÷åñêèìè âëîæåíèÿìè ìåòðè÷åñêèõ ïðî-
ñòðàíñòâ â ãèëüáåðòîâî ïðîñòðàíñòâî.
Îïðåäåëåíèå 1. Ôóíêöèÿ ψ : Rd → C íàçûâàåòñÿ îòðèöàòåëüíî îïðåäåëåííîé, åñëè äëÿ

ëþáîãîm ∈ N è âñåõ p1, . . . , pm ∈ Rd ìàòðèöà(
ψ(pj) + ψ(pk)− ψ(pj − pk)

)
j,k=1,...,m

ÿâëÿåòñÿ ïîëîæèòåëüíî ýðìèòîâîé, ò.å. åñëè äëÿ âñåõ λ1, . . . , λm ∈ C âûïîëíÿåòñÿ íåðàâåí-
ñòâî

m∑
j,k=1

(
ψ(pj) + ψ(pk)− ψ(pj − pk)

)
λjλk ≥ 0.

http://technomag.edu.ru/doc/315838.html 7

http://technomag.edu.ru/doc/315838.html


Îòìåòèì, ÷òî îòðèöàòåëüíî îïðåäåëåííàÿ ôóíêöèÿ íå ðàâíà êàêîé-ëèáî ïîëîæèòåëüíî
îïðåäåëåííîé ôóíêöèè, âçÿòîé ñî çíàêîì ìèíóñ. Íàïîìíèì, ÷òî ôóíêöèÿ u : Rd → C
íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, åñëè äëÿ ëþáîãî k ∈ N è äëÿ ëþáûõ âåêòîðîâ
p1, . . . , pk ∈ Rd ìàòðèöà

(
u(pi− pj)

)
i,j=1,...,k

ÿâëÿåòñÿ ïîëîæèòåëüíî ýðìèòîâîé, ò.å. äëÿ âñåõ

λ1, . . . , λk ∈ C âûïîëíåíî íåðàâåíñòâî
k∑

i,j=1

u(pi − pj)λiλj ≥ 0.

Ñëåäñòâèå 1. Åñëè ôóíêöèÿ u : Rd → C ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, òî
ôóíêöèÿ [p 7→ u(0)− u(p)] îòðèöàòåëüíî îïðåäåëåíà.
Áîëåå ãëóáîêàÿ ñâÿçü ìåæäó ïîëîæèòåëüíî è îòðèöàòåëüíî îïðåäåëåííûìè ôóíêöèÿìè

áóäåò âèäíà èç òåîðåìû 2, êîòîðàÿ òàêæå îáîñíîâûâàåò îïðåäåëåíèå íåïðåðûâíûõ îòðèöà-
òåëüíî îïðåäåëåííûõ ôóíêöèé ïîñðåäñòâîì ôîðìóëû Ëåâè | Õèí÷èíà.
Îïðåäåëåíèå 2. Ôóíêöèÿ ψ : Rd → C íàçûâàåòñÿ íåïðåðûâíîé îòðèöàòåëüíî îïðåäå-

ëåííîé ôóíêöèåé, åñëè ψ çàäàåòñÿ ïî ôîðìóëå Ëåâè | Õèí÷èíà

ψ(p) = c+ ib · p+ p · Ap+

∫
y 6=0

(
1− eiy·p +

iy · p
1 + |y|2

)
N(dy). (4)

Íàáîð (c, b, A,N), ñîñòîÿùèé èç c ∈ R+, b ∈ Rd, ñèììåòðè÷íîé íåîòðèöàòåëüíîé ìàòðèöû
A ∈ Rd×d è ìåðû Ðàäîíà N íà Rd \ {0}, óäîâëåòâîðÿþùåé óñëîâèþ∫

y 6=0

|y|2

1 + |y|2
N(dy) <∞,

íàçûâàåòñÿ õàðàêòåðèñòèêàìè Ëåâè (ôóíêöèè ψ). Ìåðà N ÷àñòî íàçûâàåòñÿ ìåðîé Ëåâè.
Î÷åâèäíî, õàðàêòåðèñòèêè Ëåâè îäíîçíà÷íî îïðåäåëÿþò ôóíêöèþ ψ è îäíîçíà÷íî îïðå-

äåëÿþòñÿ ïî íåé.
Òåîðåìà 2. Äëÿ ôóíêöèè ψ : Rd → C ñëåäóþùèå ñâîéñòâà ýêâèâàëåíòíû:

à) ôóíêöèÿ ψ íåïðåðûâíà è îòðèöàòåëüíî îïðåäåëåíà â ñìûñëå îïðåäåëåíèÿ 1;
á) ôóíêöèÿ ψ çàäàíà ôîðìóëîé Ëåâè | Õèí÷èíà (4);
â) âûïîëíåíî íåðàâåíñòâî ψ(0) ≥ 0 è ôóíêöèÿ e−tψ ïðè âñåõ t > 0 ÿâëÿåòñÿ íåïðåðûâíîé

è ïîëîæèòåëüíî îïðåäåëåííîé.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ìîæíî íàéòè, íàïðèìåð, â ìîíîãðàôèÿõ ßêîáà [44] èëè
Áåðãà è Ôîðñòà [5](II §7). Âñå íåïðåðûâíûå ïîëîæèòåëüíî îïðåäåëåííûå ôóíêöèè õàðàêòå-
ðèçóþòñÿ ñëåäóþùåé òåîðåìîé Áîõíåðà.
Òåîðåìà 3 (Áîõíåðà). Ôóíêöèÿϕ : Rd → C ÿâëÿåòñÿ íåïðåðûâíîé è ïîëîæèòåëüíî îïðå-

äåëåííîé òîãäà è òîëüêî òîãäà, êîãäà îíà ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ôóðüå îãðàíè÷åííîé
ìåðû Ðàäîíà µ ∈M+

b (Rd), ò.å. êîãäà

ϕ(p) = µ̂(p) := (2π)−d/2
∫
Rd

e−ip·q µ(dq).
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Èç îïðåäåëåíèÿ 1 íåïîñðåäñòâåííî ñëåäóåò, ÷òî îòðèöàòåëüíî îïðåäåëåííûå ôóíêöèè
èìåþò ïîëîæèòåëüíóþ âåùåñòâåííóþ ÷àñòü Reψ ≥ 0, óäîâëåòâîðÿþò ñîîòíîøåíèþ ψ(p) =

= ψ(−p) è ÷òî
√
|ψ(·)| ÿâëÿåòñÿ ñóáàääèòèâíîé ôóíêöèåé, ò.å.√

|ψ(p1 + p2)| ≤
√
|ψ(p1)|+

√
|ψ(p2)|, p1, p2 ∈ Rd.

Åñëè ôóíêöèÿψ íåïðåðûâíà, òî ïîñëåäîâàòåëüíîå ïðèìåíåíèå âûøåóêàçàííîãî íåðàâåíñòâà
âëå÷åò ñëåäóþùóþ îöåíêó ðîñòà íåïðåðûâíîé îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèè:

|ψ(p)| ≤ 2 sup
|η|≤1

|ψ(η)|
(
1 + |p|2

)
, p ∈ Rd. (5)

1.4. Ôåëëåðîâñêèå ïîëóãðóïïû è èõ ãåíåðàòîðû. Ñåìåéñòâî îïåðàòîðîâ (Tt)t≥0 íàçû-
âàåòñÿ ôåëëåðîâñêîé ïîëóãðóïïîé, åñëè:

à) (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà ïðîñòðàíñòâå C∞(Rd);
á) âñå îòîáðàæåíèÿ Tt ñæèìàþùèå, ò.å. ‖Tt‖ ≤ 1 äëÿ ëþáîãî t ≥ 0;
â) âñå Tt ñîõðàíÿþò ïîëîæèòåëüíîñòü, ò.å. äëÿ ëþáîãî t ≥ 0 èç íåðàâåíñòâà ϕ ≥ 0 ñëåäóåò

íåðàâåíñòâî Ttϕ ≥ 0.

Ãåíåðàòîð (L,Dom(L)) ôåëëåðîâñêîé ïîëóãðóïïû (Tt)t≥0 áóäåì íàçûâàòü ôåëëåðîâñêèì
ãåíåðàòîðîì.
Ñòðîãî ìàðêîâñêèé ïðîöåññ (Xt)t≥0 ñ ïðîñòðàíñòâîì ñîñòîÿíèéRd íàçûâàåòñÿôåëëåðîâ-

ñêèì ïðîöåññîì, åñëè ñîîòâåòñòâóþùåå åìó ñåìåéñòâî îïåðàòîðîâ (Tt)t≥0, çàäàííîå ôîðìó-
ëîé

Ttu(x) = Ex [u(Xt)] ≡
∫
Rd

u(y)P (0, x, t, dy), u ∈ C∞(Rd), t ≥ 0, x ∈ Rd,

ÿâëÿåòñÿ ôåëëåðîâñêîé ïîëóãðóïïîé. Ê êëàññó ôåëëåðîâñêèõ ïðîöåññîâ îòíîñÿòñÿ ìíîãèå
äèôôóçèè, à òàêæå ïðîöåññû Ëåâè [58]. Ïðîöåññ Ëåâè | ýòî ñòîõàñòè÷åñêè íåïðåðûâíûé
ñëó÷àéíûé ïðîöåññ (Yt)t≥0 ñî ñòàöèîíàðíûìè è íåçàâèñèìûìè ïðèðàùåíèÿìè. Ïðåîáðàçî-
âàíèå Ôóðüå ïðîöåññà Ëåâè èìååò ïðîñòóþ ñòðóêòóðó

Ex
[
eip·(Yt−x)

]
= E0

[
eip·Yt

]
= e−tψ(p), (6)

ãäå ψ : Rd → C | õàðàêòåðèñòè÷åñêàÿ ýêñïîíåíòà ïðîöåññà, êîòîðàÿ ÿâëÿåòñÿ íåïðåðûâ-
íîé îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèåé, ò.å. ψ çàäàåòñÿ ôîðìóëîé Ëåâè | Õèí÷èíà (4).
Òàê êàê (Yt)t≥0 ýòî ìàðêîâñêèé ïðîöåññ, òî êàæäîå èç ñîîòíîøåíèé (6) è (4) ïîëíîñòüþ
õàðàêòåðèçóþò êîíå÷íîìåðíûå ðàñïðåäåëåíèÿ (Yt)t≥0, à çíà÷èò è ñàì ïðîöåññ.
Ïðîöåññ Ëåâè ïðîñòðàíñòâåííî îäíîðîäåí. Ñëåäîâàòåëüíî, àññîöèèðîâàííàÿ ñ íèì ïî-

ëóãðóïïà (St)t≥0 ÿâëÿåòñÿ ñâåðòî÷íîé:

Stu(x) = Ex [u(Yt)] = E0 [u(Yt + x)] =

∫
u(x+ y) P0(Yt ∈ dy) = u ∗ µ̃t(dy),
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µ̃t(dy) = P0(Yt ∈ −dy). Mîæíî ëåãêî ïîêàçàòü, ÷òî (St)t≥0 äåéñòâèòåëüíî ÿâëÿåòñÿ ôåëëå-
ðîâñêîé ïîëóãðóïïîé ñ ãåíåðàòîðîì

− ψ(D)u(x) = −(2π)−n
∫ ∫

ei(x−q)·p ψ(p)u(q) dqdp = −(2π)−n/2
∫
ψ(p) ũ(p) eix·p dp, (7)

ãäå u ∈ C∞
c (Rd). Èç îöåíêè (5) âûòåêàåò, ÷òî èíòåãðàëû â ôîðìóëå (7) ñõîäÿòñÿ. Òàêèì

îáðàçîì, îïåðàòîð ψ(D) | ýòî ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì ψ(p); îïå-
ðàòîð ψ(D) ìîæíî ðàññìàòðèâàòü êàê àíàëîã äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîñòîÿííûìè
êîýôôèöèåíòàìè.
Èòàê, ãåíåðàòîðîì ëþáîãî ïðîöåññà Ëåâè ÿâëÿåòñÿ ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð

−ψ(D) ñ ñèìâîëîì −ψ(p), ãäå ψ| õàðàêòåðèñòà÷åñêàÿ ýêñïîíåíòà ïðîöåññà. Îáðàòíî, ëþ-
áîé ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð−ψ(D) ñ ñèìâîëîì−ψ(p), ãäå ψ åñòü íåïðåðûâíàÿ
îòðèöàòåëüíî îïðåäåëåííàÿ ôóíêöèÿ (ò.å. çàäàåòñÿ ôîðìóëîé Ëåâè | Õèí÷èíà (4)), ÿâëÿ-
åòñÿ ãåíåðàòîðîì ïðîöåññà Ëåâè. Ðàññìîòðèì íåñêîëüêî îñíîâíûõ ïðèìåðîâ íåïðåðûâíûõ
îòðèöàòåëüíî îïðåäåëåííûõ ôóíêöèé è ñîîòâåòñòâóþùèõ èì ïðîöåññîâ Ëåâè: ψ(p) = p2

ñîîòâåòñòâóåò ïðîöåññó áðîóíîâñêîãî äâèæåíèÿ; ψ(p) = ib · p ñîîòâåòñâóåò ïðîöåññó (íåñëó-
÷àéíîãî) ñíîñà; ψ(p) = |p|α, α ∈ (0, 2) ñîîòâåòñòâóåò òàê íàçûâàåìûì α-óñòîé÷èâûì ïðîöåñ-
ñàì; ψ(p) = 1 − e−ia·p ñîîòâåòñòâóåò ïóàññîíîâñêîìó ñëó÷àéíîìó ïðîöåññó ñî ñêà÷êàìè íà
a; ψ(p) =

√
p2 +m2 −m ñîîòâåòñòâóåò ïðîöåññó Ëåâè, íàçûâàåìîìó òàêæå ðåëÿòèâèñòñêîé

äèôôóçèåé; ïîäîáíàÿ ôóíêöèÿ ìîæåò ðàññìàòðèâàòüñÿ êàê ôóíêöèÿ Ãàìèëüòîíà ñâîáîäíîé
êëàññè÷åñêîé ðåëÿòèâèñòñêîé ÷àñòèöû áåç ñïèíà.
Âåðíåìñÿ òåïåðü ê îáùåé ñèòóàöèè. Ïóñòü (Xt)t≥0 ôåëëåðîâñêèé ïðîöåññ ñ ïîëóãðóïïîé

(Tt)t≥0. Ðàññìîòðèì ôóíêöèþ λt(q, p) = Eq
[
eip·(Xt−q)

]
, ò.å. õàðàêòåðèñòè÷åñêóþ ôóíêöèþ

ñëó÷àéíîé âåëè÷èíû Xt − q ïðè óñëîâèè, ÷òî X0 = q ïî÷òè íàâåðíîå. Ðàññìîòðèì ïñåâäî-
äèôôåðåíöèàëüíûé îïåðàòîð ñ 1-ñèìâîëîì λt(q, p). Òîãäà äëÿ ëþáîé ôóíêöèè ϕ ∈ C∞

c (Rd)

èìååì

(̂λt)1(q,D)ϕ(q) =
1

(2π)d

∫
Rd

∫
Rd

eip·(q−q1)λt(q, p)ϕ(q1)dq1dp =

=
1

(2π)d

∫
Rd

∫
Rd

eip·(q−q1)Eq
[
eip(Xt−q)

]
ϕ(q1)dq1dp =

=
1

(2π)d

∫
Rd

∫
Rd

∫
Rd

eip·(q−q1)eip·(y−q)ϕ(q1)dq1dpP (0, q, t, dy) =

=

∫
Rd

[
1

(2π)d

∫
Rd

∫
Rd

eip·(y−q1)ϕ(q1)dq1dp

]
P (0, q, t, dy) =

∫
Rd

ϕ(y)P (0, q, t, dy) = Ttϕ(q).

Òàêèì îáðàçîì, äëÿ âñåõ t ≥ 0 ñóæåíèå Tt íà ìíîæåñòâî C∞
c (Rd) áóäåò ïñåâäî-äèô-

ôåðåíöèàëüíûì îïåðàòîðîì ñ 1-ñèìâîëîì λt(q, p). Ñëåäîâàòåëüíî, ôåëëåðîâñêèé ãåíå-
ðàòîð L ïîëóãðóïïû (Tt)t≥0 (ñóæåííûé íà ïîäõîäÿùåå ïîäïðîñòðàíñòâî2) | ýòî ñíîâà

2Âîîáùå ãîâîðÿ, ìíîæåñòâî ïðîáíûõ ôóíêöèé C∞c (Rd) íå îáÿçàíî âõîäèòü â îáëàñòü îïðåäåëåíèÿ ãåíåðà-
òîðà. Îáû÷íî ýòî òðåáîâàíèå íàêëàäûâàåòñÿ äîïîëíèòåëüíî.
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ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð ñ 1-ñèìâîëîì −H(q, p) := lim
t→0

λt(q,p)−1
t

. Çàìåòèì, ÷òî

λt(q, p) 6= e−tH(q,p) â îáùåì ñëó÷àå3. Òàêèì îáðàçîì, âîçíèêàåò çàäà÷à âîññòàíîâëåíèÿ ñèì-
âîëà (à çíà÷èò, è ñàìîé) ïîëóãðóïïû ïî çàäàííîìó ñèìâîëó ãåíåðàòîðà. Â áîëüøèíñòâå
ñëó÷àåâ, äåéñòâèå ôåëëåðîâñêîé ïîëóãðóïïû â ÿâíîì âèäå íå èçâåñòíî. Îäíàêî, â äàëüíåé-
øåì èçëîæåíèè áóäåò ïîêàçàíî, êàê èñêîìàÿ ïîëóãðóïïà ìîæåò áûòü àïïðîêñèìèðîâàíà ñ
ïîìîùüþ ôîðìóë Ôåéíìàíà.
Èçâåñòíî ìíîæåñòâî äîñòàòî÷íûõ óñëîâèé òîãî, ÷òî ôóíêöèÿ−H(q, p) ÿâëÿåòñÿ 1-ñèìâî-

ëîì ôåëëåðîâñêîãî ãåíåðàòîðà (ñì., íàïðèìåð, [44]). Îäíàêî, âñå îíè ðàçíîðîäíû, è âîïðîñ
î òîì, êàêîâû æå íàèáîëåå îáùèå äîñòàòî÷íûå óñëîâèÿ, îñòàåòñÿ îòêðûòûì. Íåîáõîäèìûå
óñëîâèÿ ìîæíî ñôîðìóëèðîâàòü â âèäå ñëåäóþùåé òåîðåìû (ñð. [25]).
Òåîðåìà 4 (Êóððåæ). Ïóñòü (L,Dom(L)) | ôåëëåðîâñêèé ãåíåðàòîð, òàêîé, ÷òî

C∞
c (Rd) ⊂ Dom(L). Òîãäà L

∣∣
C∞c (Rd)

| ýòî ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð

Lϕ(q) = −Ĥ1(q,D)ϕ(q) = −(2π)−d
∫
Rd

∫
Rd

eip·(q−q1)H(q, p)ϕ(q1) dq1dp, (8)

ñ 1-ñèìâîëîì −H : Rd × Rd → C, ïðè÷åì ôóíêöèÿ H èçìåðèìà, ëîêàëüíî îãðàíè÷åíà ïî
îáåèì ïåðåìåííûì (q, p) è ïðè êàæäîì ôèêñèðîâàííîì q óäîâëåòâîðÿåò ôîðìóëå Ëåâè |
Õèí÷èíà

H(q, p) = c(q) + ib(q) · p+ p · A(q)p+

∫
y 6=0

(
1− eiy·p +

iy · p
1 + |y|2

)
N(q, dy), (9)

ãäå (c(q), b(q), A(q), N(q, ·)) ïðè êàæäîì q ∈ Rd ÿâëÿþòñÿ õàðàêòåðèñòèêàìè Ëåâè ôóíê-
öèè H(q, ·), ò.å. ïðè êàæäîì q ∈ Rd èìååì c(q) ≥ 0, b(q) ∈ Rd; A(q) | ñèììåòðè÷íàÿ
íåîòðèöàòåëüíàÿ ìàòðèöà; N(q, ·)| ìåðà Ðàäîíà íà Rd \ {0}, óäîâëåòâîðÿþùàÿ óñëîâèþ∫
Rd

|y|2
1+|y|2N(q, dy) <∞.

Îòìåòèì, ÷òî ðàâåíñòâî (9) àâòîìàòè÷åñêè âëå÷åò çà ñîáîé íåïðåðûâíîñòü ôóíêöèè
p 7→ H(q, p) äëÿ êàæäîãî q ∈ Rd.
Ïóñòü Ĥ1(q,D) | ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð ñ 1-ñèìâîëîì H(q, p), óäîâëå-

òâîðÿþùèì óñëîâèÿì òåîðåìû 4. Òàê êàêH(q, p) çàäàåòñÿ ïî ôîðìóëå Ëåâè | Õèí÷èíà (9),
òî ñ ïîìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ìû ìîæåì ïîêàçàòü, ÷òî èíòåãðî-äèôôåðåí-
öèàëüíûé îïåðàòîð

Aϕ(q) = c(q)ϕ(q) + b(q) · ∇ϕ(q)−
d∑

j,k=1

Ajk(x)∂j∂kϕ(q)−

−
∫
y 6=0

(
ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)

1 + |y|2

)
N(q, dy) (10)

3Òîëüêî â ñëó÷àå ïðîöåññà Ëåâè H(q, p) = H(p) è λt(q, p) ≡ λt(p) = e−tH(p).
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ÿâëÿåòñÿ ðàñøèðåíèåì îïåðàòîðà
(
Ĥ1(·, D), C∞

c (Rd)
)
íà ìíîæåñòâî C2

∞(Rn). Îòìåòèì, ÷òî
íèæåñëåäóþùàÿ ëåììà 1 è óñëîâèå∫

y 6=0

|y|2/(1 + |y|2)N(q, dy) <∞

âëåêóò çà ñîáîé ñõîäèìîñòü èíòåãðàëà â (10). Â äàëüíåéøåì ìû áóäåì îäíîâðåìåííî èñïîëü-
çîâàòü ïñåâäî-äèôôåðåíöèàëüíîå ïðåäñòàâëåíèå (8) è èíòåãðî-äèôôåðåíöèàëüíîå ïðåäñòà-
âëåíèå (10).
Ëåììà 1. Äëÿ âñåõ ϕ ∈ C2

b (Rd) âûïîëíÿåòñÿ íåðàâåíñòâî∣∣∣∣ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)

1 + |y|2

∣∣∣∣ ≤ 2
|y|2

1 + |y|2
‖ϕ‖(2). (11)

J Ïî ôîðìóëå Òåéëîðà ïðè âñåõ q, y ∈ Rd èìååì∣∣∣∣(1 + |y|2)
(
ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)

1 + |y|2

) ∣∣∣∣ ≤ ∣∣∣∣ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)

∣∣∣∣+
+ |y|2 |ϕ(q + y)− ϕ(q)| ≤ 1

2

∣∣∣∣ d∑
j,k=1

yjyk∂j∂kϕ(ξq,y)

∣∣∣∣+ 2|y|2‖ϕ‖∞ ≤

≤ 2|y|2
(
‖ϕ‖∞ +

√
d∑

j,k=1

‖∂j∂kϕ‖2
∞

)
≤ 2|y|2 ‖ϕ‖(2). I

Â äàëüíåéøåì íàì ïîòðåáóåòñÿ òàêæå ñëåäóþùàÿ ëåììà.
Ëåììà 2. Ñïðàâåäëèâî ðàâåíñòâî

|y|2

1 + |y|2
=

∫
Rd

(1− cos(y · p)) g(p) dp, y ∈ Rd,

ãäå ôóíêöèÿ

g(p) =
1

2

∞∫
0

(2πλ)−d/2 e−|p|
2/2λ e−λ/2 dλ

ÿâëÿåòñÿ èíòåãðèðóåìîé è èìååò àáñîëþòíûå ìîìåíòû âñåõ ïîðÿäêîâ.

J Âîñïîëüçóåìñÿ òåîðåìàìè Òîíåëëè, Ôóáèíè è ôîðìóëîé çàìåíû ïåðåìåííûõ. Òîãäà äëÿ
ëþáîãî k ∈ N0 ïîëó÷èì∫

Rd

|p|k g(p) dp =
1

2

∞∫
0

(2πλ)−d/2
∫
Rd

|p|k e−|p|2/2λ dp e−λ/2 dλ =

=
1

2

∞∫
0

(2πλ)−d/2
∫
Rd

λk/2|η|k e−|η|2/2λd/2 dη e−λ/2 dλ =

=
1

2
(2π)−d/2

∫
Rd

|η|k e−|η|2/2 dη
∞∫

0

λk/2 e−λ/2 dλ,
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ò.å. g èìååò àáñîëþòíûå ìîìåíòû âñåõ ïîðÿäêîâ. Êðîìå òîãî, ñ ïîìîùüþ ôîðìóëû

e−λ|y|
2/2 = (2πλ)−d/2

∫
Rn

e−|p|
2/2λ eiy·p dp

è òåîðåìû Ôóáèíè ïîëó÷àåì

|y|2

1 + |y|2
=

1

2

∞∫
0

(
1− e−λ|y|

2/2
)
e−λ/2 dλ =

=
1

2

∞∫
0

∫
Rd

(2πλ)−n/2
(
1− eiy·p

)
e−|p|

2/2λ e−λ/2 dp dλ =

∞∫
0

(
1− eiy·p

)
g(p) dp.

Òàê êàê ëåâàÿ ÷àñòü âåùåñòâåííàÿ, òî òàêîâàæå èïðàâàÿ ÷àñòü. Ýòî è äîêàçûâàåò óòâåðæäåíèå
òåîðåìû. I

2. Ãàìèëüòîíîâû ôîðìóëû Ôåéíìàíà äëÿ ôåëëåðîâñêèõ ïîëóãðóïï

Ðàññìîòðèì ôóíêöèþ H : Rd × Rd → C, êîòîðàÿ èçìåðèìà, ëîêàëüíî îãðàíè÷åíà ïî
îáåèì ïåðåìåííûì (q, p) è ïðè êàæäîì ôèêñèðîâàííîì q óäîâëåòâîðÿåò ôîðìóëå Ëåâè |
Õèí÷èíà (9), ò.å. H(q, ·) ÿâëÿåòñÿ íåïðåðûâíîé îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèåé ïðè
âñåõ q ∈ Rd. Ïðåäïîëîæèì, ÷òî:

à) sup
q∈Rd

|H(q, p)| ≤ κ(1 + |p|2) ïðè âñåõ p ∈ Rd è íåêîòîðîãî κ > 0;

á) îòîáðàæåíèå p 7→ H(q, p) ðàâíîìåðíî (ïî q ∈ Rd) íåïðåðûâíî â p = 0;
â) îòîáðàæåíèå q 7→ H(q, p) íåïðåðûâíî ïðè âñåõ p ∈ Rd.

Ðàññìîòðèì ΨDO Ĥ1(·, D) ñ 1-ñèìâîëîì H(q, p), ò.å. äëÿ âñåõ ϕ ∈ C∞
c (Rd) èìååì

Ĥ1(q,D)ϕ(q) = (2π)−d/2
∫
Rd

eip·qH(q, p)ϕ̃(p) dp. (12)

Îòìåòèì, ÷òî, áëàãîäàðÿ îöåíêå (5), óñëîâèå à) îçíà÷àåò, ÷òî ΨDO Ĥ1(·, D) ÿâëÿåòñÿ ñâîåãî
ðîäà îïåðàòîðîì ñ îãðàíè÷åííûìè <êîýôôèöèåíòàìè> c(q), b(q), A(q), N(q, ·).
Ï ð å ä ï î ë î æ å í è å 1. Ôóíêöèÿ H(q, p) òàêîâà, ÷òî îïåðàòîð −Ĥ1(·, D) çàìûêàåì è

åãî çàìûêàíèå ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû íà C∞(Rd). Êðîìå
òîãî, ìíîæåñòâî ïðîáíûõ ôóíêöèé C∞

c (Rd) ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ
ýòîãî ãåíåðàòîðà.
Ç à ì å ÷ à í è å 3. Äîñòàòî÷íûå óñëîâèÿ íà ôóíêöèþ H(q, p) äëÿ òîãî, ÷òîá âûïîëíÿëîñü

ïåðâîå óñëîâèå ïðåäïîëîæåíèÿ 1, ïðèâåäåíû, íàïðèìåð, â [44] (òåîðåìû 2.6.4, 2.6.9, 2.7.9,
2.7.16, 2.7.19, 2.8.1) è â [46]. Â ýòèõ ðàáîòàõ âî âñåõ êîíñòðóêöèÿõC∞

c (Rd) âñåãäà ïðåäïîëàãà-
ëîñü ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ. Âòîðîå óñëîâèå ïðåäïîëîæåíèÿ 1 âûïîëíÿåòñÿ,
íàïðèìåð, äëÿ ãåíåðàòîðîâ âñåõ ïðîöåññîâ Ëåâè (ñì. [58], òåîðåìà 31.5).
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Ðàññìîòðèì òåïåðü ïñåâäî-äèôôåðåíöèàëüíûå îïåðàòîðû F (t) ñ 1-ñèìâîëîì e−tH(q,p),
ò.å. ïðè âñåõ ϕ ∈ C∞

c (Rd) èìååì

F (t)ϕ(q) = (2π)−d/2
∫
Rd

eip·qe−tH(q,p)ϕ̃(p) dp. (13)

Ëåììà 3. Äëÿ êàæäîãî ϕ ∈ C∞
c (Rd) ôóíêöèÿ F (t)ϕ ïðèíàäëåæèò ïðîñòðàíñòâó C∞(Rd).

JÏðåîáðàçîâàíèåÔóðüå ϕ̃ ïðîáíîéôóíêöèèϕ ∈ C∞
c (Rd) ÿâëÿåòñÿ ýëåìåíòîì ïðîñòðàíñòâà

Øâàðöà S(Rd) áûñòðî óáûâàþùèõ ôóíêöèé. Òàê êàê ôóíêöèÿ q 7→ e−tH(q,p) íåïðåðûâíà
(ñîãëàñíî óñëîâèþ â)) è îãðàíè÷åíà (ReH ≥ 0 ïî ñâîéñòâàì íåïðåðûâíûõ îòðèöàòåëüíî
îïðåäåëåííûõ ôóíêöèé), òî ïî òåîðåìå Ëåáåãà î ìàæîðèðîâàííîé ñõîäèìîñòè îòîáðàæåíèå
F (t) ïåðåâîäèò C∞

c (Rd) â C(Rd).
Äîêàæåì, ÷òî F (t)ϕ(q) → 0 ïðè |q| → ∞. Òàê êàê H(q, ·)| íåïðåðûâíàÿ îòðèöàòåëüíî

îïðåäåëåííàÿ ôóíêöèÿ ïðè âñåõ q ∈ Rd, òî ïî òåîðåìå 2 e−tH(q,·) ÿâëÿåòñÿ ïîëîæèòåëüíî
îïðåäåëåííîé ïðè âñåõ q ∈ Rd è âñåõ t > 0. Ïîýòîìó ôóíêöèÿ[

p 7→ ht(q, p) := e−tH(q,0) − e−tH(q,p)
]

òàêæå ÿâëÿåòñÿ íåïðåðûâíîé îòðèöàòåëüíî îïðåäåëåííîé ïðè âñåõ q ∈ Rd (ñëåäñòâèå 1).
Òàêèì îáðàçîì, ht(q, ·) óäîâëåòâîðÿåò ôîðìóëå Ëåâè | Õèí÷èíà:

ht(q, p) = ct(q) + ibt(q) · p+ p · At(q)p+

∫
y 6=0

(
1− eiy·p +

iy · p
1 + |y|2

)
Nt(q, dy), (14)

ãäå ct(q), bt(q), At(q), Nt(q, ·) äëÿ êàæäîãî q ∈ Rd | õàðàêòåðèñòèêè Ëåâè ôóíêöèè ht(q, ·).
Ìîæíî ðàññìîòðåòü ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð ht(q,D) ñ 1-ñèìâîëîì ht(q, p),
ò.å. äëÿ êàæäîãî ϕ ∈ C∞

c (Rd) èìååì

ht(q,D)ϕ(q) = (2π)−d/2
∫
Rd

eip·qht(q, p)ϕ̃(p) dp =

= ct(q)ϕ(q) + bt(q) · ∇ϕ(q)−
d∑

j,k=1

Ajkt (q)∂j∂ku(q)−

−
∫
y 6=0

(
ϕ(q + y)− ϕ(q)− y · ∇ϕ(q)

1 + |y|2

)
Nt(q, dy). (15)

Îòìåòèì, ÷òî

F (t)ϕ(q) = (2π)−d/2e−tH(q,0)

∫
Rd

eip·qϕ̃(p) dp− (2π)−d/2
∫
Rd

eip·qht(q, p)ϕ̃(p) dp. (16)

Òàê êàê ReH ≥ 0, òî sup
q∈Rd

∣∣e−tH(q,0)
∣∣ ≤ 1, è, çíà÷èò, ïî òåîðåìå Ðèìàíà | Ëåáåãà ïåðâûé

èíòåãðàë â ïðàâîé ÷àñòè ôîðìóëû (16) ñòðåìèòñÿ ê íóëþ ïðè |q| → ∞. Òàêèì îáðàçîì,
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îñòàëîñü ïîêàçàòü, ÷òî[
q 7→ (2π)−d/2

∫
Rd

eip·qht(q, p)ϕ̃(p) dp

]
∈ C∞(Rd).

Òàê êàê ôóíêöèÿ ϕ èìååò êîìïàêòíûé íîñèòåëü, òî ñóùåñòâóåò òàêîåR > 0, ÷òî suppϕ ⊂
BR(0). Ïîýòîìó äëÿ âñåõ |q| > 2R ôîðìóëà (15) èìååò âèä:

|ht(q,D)ϕ(q)| =
∣∣∣∣ ∫
y 6=0

ϕ(q + y)Nt(q, dy)

∣∣∣∣ =

=

∣∣∣∣ ∫
|y|>R

ϕ(q + y)Nt(q, dy)

∣∣∣∣ ≤ 2

∫
y 6=0

|y/R|2

1 + |y/R|2
Nt(q, dy) · ‖ϕ‖∞.

Çäåñü ìû èñïîëüçîâàëè ýëåìåíòàðíîå íåðàâåíñòâî 1
2
≤ t2

1 + t2
, âåðíîå ïðè |t| > 1 è ïðè-

ìåíåííîå ïðè |y| > R, à òàêæå òåì, ÷òî ϕ(q + y) = 0 ïðè |q| > 2R è |y| ≤ R. Òåïåðü ñ
ïîìîùüþ ëåììû 2, ïðåäñòàâëåíèÿ Ëåâè | Õèí÷èíà äëÿ ôóíêöèè ht(q, ·) è îöåíêè (5) äëÿ
íåïðåðûâíîé îòðèöàòåëüíî îïðåäåëåííîé ôóíêöèè ht(q, ·

R
) ìîæíî ïîëó÷èòü, ÷òî

|ht(q,D)ϕ(q)| ≤ 2

∫
y 6=0

d∫
R

(
1− cos

y · η
R

)
g(η) dη Nt(q, dy) · ‖ϕ‖∞ ≤

≤ 2

d∫
R

Reht
(
q,
η

R

)
g(η) dη · ‖ϕ‖∞ ≤ 2

d∫
R

∣∣∣ht (q, η
R

)∣∣∣ g(η) dη · ‖ϕ‖∞ ≤

≤ 2 sup
|ξ|≤1/R

|ht(q, ξ)|
d∫

R

(1 + |η|2) g(η) dη · ‖ϕ‖∞.

Òàê êàê ôóíêöèÿ g(η) èìååò àáñîëþòíûå ìîìåíòû âñåõ ïîðÿäêîâ, òî

|ht(q,D)ϕ(q)| ≤ cg sup
q∈Rd

sup
|ξ|≤1/R

|ht(q, ξ)| · ‖ϕ‖∞ ïðè âñåõ |q| > 2R.

Òàê êàê ht(q, 0) = 0, òî óñëîâèå (á)) îçíà÷àåò, ÷òî lim|q|→∞ ht(q,D)ϕ(q) = 0. Òàêèì îáðàçîì,
ht(q, ·)ϕ ∈ C∞(Rd). I

Ëåììà 4. Äëÿ ëþáîãî t > 0 îòîáðàæåíèå F (t) ìîæåò áûòü ïðîäîëæåíî äî ñæèìàþùåãî
îòîáðàæåíèÿ F (t) : C∞(Rd) → C∞(Rd).

J Âîñïîëüçóåìñÿ òåõíèêîé çàìîðàæèâàíèÿ êîýôôèöèåíòîâ (ñì., íàïðèìåð, [45]). Äëÿ êà-
æäîãî t > 0 è êàæäîãî ôèêñèðîâàííîãî q0 ∈ Rd ðàññìîòðèì ïñåâäî-äèôôåðåíöèàëüíûé
îïåðàòîð F q0(t) ñ 1-ñèìâîëîì e−tH(q0,p), ò.å. äëÿ ëþáîé ôóíêöèè ϕ ∈ C∞

c (Rd) èìååì

F q0(t)ϕ(q) = (2π)−d/2
∫
Rd

eip·qe−tH(q0,p)ϕ̃(p) dp.
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ÒîãäàF (t)ϕ(q) = F q(t)ϕ(q)ïðè âñåõϕ ∈ C∞
c (Rd)è âñåõ q ∈ Rd. Òàê êàê äëÿ êàæäîãî q0 ∈ Rd

ôóíêöèÿ e−tH(q0,·) ïîëîæèòåëüíî îïðåäåëåíà, òî ñóùåñòâóåò ñâåðòî÷íàÿ ïîëóãðóïïà (µq0t )t≥0,
òàêàÿ, ÷òî F−1[µq0t ] = (2π)−d/2e−tH(q0,·) è F q0(t)ϕ(q) =

∫
Rd

ϕ(q − y)µq0t (dy). Ñëåäîâàòåëüíî,

äëÿ êàæäîãî q0 ∈ Rd ñåìåéñòâî (F q0(t))t≥0 ÿâëÿåòñÿ ôåëëåðîâñêîé ïîëóãðóïïîé è ïðè âñåõ
q, q0 ∈ Rd èìååì

|F q0(t)ϕ(q)| =
∣∣∣∣∫
Rd

ϕ(q − y)µq0t (dy)

∣∣∣∣ ≤ ‖ϕ‖∞.

Òîãäà ‖F (t)ϕ‖∞ = sup
q∈Rd

|F (t)ϕ(q)| = sup
q∈Rd

|F q(t)ϕ(q)| ≤ ‖ϕ‖∞ äëÿ ëþáîãî ϕ ∈ S(Rd). Òà-

êèì îáðàçîì, ïî òåîðåìå î ïðîäîëæåíèè îãðàíè÷åííîãî ëèíåéíîãî îïåðàòîðà (ñì. [56], ñ. 9)
ñåìåéñòâî F (t) ìîæåò áûòü ïðîäîëæåíî äî ñåìåéñòâà ñæèìàþùèõ îòîáðàæåíèé èç ïðî-
ñòðàíñòâà C∞(Rd) â ïðîñòðàíñòâî C∞(Rd). I

Òåîðåìà 5. Ïóñòü ôóíêöèÿ H : Rd × Rd → C èçìåðèìà, ëîêàëüíî îãðàíè÷åíà ïî ñî-
âîêóïíîñòè àðãóìåíòîâ (q, p) è H(q, ·) ÿâëÿåòñÿ íåïðåðûâíîé îòðèöàòåëüíî îïðåäåëåííîé
ôóíêöèåé ïðè êàæäîì q ∈ Rd. Ïóñòü òàêæå âûïîëíåíû óñëîâèÿ à), á) è â) è âåðíî ïðåäïî-
ëîæåíèå 1. Òîãäà ñåìåéñòâî (F (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ñèëüíî íåïðåðûâíîé ïîëó-
ãðóïïå (Tt)t≥0, ïîðîæäåííîé çàìûêàíèåì ïñåâäî-äèôôåðåíöèàëüíîãî îïåðàòîðà −Ĥ1(·, D)

ñ 1-ñèìâîëîì −H(q, p). Òåì ñàìûì, ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà Tt = lim
n→∞

[
F (

t

n
)
]n
â

ïðîñòðàíñòâå L(C∞(Rd)) ëîêàëüíî ðàâíîìåðíî ïî t ≥ 0.

J Ïî ëåììå 4 êàæäûé îïåðàòîð F (t) ÿâëÿåòñÿ ñæèìàþùèì îòîáðàæåíèåì íà C∞(Rd), è,
çíà÷èò, äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè âñåõ ϕ ∈ C∞(Rd) âåðíî
ðàâåíñòâî lim

t→0
‖F (t)ϕ − ϕ‖∞ = 0 è ÷òî F ′(0) = −Ĥ1(·, D) íà íåêîòîðîé ñóùåñòâåííîé

îáëàñòè îïðåäåëåíèÿ ãåíåðàòîðà −Ĥ1(·, D).

Äëÿ êàæäîé ôóíêöèè ϕ ∈ C∞
c (Rd) ñ ó÷åòîì à) ïîëó÷àåì

lim
t→0

‖F (t)ϕ− ϕ‖∞ = lim
t→0

sup
q∈Rd

∣∣∣∣(2π)−d/2
∫
Rd

eip·qϕ̃(p)[e−tH(q,p) − 1] dp

∣∣∣∣ ≤
≤ lim

t→0
(2π)−d/2

∫
Rd

|ϕ̃(p)| sup
q∈Rd

{∣∣∣∣e−tH(q,p) − 1

−tH(q, p)

∣∣∣∣ | − tH(q, p)|
}
dp ≤

≤ lim
t→0

(2π)−d/2
∫
Rd

tκ(1 + |p|2)|ϕ̃(p)| dp = 0,

ïîñêîëüêó ϕ̃ ∈ S(Rd). Èòàê, lim
t→0

‖F (t)ϕ−ϕ‖∞ = 0 äëÿ âñåõϕ ∈ C∞
c (Rd). Òàê êàê ‖F (t)‖ ≤ 1,

òî ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî è ïðè âñåõ ϕ ∈ C∞(Rd), ÷òî ìîæåò áûòü ïîêàçàíî ñ
ïîìîùüþ ïðèåìà <3-ýïñèëîí>.
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Àíàëîãè÷íûì îáðàçîì äëÿ ëþáîé ôóíêöèè ϕ ∈ C∞
c (Rd) ïîëó÷èì

lim
t→0

∥∥∥∥F (t)ϕ− ϕ

t
+ Ĥ1(·, D)ϕ

∥∥∥∥
∞

=

= lim
t→0

sup
q∈Rd

∣∣∣∣(2π)−d/2
∫
Rd

eip·qϕ̃(p)

[
e−tH(q,p) − 1

t
+H(q, p)

]
dp

∣∣∣∣ ≤
≤ lim

t→0
(2π)−d/2

∫
Rd

|ϕ̃(p)|tκ
2(1 + |p|2)2

2
dp = 0.

Òàêèì îáðàçîì, âñå òðåáîâàíèÿ òåîðåìû ×åðíîâà âûïîëíåíû, à çíà÷èò, ñåìåéñòâî F (t)

ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå Tt ñ ãåíåðàòîðîì −Ĥ1(·, D). I

Ç à ì å ÷ à í è å 4. Èç ðåçóëüòàòîâ ðàáîòû [18] (î ôîðìóëàõ Ôåéíìàíà äëÿ àääèòèâíûõ
âîçìóùåíèé ïîëóãðóïï) ñëåäóåò, ÷òî òåîðåìà (5) âåðíà è â ñëó÷àå, åñëè c(·) : Rd → R |
îãðàíè÷åííàÿ ñíèçó ôóíêöèÿ.
Ç à ì å ÷ à í è å 5. Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî H : Rd × Rd → C óäîâëåòâîðÿåò

óñëîâèþ
∃C > 0 òàêîå, ÷òî

∥∥∂αq ∂βp e−tH∥∥L∞(Rd×Rd)
≤ C, (17)

ãäå α, β ∈ Nd
0, α = 0 or 1, β = 0 or 1, ∂αq ∂βp | îáîáùåííûå ïðîèçâîäíûå. Îòìåòèì, ÷òî

ýòî óñëîâèå âûïîëíåíî, íàïðèìåð, åñëè H : |H(q, p)| ≥ c|p|r ïðè |p| � 1, äëÿ íåêîòîðûõ
c > 0 è r ∈ (0, 2). Òîãäà ïî òåîðåìå 2 ðàáîòû [40] F (t) : L2(Rd) → L2(Rd). Â ýòîì
ñëó÷àå F (t)ϕ ∈ C∞(Rd) ∩ L2(Rd) äëÿ ëþáîé ôóíêöèè ϕ ∈ C∞(Rd) ∩ L2(Rd). Òîãäà F (t)ϕ

áóäåì çàïèñûâàòü â ÿâíîì âèäå, çàäàííîì ôîðìóëîé (13), ïîäðàçóìåâàÿ, ÷òî èíòåãðàëû
â ïðàâîé ÷àñòè ýòîé ôîðìóëû åñòü L2-ïðåäåë íåêîòîðûõ ðåãóëÿðèçîâàííûõ (ïî àíàëîãèè
ñ ïðîäîëæåíèåì ïðåîáðàçîâàíèÿ Ôóðüå äî óíèòàðíîãî îïåðàòîðà íà L2(Rd)). Ïðè ýòîì,
ôîðìóëà Ôåéíìàíà èç òåîðåìû 5 ñòàíîâèòñÿ ãàìèëüòîíîâîé ôîðìóëîé Ôåéíìàíà:

(Ttϕ)(q0) = lim
n→∞

1

(2π)dn

∫
(Rd)2n

e
i

n∑
k=1

pk·(qk−1−qk)
e
− t

n

n∑
k=1

H(qk−1,pk)
ϕ(qn) dq1dp1 · · · dqndpn, (18)

Â ðàáîòå [40] ìîæíî íàéòè è äðóãèå óñëîâèÿ íà ôóíêöèþ H , ãàðàíòèðóþùèå, ÷òî F (t) :

L2(Rd) → L2(Rd). Åñëè ôóíêöèÿ H óäîâëåòâîðÿåò äîñòàòî÷íûì óñëîâèÿì äëÿ òîãî, ÷òîáû
ôóíêöèÿ F (t)ϕ áûëà ýëåìåíòîì ïðîñòðàíñòâà S(Rd) ïðè âñåõϕ ∈ S(Rd), òî äëÿ ëþáîé ôóíê-
öèè ϕ ∈ S(Rd) ïðàâàÿ ÷àñòü ãàìèëüòîíîâîé ôîðìóëû Ôåéíìàíà (18) êîððåêòíî îïðåäåëåíà
áåç äîïîëíèòåëüíûõ ïðîöåäóð ðåãóëÿðèçàöèè. Ïîäîáíûå äîñòàòî÷íûå óñëîâèÿ ìîãóò áûòü
íàéäåíû â ñëåäóþùåé ëåììå.
Ëåììà 5. Ïóñòü H : Rd × Rd → C íåïðåðûâíàÿ ôóíêöèÿ, ïðè÷åì äëÿ êàæäîãî q ∈ Rd

îòîáðàæåíèå p 7→ H(q, p) îòðèöàòåëüíî îïðåäåëåíî è H(·, ·) ∈ C∞(Rd × Rd). Ïóñòü òàêæå
äëÿ âñåõ p ∈ Rd è âñåõ ìóëüòèèíäåêñîâ α, β ∈ Nd

0 âûïîëíÿþòñÿ îöåíêè

sup
q∈Rd

|∂αp ∂βqH(q, p)| ≤ fα,β(p), (19)
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ãäå ôóíêöèè fα,β íåïðåðûâíû íà Rd è âîçðàñòàþò íà áåñêîíå÷íîñòè íå áûñòðåå ïîëèíîìà.
Òîãäà F (t)ϕ ∈ (Rd) ïðè âñåõ ϕ ∈ S(Rd).

J Èç ëåììû 4 ñëåäóåò, ÷òî F (t)ϕ ∈ C∞(Rd). Ïîêàæåì, ÷òî äëÿ âñåõ α, β ∈ Nd
0 íîðìà

‖F (t)ϕ‖α,β = sup
q∈Rd

∣∣qα∂βq [F (t)ϕ](q)
∣∣

êîíå÷íà. Çàìåòèì, ÷òî äëÿ ëþáîãî ìóëüòèèíäåêñà β ∈ Nd
0 ôóíêöèÿ ∂βq e−tH(q,p)+ip·q íåïðå-

ðûâíà. Èç íåðàâåíñòâà (19) ñëåäóåò, ÷òî ýòà ôóíêöèÿ òàêæå ìàæîðèðóåòñÿ (ðàâíîìåðíî ïî
q ∈ Rd) íåêîòîðîé íåïðåðûâíîé ôóíêöèåé àðãóìåíòà p, âîçðàñòàþùåé íà áåñêîíå÷íîñòè íå
áûñòðåå ïîëèíîìà. Òîãäà ïî òåîðåìå Ëåáåãà î ìàæîðèðîâàííîé ñõîäèìîñòè

qα∂βq [F (t)ϕ](q) = (2π)−d/2
∫
Rd

qα∂βq e
−tH(q,p)+ip·qϕ̃(p) dp =

= (2π)−d/2
∑

0≤γ≤β

∫
Rd

qα∂γq (e
ip·q)∂β−γq (e−tH(q,p))ϕ̃(p)dp.

Òàê êàê ∂γq (eip·q) = eip·qRγ(p), ãäå Rγ | íåêîòîðûé ïîëèíîì ïåðåìåííîé p, òî ñ ïîìîùüþ
èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷èì

qα∂βq [F (t)ϕ](q) = (2π)−d/2
∑

0≤γ≤β

∫
Rd

qαeip·q
[
Rγ(p)∂

β−γ
q (e−tH(q,p))ϕ̃(p)

]
dp =

= (2π)−d/2
∑

0≤γ≤β

i|α|
∫
Rd

∂αp e
ip·q[Rγ(p)∂

β−γ
q (e−tH(q,p))ϕ̃(p)

]
dp =

= (2π)−d/2
∑

0≤γ≤β

(−i)|α|
∫
Rd

eip·q∂αp
[
Rγ(p)∂

β−γ
q (e−tH(q,p))ϕ̃(p)

]
dp.

Òàê êàê ôóíêöèÿ ∂αp
[
Rγ(p)∂

β−γ
q (e−tH(q,p))ϕ̃(p)

]
ìàæîðèðóåòñÿ íåêîòîðîé ôóíêöèåé èç ïðî-

ñòðàíñòâàL1(Rd), íå çàâèñÿùåé îò ïåðåìåííîé q, òî èç íåðàâåíñòâà (19) ñëåäóåò, ÷òî âûðàæå-
íèå â ïîñëåäíåé ñòðîêå íàøèõ âûêëàäîê îöåíèâàåòñÿ ñâåðõó íåêîòîðîé êîíñòàíòîé. Òàêèì
îáðàçîì, íîðìà ‖F (t)ϕ‖α,β êîíå÷íà. I

Ç à ì å ÷ à í è å 6. Â ïðåäïîëîæåíèè 1 ìû òðåáîâàëè ñóùåñòâîâàíèÿ ñèëüíî íåïðåðûâíîé
ïîëóãðóïïû. Ìîæíî ïîêàçàòü, ÷òî åñëè äàíà ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà C∞(Rd),
ñèìâîë ãåíåðàòîðà êîòîðîé óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû 5, òî ïîëóãðóïïà àâòîìà-
òè÷åñêè áóäåò ôåëëåðîâñêîé. Ïðè ýòîì äëÿ êàæäîãî ôèêñèðîâàííîãî n îïåðàòîð

[
F (t/n)

]n
â ôîðìóëå Ôåéíìàíà ñîîòâåòñòâóåò àïïðîêñèìàöèè ôåëëåðîâñêîãî ïðîöåññà Xt ìàðêîâ-
ñêîé öåïüþ

{
Y t/n(k)

}n
k=0

ñ ïðèðàùåíèÿìè Ëåâè. Ýòà ìàðêîâñêàÿ öåïü ïîëó÷àåòñÿ ïóòåì
ðàçáèåíèÿ âðåìåííîãî èíòåðâàëà [0, t] íà n ðàâíûõ øàãîâ è çàìîðàæèâàíèÿ êîýôôèöè-
åíòà q â ïåðåõîäíûõ âåðîÿòíîñòÿõ ïðîöåññà Xt íà êàæäîì øàãå (ñð. [7]). Êðîìå òîãî,
ïåðåõîäíûå ÿäðà µq,t/n ýòîé ìàðêîâñêîé öåïè ñîîòâåòñòâóþò ïåðåõîäíîìó îïåðàòîðó Wt/n,
Wt/nϕ(q) =

∫
Rd

ϕ(y)µq,t/n(dy). Ñëåäîâàòåëüíî,
[
F (t/n)

]n
=
[
Wt/n

]n. Ïîñëåäíåå ðàâåí-
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ñòâî ïîçâîëÿåò ïðåîáðàçîâàòü ïîëó÷åííóþ ãàìèëüòîíîâó ôîðìóëó Ôåéíìàíà äëÿ ôåëëåðîâ-
ñêîé ïîëóãðóïïû Tt, àññîöèèðîâàííîé ñ ïðîöåññîì Xt, â ëàãðàíæåâó ôîðìóëó Ôåéíìàíà
Ttϕ(q) = lim

n→∞

[
Wt/n

]n
ϕ(q).

Ïðèìåð 1. Ðàññìîòðèì â êà÷åñòâå 1-ñèìâîëà ôóíêöèþ H(q, p) = a(q)|p|α, ãäå α ∈ (0, 2]

è a(·) ∈ C∞(Rd) ñòðîãî ïîëîæèòåëüíàÿ îãðàíè÷åííàÿ ôóíêöèÿ. Òîãäà ïñåâäî-äèôôåðåíöè-
àëüíûé îïåðàòîð Ĥ1(·, D) ÿâëÿåòñÿ ãåíåðàòîðîì ôåëëåðîâñêîé ïîëóãðóïïû (Tt)t≥0 (ñì. [60]).
Åñëè α = 2, òî ýòà ïîëóãðóïïà îòâå÷àåò äèôôóçèîííîìó ïðîöåññó ñ ïåðåìåííûì êîýôôèöè-
åíòîì äèôôóçèè; åñëèα ∈ (0, 2), òî ïîëó÷àåòñÿ ïðîöåññ òèïàα-óñòîé÷èâîãî. Âñå òðåáîâàíèÿ
òåîðåìû 5 âûïîëíåíû. Ïîýòîìó ïî ôîðìóëå (18) äëÿ ëþáîé ϕ ∈ C∞(Rd)∩L2(Rd) è ëþáîãî
q0 ∈ Rd ïîëó÷àåì:

(Ttϕ)(q0) = lim
n→∞

1

(2π)dn

∫
R2dn

e
i

n∑
k=1

pk·(qk−1−qk)
e
− t

n

n∑
k=1

a(qk−1)|pk|α
ϕ(qn) dq1dp1 · · · dqndpn.

Ïðèìåð 2. Ðàññìîòðèì â êà÷åñòâå 1-ñèìâîëà ôóíêöèþH(q, p) =
√
|p|α +m2(q)−m(q),

ãäå m(·) ∈ C∞(Rd)| ñòðîãî ïîëîæèòåëüíàÿ îãðàíè÷åííàÿ ôóíêöèÿ íà Rd, α ∈ (0, 2]. Åñëè
ôóíêöèÿ m(·) òàêîâà, ÷òî ñïðàâåäëèâî ïðåäïîëîæåíèå 1 (äëÿ m ≡ const îíî âûïîëíåíî), òî
ñïðàâåäëèâà ãàìèëüòîíîâà ôîðìóëà Ôåéíìàíà äëÿ ñîîòâåòñòâóþùåé ïîëóãðóïïû (Tt)t≥0:

(Ttϕ)(q0) = lim
n→∞

1

(2π)dn

∫
R2dn

e
i

n∑
k=1

pk·(qk−1−qk)
e
− t

n

n∑
k=1

√
|pk|α+m2(qk−1)−m(qk−1)

×

× ϕ(qn) dq1dp1 · · · dqndpn,

ãäå ϕ ∈ C∞(Rd) ∩ L2(Rd) è q0 ∈ Rd. Â ñëó÷àå α = 2 ïñåâäî-äèôôåðåíöèàëüíûé îïåðà-
òîð −Ĥ1(·, D) ìîæíî òðàêòîâàòü êàê ãàìèëüòîíèàí ñâîáîäíîé êâàíòîâîé ðåëÿòèâèñòñêîé
(êâàçè)÷àñòèöû ñ ïåðåìåííîé ìàññîé (ñð. [35, 41]).

3. Ôîðìóëû Ôåéíìàíà äëÿ ïîëóãðóïï, ïîðîæäåííûõ
τ -êâàíòîâàíèåì êâàäðàòè÷íîé ôóíêöèè Ãàìèëüòîíà

Â äàëüíåéøåì ìû áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: Cm(Rd) | ïðîñòðàí-
ñòâî m ðàç íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé; C0,λ(Rd) | ïðîñòðàíñòâî ôóíêöèé,
óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà ñ ïàðàìåòðîì λ ∈ (0, 1]; Cb(Rd)| ïðîñòðàíñòâî îãðà-
íè÷åííûõ íåïðåðûâíûõ ôóíêöèé, Cm

b (Rd) = {f ∈ C(Rd); ∂αf ∈ Cb(Rd), |α| ≤ m} è
Cm,λ
b (Rd) = Cm

b (Rd) ∩ {f ∈ C(Rd); ∂αf ∈ C0,λ(Rd), |α| = m}.
Ðàññìîòðèì ôóíêöèþ Ãàìèëüòîíà H(·, ·) : Rd × Rd → C, èìåþùóþ âèä

H(q, p) = p · A(q)p+ ib(q) · p+ c(q), (20)

ãäå A(q) | íåîòðèöàòåëüíî îïðåäåëåííàÿ (íåíóëåâàÿ) ñèììåòðè÷íàÿ ìàòðèöà; b(q) ∈ Rd,
c(q) ∈ R äëÿ âñåõ q ∈ Rd. Ïóñòü, êðîìå òîãî, A(·), b(·), c(·) íåïðåðûâíû è îãðàíè÷åíû; ïðè
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âñåõ p, q ∈ Rd âûïîëíåíî íåðàâåíñòâî p ·A(q)p ≥ a0|p| c íåêîòîðîé êîíñòàíòîé a0 > 0. Ðàñ-
ñìîòðèì îïåðàòîð Ĥτ (q,D) ñ τ -ñèìâîëîì H(q, p), τ ∈ [0, 1], îïðåäåëåííûé ïî ôîðìóëå (3).
Ïðåäïîëîæèì, ÷òî A(·), b(·), c(·) òàêîâû, ÷òî îïåðàòîð −Ĥτ (q,D) çàìûêàåì, åãî çàìûêàíèå
ñëóæèò ãåíåðàòîðîì íåêîòîðîé ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (T τt )t≥0 íà ïðîñòðàíñòâå
C∞(Rd), ìíîæåñòâî ïðîáíûõ ôóíêöèé C∞

c (Rd) ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäåëå-
íèÿ ãåíåðàòîðà.

3.1. Câÿçüìåæäó ðàçëè÷íûìèêâàíòîâàíèÿìè êâàäðàòè÷íîéôóíêöèè. Çàìåòèì, ÷òî
ïðè τ = 1 ôóíêöèÿ H(q, p) ÿâëÿåòñÿ 1-ñèìâîëîì (èëè <qp>-ñèìâîëîì) îïåðàòîðà Ĥ1(q,D),
êîòîðûé ïðîäîëæàåòñÿ íà ìíîæåñòâî C2(Rd) ïî ôîðìóëå

Ĥ1(q,D)ϕ(q) = − tr(A(q)Hessϕ(q)) + b(q) · ∇ϕ(q) + c(q)ϕ(q). (21)

Ëåììà 6. Ïóñòü A(·) ∈ C2(Rd), b(·) ∈ C1(Rd), c(·) ∈ C(Rd). Òîãäà äëÿ ëþáîãî τ ∈ [0, 1]

îïåðàòîð Ĥτ (q,D) ìîæåò áûòü ïðîäîëæåí íà ìíîæåñòâî C2(Rd) ïî ôîðìóëå

Ĥτ (q,D)ϕ(q) = − tr(A(q)Hessϕ(q)) + [b(q)− 2(1− τ) divA(q)] · ∇ϕ(q) +

+ [c(q) + (1− τ) div b(q)− (1− τ)2 tr(HessA(q))]ϕ(q).

Òàêèì îáðàçîì, Ĥτ (q,D)ϕ(q) = Ĥτ
1 (q,D)ϕ(q), ãäå Ĥτ

1 (q,D)ϕ(q) | ïñåâäî-äèôôåðåíöè-
àëüíûé îïåðàòîð ñ 1-ñèìâîëîì Hτ (q, p) = p · A(q)p + ibτ (q) · p + cτ (q) è bτ (q) = b(q) −
− 2(1− τ) divA(q), cτ (q) = c(q) + (1− τ) div b(q)− (1− τ)2 tr(HessA(q)).

J Ðàññìîòðèì ñëó÷àé d = 1 è H(q, p) = A(q)p2 äëÿ óïðîùåíèÿ âûêëàäîê. Ïóñòü ñíà÷àëà
A(·) ∈ C∞(R). Òîãäà äëÿ ëþáîé ϕ ∈ C∞

c (R) èìååì

Ĥτ (q,D)ϕ(q) =
1

2π

∫
R

∫
R

eip(q−y)H(τq + (1− τ)y, p)ϕ(y) dydp =

= lim
R→+∞

1

2π

∫
BR

∫
suppϕ

eip(q−y)H(τq + (1− τ)y, p)ϕ(y) dydp =

= lim
R→+∞

1

2π

∫
suppϕ

A(τq + (1− τ)y)ϕ(y)

∫
BR

eip(q−y)p2dpdy =

= lim
R→+∞

∫
suppϕ

A(τq + (1− τ)y)ϕ(y)F−1[p2χBR
(p)](q − y) dy =

= lim
R→+∞

〈
F−1[p2χBR

(p)](q − ·), A(τq + (1− τ)·)ϕ
〉

=

= lim
R→+∞

〈
−∇2F−1[χBR

(p)](q − ·), A(τq + (1− τ)·)ϕ
〉

=

= lim
R→+∞

〈
F−1[χBR

(p)](q − ·), −∇2A(τq + (1− τ)·)ϕ
〉

=

=
〈
δ(q − ·), −∇2A(τq + (1− τ)·)ϕ

〉
= −A(τq + (1− τ)y)ϕ′′(y)−

2(1− τ)A′(τq + (1− τ)y)ϕ′(y)− (1− τ)2A′′(τq + (1− τ)y)ϕ(y)
∣∣∣
y=q

=

= −A(q)ϕ′′(q)− 2(1− τ)A′(q)ϕ′(q)− (1− τ)2A′′(q)ϕ(q).
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Çäåñü BR = [−R, R]; χBR
| èíäèêàòîð ìíîæåñòâà BR; δ | äåëüòà-ôóíêöèÿ Äèðàêà;〈

f, g
〉
| äåéñòâèå îáîáùåííîé ôóíêöèè f ∈ S ′(R) íà îñíîâíóþ ôóíêöèþ g ∈ S(R).

Äåéñòâèòåëüíî, äëÿ A(·) ∈ C∞(R) ôóíêöèÿ −∇2A(τq + (1− τ)·)ϕ ∈ S(R) è F−1[χBR
(p)] ∈

∈ C∞(R) ⊂ S ′(R). Â ñëó÷àå, åñëèA(·) ∈ C2(R), ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü áåñêîíå÷íî
äèôôåðåíöèðóåìûõ ôóíêöèé {An(·)}∞n=1, ñõîäÿùèõñÿ ê A ðàâíîìåðíî íà R âìåñòå ñî âñåìè
ñâîèìè ïðîèçâîäíûìè äî âòîðîãî ïîðÿäêà âêëþ÷èòåëüíî. Òîãäà îáîáùåííàÿ ôóíêöèÿ

A(τq + (1− τ)·)F−1[p2χBR
(p)](q − ·)

ìîæåò áûòü àïïðîêñèìèðîâàíà îáîáùåííûìè ôóíêöèÿìè

An(τq + (1− τ)·)F−1[p2χBR
(p)](q − ·),

äëÿ êîòîðûõ âû÷èñëåíèÿ, ïðèâåäåííûå âûøå, ñïðàâåäëèâû. Òàêèìæå îáðàçîì äëÿH(q, p) =

= ib(q)p + c(q) ìîæíî ïîëó÷èòü Ĥτ (q,D)ϕ(q) = ib(q)ϕ′(q) + i(1 − τ)b′(q)ϕ(q) + c(q)ϕ(q).
Â ñëó÷àå ïðîèçâîëüíîãî d âûêëàäêè àíàëîãè÷íû. I

3.2. Ãàìèëüòîíîâû ôîðìóëû Ôåéíìàíà. Èñïîëüçóÿ ñâÿçü ìåæäó ðàçëè÷íûìè êâàíòî-
âàíèÿìè îäíîé è òîé æå êâàäðàòè÷íîé ôóíêöèè è ãàìèëüòîíîâó ôîðìóëó Ôåéíìàíà (18) äëÿ
ñëó÷àÿ τ = 1, ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 6. Ïóñòü A(q) | íåîòðèöàòåëüíî îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàòðèöà,

b(q) ∈ Rd, c(q) ≥ 0 ïðè âñåõ q ∈ Rd è ïóñòü A(·) ∈ C2
b (Rd), b(·) ∈ C1

b (Rd), c(·) ∈ Cb(Rd).
Ðàññìîòðèì ôóíêöèþ Ãàìèëüòîíà H(·, ·) : Rd × Rd → C, òàêóþ, ÷òî

H(q, p) = p · A(q)p+ ib(q) · p+ c(q).

Ïóñòü Ĥτ (q,D)| ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð ñ τ -ñèìâîëîìH(q, p), ãäå τ ∈ [0, 1].
Ïðåäïîëîæèì, ÷òî −Ĥτ (q,D) çàìûêàåì è åãî çàìûêàíèå ãåíåðèðóåò ñèëüíî íåïðåðûâíóþ
ïîëóãðóïïó (T τt )t≥0 íà ïðîñòðàíñòâå C∞(Rd). Ïóñòü ìíîæåñòâî C∞

c (Rd) ÿâëÿåòñÿ ñóùå-
ñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ãåíåðàòîðà. Äëÿ ëþáîãî τ ∈ [0, 1] ðàññìîòðèì ñåìåéñòâî
ïñåâäî-äèôôåðåíöèàëüíûõ îïåðàòîðîâ (F τ (t))t≥0, îïðåäåëåííûõ ïðè âñåõ ϕ ∈ C∞

c (Rd) ïî
ôîðìóëå

F τ (t)ϕ(q) = (2π)−d
∫
Rd

∫
Rd

eip(q−y)e−tH
τ (q,p)ϕ(y) dydp, (22)

ãäå Hτ (q, p) = p · A(q)p − ibτ (q) · p + cτ (q), bτ (q) = b(q) − 2(1 − τ) divA(q), cτ (q) =

= c(q) + (1− τ) div b(q) − (1 − τ)2 tr(HessA(q)). Òîãäà ñåìåéñòâî (F τ (t))t≥0 ýêâèâàëåíòíî
ïî ×åðíîâó ïîëóãðóïïå (T τt )t≥0 è, çíà÷èò, ôîðìóëà T τt = lim

n→∞

[
F τ ( t

n
)
]n ñïðàâåäëèâà â

L(C∞(Rd)) ëîêàëüíî ðàâíîìåðíî ïî t ≥ 0.
Ýòà òåîðåìà ÿâëÿåòñÿ íåïîñðåäñòâåííûì ñëåäñòâèåì ëåììû 6, òåîðåìû 5 è çàìå÷àíèÿ 4.
Ç à ì å ÷ à í è å 7. Îòìåòèì, ÷òî Hτ : Rd × Rd → C óäîâëåòâîðÿåò óñëîâèþ (17) (ñì.

çàìå÷àíèå 5). Òàêèì îáðàçîì, F τ (t) : L2(Rd) → L2(Rd) è ôîðìóëà, ïîëó÷åííàÿ â òåîðåìå 6
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ïðè âñåõ ϕ ∈ C∞(Rd) ∩ L2(Rd) ïðåâðàùàåòñÿ â ãàìèëüòîíîâó ôîðìóëó Ôåéíìàíà:

(T τt ϕ)(q0) = lim
n→∞

(2π)−dn
∫

(Rd)2n

exp

(
i

n∑
k=1

pk · (qk−1 − qk)

)
×

× exp

(
− t

n

n∑
k=1

Hτ (qk−1, pk)

)
ϕ(qn) dq1dp1 · · · dqndpn =

= lim
n→∞

(2π)−dn
∫

(Rd)2n

exp

(
i

n∑
k=1

pk · (qk−1 − qk)

)
exp

(
− t

n

n∑
k=1

pk · A(qk−1)pk

)
×

× exp

(
− t

n

n∑
k=1

[
c(qk−1) + (1− τ) div b(qk−1)− (1− τ)2 tr(HessA(qk−1))

])
×

× exp

(
−i t
n

n∑
k=1

[
b(qk−1)− 2(1− τ) divA(qk−1)

]
· pk
)
ϕ(qn) dq1dp1 · · · dqndpn. (23)

Èíòåãðàëû â ýòèõ ðàâåíñòâàõ íàäî ïîíèìàòü êàê L2-ïðåäåë íåêîòîðûõ ðåãóëÿðèçîâàííûõ.
Åñëè æå êîýôôèöèåíòû A(·), b(·), c(·) áåñêîíå÷íî äèôôåðåíöèðóåìû, òî F (t)ϕ ∈ S(Rd) ïðè
âñåõ ϕ ∈ S(Rd) è èíòåãðàëû â ïîëó÷åííîé ãàìèëüòîíîâîé ôîðìóëå Ôåéíìàíà èìåþò ñìûñë
áåç êàêèõ-ëèáî äîïîëíèòåëüíûõ ðåãóëÿðèçàöèé.

3.3. Ëàãðàíæåâû ôîðìóëû Ôåéíìàíà. Ðàññìîòðèì îïåðàòîð L = −Ĥ1(·, D), ãäå
Ĥ1(·, D) çàäàí ôîðìóëîé (21) è ñîîòâåòñòâóåò 1-êâàíòîâàíèþ ôóíêöèè Ãàìèëüòîíà (20).
Ïóñòü A(q) | ïîëîæèòåëüíî îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàòðèöà ïðè âñåõ q ∈ Rd,
A(·), b(·) | íåïðåðûâíûå îòîáðàæåíèÿ, c(·) | íåïðåðûâíàÿ è îãðàíè÷åííàÿ ñíèçó
ôóíêöèÿ. Ïðåäïîëîæèì òàêæå, ÷òî ñóùåñòâóåò 0 < α ≤ 1, òàêîå, ÷òî C2,α

c (Rd) ÿâëÿåòñÿ
ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ äëÿ çàìûêàíèÿ (L,Dom(L)) îïåðàòîðà (L,C2,α

c (Rd)).
Ïóñòü ýòî çàìûêàíèå ïîðîæäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó (T 1

t )t≥0 íà C∞(Rd).
Òîãäà èç ðåçóëüòàòîâ ðàáîòû [14] âûòåêàåò ñëåäóþùàÿ ëàãðàíæåâà ôîðìóëà Ôåéíìàíà äëÿ
ïîëóãðóïïû (T 1

t )t≥0.
Òåîðåìà 7 (ñì. [14]). Â ïðåäïîëîæåíèÿõ, óêàçàííûõ âûøå, ïðè âñåõ ϕ ∈ C∞(Rd), q0 ∈ Rd,

t > 0 ñïðàâåäëèâà ëàãðàíæåâà ôîðìóëà Ôåéíìàíà

T 1
t ϕ(q0)= lim

n→∞

∫
Rd

···
∫
Rd

exp

(
t

n

n∑
j=1

V (qj−1)

)
exp

(
− 1

2

n∑
j=1

A−1(qj−1)b(qj−1) ·(qj−qj−1)

)
×

× pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn)ϕ(qn) dq1 . . . dqn, (24)

ãäå V (q) = −c(q) − 1
4
A−1(q)b(q) · b(q), a(q) = detA(q), pA(t, q, y) :=

1√
a(q)(4πt)d

×

× exp
(
−A−1(q)(q − y) · (q − y)

4t

)
è ñõîäèìîñòü ëîêàëüíî ðàâíîìåðíà ïî (q0, t) ⊂ Rd× [0,∞).

Èç ðåçóëüòàòîâ ëåììû 6 è òåîðåìû 7 âûòåêàåò ëàãðàíæåâà ôîðìóëà Ôåéíìàíà äëÿ ïîëó-
ãðóïïû, ïîðîæäåííîé τ -êâàíòîâàíèåì ôóíêöèè Ãàìèëüòîíà (20).
Òåîðåìà 8. Ïóñòü A(q)| ïîëîæèòåëüíî îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàòðèöà, b(q) ∈

∈ Rd, c(q) ≥ 0 ïðè âñåõ q ∈ Rd. Ïóñòü A(·) ∈ C2
b (Rd), b(·) ∈ C1

b (Rd), c(·) ∈ Cb(Rd).
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Pàññìîòðèì ôóíêöèþ ÃàìèëüòîíàH(·, ·) : Rd×Rd → C, òàêóþ, ÷òîH(q, p) = p ·A(q)p+

+ ib(q) · p + c(q). Ïóñòü Ĥτ (q,D) | ïñåâäîî-äèôôåðåíöèàëüíûé îïåðàòîð ñ τ -ñèìâîëîì
H(q, p), τ ∈ [0, 1]. Ïðåäïîëîæèì, ÷òî çàìûêàíèå Lτ îïåðàòîðà −Ĥτ (q,D) ÿâëÿåòñÿ ãåíå-
ðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (T τt )t≥0 íà ïðîñòðàíñòâå C∞(Rd) è ñóùåñòâóåò
0 < ατ ≤ 1, òàêîå, ÷òî ìíîæåñòâî C2,ατ

c (Rd) ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþ îïðåäå-
ëåíèÿ îïåðàòîðà (Lτ ,Dom(Lτ )). Òîãäà ïðè âñåõ ϕ ∈ C∞(Rd), q0 ∈ Rd, t > 0 ñïðàâåäëèâà
ëàãðàíæåâà ôîðìóëà Ôåéíìàíà

T τt ϕ(q0)= lim
n→∞

∫
Rd

···
∫
Rd

exp

(
t

n

n∑
j=1

Vτ (qj−1)

)
exp

(
−1

2

n∑
j=1

A−1(qj−1)bτ (qj−1)·(qj−qj−1)

)
×

× pA(t/n, q0, q1) · · · pA(t/n, qn−1, qn)ϕ(qn) dq1 . . . dqn, (25)

ãäå bτ (q) = b(q)− 2(1− τ)divA(q), Vτ (q) =−c(q)− (1− τ)div b(q) + (1− τ)2 tr(HessA(q))−

− 1
4
A−1(q)bτ (q) · bτ (q), a(q)=detA(q), pA(t,q,y) :=

1√
a(q)(4πt)d

exp
(
−A−1(q)(q− y) · (q− y)

4t

)
è ñõîäèìîñòü ëîêàëüíî ðàâíîìåðíà ïî (q0, t) ⊂ Rd × [0,∞).
Ç à ì å ÷ à í è å 8. Â ïðåäïîëîæåíèÿõ ïðåäûäóùåé òåîðåìû è ïðè íåêîòîðûõ äîïîëíè-

òåëüíûõ óñëîâèÿõ íà ðîñò êîýôôèöèåíòîâ A è bτ (ñì. [47, th. 7.6]) ïîëóãðóïïà (T τt )t≥0 ìîæåò
áûòü òàêæå ïðåäñòàâëåíà ïî ôîðìóëå Ôåéíìàíà | Êàöà

T τt ϕ(q) = Eq

[
exp

(
−

t∫
0

cτ (X
τ
s ) ds

)
ϕ(Xτ

t )

]
, q ∈ Rd, t ∈ (0, T ), (26)

ãäåEq|ìàòåìàòè÷åñêîå îæèäàíèå äèôôóçèîííîãî ïðîöåññà (Xτ
t )0<t<T âRd (ñ ïåðåìåííûì

êîýôôèöèåíòîì äèôôóçèè
√
A(·) è ñíîñîì −bτ (·)), ñòàðòóþùåãî â òî÷êå q ∈ Rd; çäåñü bτ ,

cτ | òå æå, ÷òî è â òåîðåìå 6. Òàêèì îáðàçîì, ëàãðàíæåâà ôîðìóëà Ôåéíìàíà (25) äàåò
àïïðîêñèìàöèè ôóíêöèîíàëüíîãî èíòåãðàëà â ôîðìóëå (26).

4. Ïñåâäîìåðû Ôåéíìàíà è èíòåãðàëû Ôåéíìàíà ïî òðàåêòîðèÿì

Ïñåâäîìåðà Ôåéíìàíà íà (îáû÷íî áåñêîíå÷íîìåðíîì) âåêòîðíîì ïðîñòðàíñòâå èëè ìíî-
ãîîáðàçèè | ýòî ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë íà ëîêàëüíî âûïóêëîì ïðîñòðàíñòâå
(íåêîòîðûõ) ôóíêöèé, îïðåäåëåííûõ íà ýòîì âåêòîðíîì ïðîñòðàíñòâå èëè ìíîãîîáðàçèè.
Çíà÷åíèå, êîòîðîå äàííûé ôóíêöèîíàë ïðèíèìàåò íà ôóíêöèè èç ñâîåé îáëàñòè îïðåäåëå-
íèÿ, íàçûâàåòñÿ èíòåãðàëîì Ôåéíìàíà îò ýòîé ôóíêöèè (ïî âåêòîðíîìó ïðîñòðàíñòâó èëè
ìíîãîîáðàçèþ) èëè èíòåãðàëîì îò ýòîé ôóíêöèè ïî ïñåâäîìåðå Ôåéíìàíà. Åñëè ðàññìà-
òðèâàåìîå âåêòîðíîå ïðîñòðàíñòâî èëè ìíîãîîáðàçèå, â ñâîþ î÷åðåäü, ñîñòîèò èç ôóíêöèé,
ïðèíèìàþùèõ çíà÷åíèÿ â êëàññè÷åñêîì êîíôèãóðàöèîííîì (èëè ôàçîâîì) ïðîñòðàíñòâå, òî
ñîîòâåòñòâóþùèé èíòåãðàë íàçûâàåòñÿ èíòåãðàëîì Ôåéíìàíà ïî òðàåêòîðèÿì â êîíôèãó-
ðàöèîííîì (èëè ôàçîâîì) ïðîñòðàíñòâå. Ïðè ýòîì, ñàìî êëàññè÷åñêîå êîíôèãóðàöèîííîå
(èëè ôàçîâîå) ïðîñòðàíñòâî ñàìî ìîæåò áûòü áåñêîíå÷íîìåðíûì (íàïðèìåð, â êâàíòîâîé òå-
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îðèè ïîëÿ). Â ÷àñòíîñòè, ýëåìåíòû ýòèõ êëàññè÷åñêèõ ïðîñòðàíñòâ ìîãóò áûòü ôóíêöèÿìè,
ïðèíèìàþùèìè çíà÷åíèÿ â íåêîòîðîì âåêòîðíîì ïðîñòðàíñòâå èëè ìíîãîîáðàçèè.

Ñóùåñòâóåò íåñêîëüêî ðàçëè÷íûõ ïîäõîäîâ ê îïðåäåëåíèþ ïñåâäîìåðÔåéíìàíà. Íàïðè-
ìåð, ñ ïîìîùüþ ïðåäåëà èíòåãðàëîâ ïî ïðîñòðàíñòâàì, èçîìîðôíûì äåêàðòîâûì ñòåïåíÿì
êëàññè÷åñêîãî êîíôèãóðàöèîííîãî èëè ôàçîâîãî ïðîñòðàíñòâà (Ôåéíìàí [33,34], 1948, 1951
ãã.); ñ ïîìîùüþ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ ãàóññîâñêîé ìåðû (Ãåëüôàíä | ßãëîì [37] |
äëÿ èíòåãðàëîâ ïî òðàåêòîðèÿì â êîíôèãóðàöèîííîì ïðîñòðàíñòâå, 1956 ã.; àíàëîãè÷íûé ðå-
çóëüòàò äëÿ èíòåãðàëîâ ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå áûë ïîëó÷åí â 1990 ã. â [63]),
ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå (Ñåñèëü äå Âèòò-Ìîðåòò [28], 1974 ã.); ñ ïîìîùüþ ðàâåí-
ñòâà Ïàðñåâàëÿ (Ìàñëîâ | ×åáîòàðåâ [51] è Àëüáåâåðèî | Õåã-Êðîí [3] | äëÿ èíòåãðàëîâ
ïî òðàåêòîðèÿì â êîíôèãóðàöèîííîì ïðîñòðàíñòâå, 1976); â ðàìêàõ White Noise Analysis
(Õèäà|Øòðàéò [38]| äëÿ èíòåãðàëîâ ïî òðàåêòîðèÿì â êîíôèãóðàöèîííîì ïðîñòðàíñòâå,
1983 ã.; Áîê | Ãðîòõàóñ | äëÿ èíòåãðàëîâ ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå [6],
2011 ã.); êàê öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ èíòåãðàëîâ Ôåéíìàíà ïî òðàåêòîðèÿì â
êîíôèãóðàöèîíîì ïðîñòðàíñòâå (ñì. [73]), òàê è ôîðìóëà Êàìåðîíà|Ìàðòèíà, ïîëó÷åííàÿ
â [31] (ñì. òàêæå [66]), ìîãóò áûòü èñïîëüçîâàíû â êà÷åñòâå îïðåäåëåíèé.

Íà êîíöåïòóàëüíîì óðîâíå íàèáîëåå óäîáíûì ÿâëÿåòñÿ îïðåäåëåíèå ñ ïîìîùüþïðåîáðà-
çîâàíèÿ Ôóðüå; äëÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé íàèáîëåå ïîäõîäÿùåå îïðåäåëåíèå |
ýòî îïðåäåëåíèå ñ ïîìîùüþ ïðåäåëà êîíå÷íîêðàòíûõ èíòåãðàëîâ ïî ïðîñòðàíñòâàì, èçî-
ìîðôíûì äåêàðòîâûì ñòåïåíÿì êîíôèãóðàöèîííîãî èëè ôàçîâîãî ïðîñòðàíñòâà. Ïðè÷åì
â ïîñëåäíåì ñëó÷àå êàê èíòåãðàë Ôåéíìàíà, òàê è ïñåâäîìåðà Ôåéíìàíà íàçûâàþòñÿ ñå-
êâåíöèàëüíûì èíòåãðàëîì è ñåêâåíöèàëüíîé ïñåâäîìåðîé. Â ñâÿçè ñ âûøåñêàçàííûì, ìû
ñíà÷àëà ñôîðìóëèðóåì îïðåäåëåíèÿ, èñïîëüçóþùèå ïðåîáðàçîâàíèå Ôóðüå, à çàòåì îïðåäå-
ëèì ñåêâåíöèàëüíûå ïñåâäîìåðó è èíòåãðàë Ôåéíìàíà. Â îáîèõ ñëó÷àÿõ ìû ñïåðâà äàäèì
îáùåå îïðåäåëåíèå ïñåâäîìåðû (è ñîîòâåòñòâóþùåãî èíòåãðàëà), à ïîñëå ðàññìîòðèì íåêî-
òîðûå êîíêðåòíûå ñëó÷àè.

Íà÷íåì ñ îïðåäåëåíèÿ ïðåîáðàçîâàíèÿ Ôóðüå. Äëÿ ïðîèçâîëüíîãî ëîêàëüíî âûïóêëîãî
ïðîñòðàíñòâàX ñèìâîëX∗ îáîçíà÷àåò âåêòîðíîå ïðîñòðàíñòâå âñåë íåïðåðûâíûõ ëèíåéíûõ
ôóíêöèîíàëîâ íà X . Ïóñòü E | âåùåñòâåííîå âåêòîðíîå ïðîñòðàíñòâî, è äëÿ âñåõ x ∈ E

è ëþáîãî ëèíåéíîãî ôóíêöèîíàëà g íà E ïóñòü ϕg(x) = eig(x). Ïóñòü FE | ýòî ëîêàëüíî
âûïóêëîå ïðîñòðàíñòâî íåêîòîðûõ êîìïëåêñíîçíà÷íûõ ôóíêöèé íàE. Ýëåìåíòûìíîæåñòâà
F ∗
E íàçûâàþòñÿ F ∗

E−ðàñïðåäåëåíèÿìè íà E, èëè ïðîñòî ðàñïðåäåëåíèÿìè íà E (åñëè ìû íå
óêàçûâàåì òî÷íî ïðîñòðàíñòâî F ∗

E). Ïóñòü òàêæå G | âåêòîðíîå ïðîñòðàíñòâî íåêîòîðûõ
ëèíåéíûõ ôóíêöèîíàëîâ íà E, ðàçäåëÿþùèõ E, è äëÿ âñåõ g ∈ G ïóñòü ϕg ∈ FE . Òîãäà
G-ïðåîáðàçîâàíèå Ôóðüå ýëåìåíòà η ∈ F ∗

E | ýòî ôóíêöèÿ íà G, îáîçíà÷àåìàÿ η̃ èëè F [η] è
îïðåäåëÿåìàÿ ôîðìóëîé η̃(g)(≡ F [η](g)) = η(ϕg). Åñëè ìíîæåñòâî {ϕg : g ∈ G} òîòàëüíî â
FE (ò.å. ëèíåéíàÿ îáîëî÷êà {ϕg : g ∈ G} ïëîòíà â FE), òî ýëåìåíò η îäíîçíà÷íî îïðåäåëÿåòñÿ
ñâîèì ïðåîáðàçîâàíèåì Ôóðüå.
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Îïðåäåëåíèå 3. Åñëè b| êâàäðàòè÷íûé ôóíêöèîíàë íà G, a ∈ E è α ∈ C, òî α-ïñåâ-
äîìåðà Ôåéíìàíà íà E ñ êîððåëÿöèîííûì ôóíêöèîíàëîì b è ñðåäíèì çíà÷åíèåì a |
ýòî ðàñïðåäåëåíèå Φb,a,α íà E, ÷üå ïðåîáðàçîâàíèå Ôóðüå çàäàíî ôîðìóëîé F [Φb,a,α](g) =

= exp
(

αb(g)
2

+ ig(a)
)
.

Åñëè α = −1 è b(g) ≥ 0 ïðè âñåõ g ∈ G, òî α-ïñåâäîìåðà Ôåéíìàíà ÿâëÿåòñÿ ãàóññîâ-
ñêîé G-öèëèíäðè÷åñêîé ìåðîé íà E (êîòîðàÿ, îäíàêî, ìîæåò íå áûòü σ-àääèòèâíîé). Åñëè
α = i, òî ìû ïîëó÷àåì <íàñòîÿùóþ> ïñåâäîìåðó Ôåéíìàíà; èìåííî i-ïñåâäîìåðà Ôåéíìàíà
îáû÷íî èñïîëüçóåòñÿ äëÿ ïðåäñòàâëåíèÿ ðåøåíèé êàê ýâîëþöèîííûõ óðàâíåíèé øðåäèíãå-
ðîâñêîãî òèïà, òàê ýâîëþöèîííûõ óðàâíåíèé ñ ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè â
ïðàâîé ÷àñòè.

Äàëåå ìû áóäåì ðàññìàòðèâàòü òîëüêî i-ïñåâäîìåðû Ôåéíìàíà è áóäåì íàçûâàòü èõ
ïðîñòî ïñåâäîìåðàìè Ôåéíìàíà. Ïðåäïîëîæèì òàêæå, ÷òî a = 0.

Îïðåäåëåíèå 4. [Ãàìèëüòîíîâà ïñåâäîìåðà Ôåéíìàíà] Ïóñòü E = Q × P , ãäå Q è
P | ëîêàëüíî âûïóêëûå ïðîñòðàíñòâà, Q = P ∗, P = Q∗ (êàê âåêòîðíûå ïðîñòðàíñòâà);
ïðîñòðàíñòâî G = P × Q îòîæäåñòâëåíî ñ ïðîñòðàíñòâîì ëèíåéíûõ ôóíêöèîíàëîâ íà E
(äëÿ ëþáîãî g = (pg, qg) ∈ G è x = (q, p) ∈ E, g(x) = pg(q) + p(qg)). Òîãäà ãàìèëüòîíîâà,
èëè ñèìïëåêòè÷åñêàÿ ïñåâäîìåðà Ôåéíìàíà íà E | ýòî ëþáàÿ ïñåâäîìåðà Ôåéíìàíà íà E
ñ êîððåëÿöèîííûì ôóíêöèîíàëîì b, çàäàííûì ôîðìóëîé b(pg, qg) = 2pg(qg).

Ïóñòü ñóùåñòâóåò ëèíåéíîå èíúåêòèâíîå îòîáðàæåíèå B : G → E, òàêîå, ÷òî b(g, g) =

= g(B(g)) äëÿ âñåõ g ∈ G (B íàçûâàåòñÿ êîððåëÿöèîííûì îïåðàòîðîì ïñåâäîìåðû Ôåéí-
ìàíà). ÏóñòüD(B−1)|îáëàñòü îïðåäåëåíèÿB−1. ÔóíêöèÿD(B−1) 3 x 7→ e

α−1B−1(x)(x)
2 íà-

çûâàåòñÿ îáîáùåííîé ïëîòíîñòüþ α-ïñåâäîìåðûÔåéíìàíà (cì. [67]). Äàëåå ìû èñïîëüçóåì
íåêîòîðûå ñòàíäàðòíûå ðåãóëÿðèçàöèè áåñêîíå÷íîìåðíûõ îñöèëëèðóþùèõ èíòåãðàëîâ.

Ïðèìåð 3. Åñëè E = Rd = G, òî ïñåâäîìåðà Ôåéíìàíà Φ íà E ñ êîððåëÿöèîííûì
îïåðàòîðîì B ìîæåò áûòü îòîæäåñòâëåíà ñ êîìïëåêñíîçíà÷íîé ìåðîé (íåîãðàíè÷åííîé
âàðèàöèè) íà δ-êîëüöå îãðàíè÷åííûõ áîðåëåâñêèõ ïîäìíîæåñòâ Rd, èìåþùåé ïëîòíîñòü
f(x) = e−

i
2
(B−1x,x) îòíîñèòåëüíî ìåðû Ëåáåãà. Â ýòîì ñëó÷àå îáîáùåííàÿ ïëîòíîñòü ñîâïà-

äàåò ñ ïëîòíîñòüþ â îáû÷íîì ñìûñëå.

Ç à ì å ÷ à í è å 9. Èòàê, ãàìèëüòîíîâà ïñåâäîìåðà Ôåéíìàíà | ýòî ëèíåéíûé ôóíê-
öèîíàë Φ íà âåêòîðíîì ïðîñòðàíñòâå ôóíêöèîíàëîâ, ÷üÿ îáùàÿ îáëàñòü îïðåäåëåíèÿ åñòü
âåêòîðíîå ïðîñòðàíñòâî ôóíêöèé, îïðåäåëåííûõ íà îòðåçêå [0, t], t > 0, è ïðèíèìàþùèõ
çíà÷åíèÿ â ôàçîâîì ïðîñòðàíñòâå E = Q×P êëàññè÷åñêîé ãàìèëüòîíîâîé ñèñòåìû. Çíà÷å-
íèå Φ(F ), êîòîðîå ïñåâäîìåðà Φ ïðèíèìàåò íà ôóíêöèîíàëå F , íàçûâàåòñÿ ãàìèëüòîíîâûì
èíòåãðàëîì Ôåéíìàíà (èëè èíòåãðàëîì Ôåéíìàíà ïî òðàåêòîðèÿì â ôàçîâîì ïðîñòðàíñòâå)
îò F è ÷àñòî îáîçíà÷àåòñÿ êàê

Φ(F ) =

∫
F (q(·), p(·)) e

i
t∫
0

p(τ)q′(τ)dτ
t∏

τ=0

dq(τ)dp(τ) èëè
∫
G(q(·), p(·)) Φ(dq, dp).
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Ïðè íåêîòîðûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ (ñì. [63]) ôóíêöèÿ

(t, x) 7→
∫
e
−i

t∫
0

H(q(τ)+x,p(τ))dτ
f0(q(t) + x)e

i
t∫
0

p(τ)q′(τ)dτ
t∏

τ=0

dq(τ)dp(τ)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ Øðåäèíãåðà i∂f

∂t
= Ĥf , ãäå Ĥ | ïñåâäî-äèôôåðåíöèàëüíûé

îïåðàòîð ñ ñèìâîëîì H .
Îïðåäåëåíèå 5 (Cåêâåíöèàëüíàÿ ïñåâäîìåðà Ôåéíìàíà). Ïóñòü {En}n∈N`| âîçðàñòàþ-

ùàÿ ïîñëåäîâàòåëüíîñòü êîíå÷íîìåðíûõ ïîäïðîñòðàíñòâD(B−1). Òîãäà çíà÷åíèå ñåêâåíöè-
àëüíîé α-ïñåâäîìåðû Ôåéíìàíà Φ

{En}
B,α , àññîöèèðîâàííîé ñ ïîñëåäîâàòåëüíîñòüþ {En}n∈N,

íà ôóíêöèè f : E → C (ýòî çíà÷åíèå íàçûâàåòñÿ ñåêâåíöèàëüíûì èíòåãðàëîì Ôåéíìàíà îò
ôóíêöèè f ) îïðåäåëåíî ïî ôîðìóëå

Φ
{En}
B,α (f) = lim

n→∞

(∫
En

e
α−1B−1(x)(x)

2 dx

)−1 ∫
En

f(q, p)e
α−1B−1(x)(x)

2 dx,

ãäå èíòåãðèðîâàíèå ïðîèçâîäèòñÿ ïî ìåðå Ëåáåãà íà En, åñëè ïðåäåë â ïðàâîé ÷àñòè ôîð-
ìóëû ñóùåñòâóåò. Ïðè ýòîì èíòåãðàëû ïîíèìàþòñÿ â íåêîòîðîì ðåãóëÿðèçîâàííîì ñìûñëå,
íàïðèìåð, ∫

En

G(x) dx = lim
ε→0

∫
En

G(x) e−ε|x|
2

dx.

Òàêèì îáðàçîì, òîò ôàêò, ÷òî ôóíêöèÿ ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ Φ{En}, çàâèñèò
òîëüêî ëèøü îò ñóæåíèé ýòîé ôóíêöèè íà En.
Ñëåäóþùåå îïðåäåëåíèå ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïðåäûäóùåãî, îäíàêî, ïîëåçíî ñôîð-

ìóëèðîâàòü åãî íåçàâèñèìî.
Îïðåäåëåíèå 6 (Cåêâåíöèàëüíàÿ ãàìèëüòîíîâà ïñåâäîìåðàÔåéíìàíà). Ïóñòü {En}n∈N|

âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü êîíå÷íîìåðíûõ âåêòîðíûõ ïîäïðîñòðàíñòâ E(= Q× P )

òàêèõ, ÷òî ïðè âñåõ n ∈ N, En = Qn × Pn, ãäå Qn è Pn | âåêòîðíûå ïîäïðîñòðàíñòâà Q
è P ñîîòâåòñòâåííî. Òîãäà çíà÷åíèå ñåêâåíöèàëüíîé ãàìèëüòîíîâîé ïñåâäîìåðû Ôåéíìàíà
Φ{En}, àññîöèèðîâàííîé ñ ïîñëåäîâàòåëüíîñòüþ {En}n∈N, íà ôóíêöèè f : E → C (ýòî
çíà÷åíèå íàçûâàåòñÿ ñåêâåíöèàëüíûì ãàìèëüòîíîâûì èíòåãðàëîì Ôåéíìàíà îò ôóíêöèè f )
îïðåäåëÿåòñÿ ïî ôîðìóëå

Φ{En}(f) = lim
n→∞

(∫
En

ei〈p,q〉dqdp

)−1 ∫
En

f(q, p) ei〈p,q〉dqdp,

ãäå 〈p, q〉 = p(q), èíòåãðèðîâàíèå ïðîèçâîäèòñÿ ïî ïðîèçâîëüíîé ìåðå Ëåáåãà íà En, åñëè
ïðåäåë â ïðàâîé ÷àñòè ôîðìóëû ñóùåñòâóåò.
È ñíîâà òîò ôàêò, ÷òî ôóíêöèÿ ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ Φ{En}, çàâèñèò òîëüêî

ëèøü îò ñóæåíèé ýòîé ôóíêöèè íà En. Åñëè ïîñòðàíñòâî E | ýòî ïðîñòðàíñòâî ôóíêöèé
âåùåñòâåííîé ïåðåìåííîé, òî ñîîòâåòñòâóþùèå èíòåãðàëû Ôåéíìàíà íàçûâàþòñÿ èíòåãðà-
ëàìè Ôåéíìàíà ïî òðàåêòîðèÿì.
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5. Ãàìèëüòîíîâû èíòåãðàëû Ôåéíìàíà äëÿ ýâîëþöèîííûõ ïîëóãðóïï

Â ïîñëåäóþùåì ìû áóäåì èñïîëüçîâàòü ñëåäóþùóþ ðåàëèçàöèþ ãàìèëüòîíîâîé ïñåâ-
äîìåðû Ôåéíìàíà (ñð. [65, 19]). Äëÿ ëþáîãî t > 0 ïóñòü PC([0, t],Rd) | âåêòîðíîå
ïðîñòðàíñòâî âñåõ ôóíêöèé íà [0, t], ïðèíèìàþùèõ çíà÷åíèÿ â Rd, ÷üè îáîáùåííûå ïðî-
èçâîäíûå ÿâëÿþòñÿ ìåðàìè ñ êîíå÷íûìè íîñèòåëÿìè. Ïóñòü PC l([0, t],Rd) | ïðîñòðàí-
ñòâî âñåõ íåïðåðûâíûõ ñëåâà ôóíêöèé èç PC([0, t],Rd), à PCr([0, t],Rd) | ïðîñòðàí-
ñòâî âñåõ íåïðåðûâíûõ ñïðàâà ôóíêöèé èç PC([0, t],Rd). Äëÿ êàæäîãî x ∈ Rd ïóñòü
Qx
t = {f ∈ PCr([0, t],Rd) : f(0) = x}, Pt = PC l([0, t],Rd) èEx

t = Qx
t ×Pt. ÏðîñòðàíñòâàQx

t

è Pt ïðèâåäåíû â äâîéñòâåííîñòü ôîðìîé: 〈q(·), p(·)〉 7→
t∫

0

p(s)q′(s) ds, ãäå q′(s) ds îáîçíà-

÷àåò ìåðó, ÿâëÿþùóþñÿ îáîáùåííîé ïðîèçâîäíîé ôóíêöèè q(·). Ìû áóäåì ðàññìàòðèâàòü
ýëåìåíòû ïðîñòðàíñòâà Ex

t êàê ôóíêöèè, ïðèíèìàþùèå çíà÷åíèÿ â E = Q×P = Rd × Rd.
Ïóñòü t0 = 0 è äëÿ ëþáûõ n ∈ N è k ∈ N, k ≤ n, tk =

k

n
t. Ïóñòü Ln ⊂ PC l([0, t],Rd)|

ïðîñòðàíñòâî ôóíêöèé, ñóæåíèå êîòîðûõ íà êàæäûé èíòåðâàë
(

k − 1
n

t,
k

n
t
]
ÿâëÿåòñÿ ïîñòî-

ÿííîé ôóíêöèåé, è, ñîîòâåòñòâåííî, Rn ⊂ PCr([0, t],Rd) | ïðîñòðàíñòâî ïîñòîÿííûõ íà
êàæäîì èíòåðâàëå

[
k − 1

n
t,

k

n
t
)
ôóíêöèé. Qn = Rn ∩Qx

t , Pn = Ln ∩ {f : f(0) = lim
0<t→0

f(t)}.
Ïóñòü Jn|îòîáðàæåíèå ïðîñòðàíñòâàEn = Qn×Pn â (Rd×Rd)n, îïðåäåëåííîå ñëåäóþùèì
îáðàçîì: J(q, p) =

(
q
(

t

n

)
, p
(

t

n

)
, q
(2t

n

)
, p
(2t

n

)
, . . . , q

(
nt

n

)
, p
(

nt

n

))
≡
(
q1, p1, . . . , qn, pn

)
.

Îòîáðàæåíèå Jn ÿâëÿåòñÿ âçàèìíî îäíîçíà÷íûì ñîîòâåòñòâèåì ìåæäó En è (Rd × Rd)n. Â
ðàññìîòðåííîì ñëó÷àå îïðåäåëåíèå 6 çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì.
Îïðåäåëåíèå 7. Ãàìèëüòîíîâ èíòåãðàë Ôåéíìàíà

Φ1
x(F ) ≡

∫
Ex

t

F (q, p) Φ1
x(dq, dp) ≡

∫
Ex

t

F (q(·), p(·)) e
i

t∫
0

p(τ)q′(τ) dτ
t∏

τ=0

dq(τ)dp(τ)

îò ôóíêöèè F : Qx
t × Pt → R îïðåäåëÿåòñÿ êàê ïðåäåë

Φ1
x(F ) = lim

n→∞

1

(2π)mn

∫
(Rd×Rd)n

F (J−1
n (q1, p1, ....., qn, pn)) e

i
n∑

k=1
pk·(qk−qk−1)

dq1dp1.......dqndpn,

ãäå q0 = x.
Ç à ì å ÷ à í è å 10. Äëÿ ïñåâäîìåðû Φ1

x ìîæíî îïðåäåëèòü îáîáùåííóþ ïëîòíîñòü∫
Ex

t

G(q(τ), p(τ))Φ1
x(dqdp) = lim

n→∞
Cn

∫
Qn×Pn

G(q(τ), p(τ)) e
i

t∫
0

p(τ)q′(τ) dτ
νn(dq) nun(dp),

ãäå

(Cn)
−1 =

∫
Qn×Pn

e
i

t∫
0

p(τ)q′(τ) dτ
νn(dq)νn(dp)

è èíòåãðèðîâàíèå ïðîèçâîäèòñÿ ïî ìåðå Ëåáåãà νn.
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Ç à ì å ÷ à í è å 11. Îïèñàííàÿ êîíñòðóêöèÿ (òî÷íåå åå íåáîëüøèå ìîäèôèêàöèè) èñïîëü-
çîâàëàñü â [65] è â [55] äëÿ ïðåäñòàâëåíèÿ ðåøåíèé íåêîòîðûõ óðàâíåíèé øðåäèíãåðîâñêîãî
òèïà ñ ïîìîùüþ ãàìèëüòîíîâûõ èíòåãðàëîâ Ôåéíìàíà; òî æå áûëî ñäåëàíî â [19] äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè. Ïðè÷åì âñå äîêàçàòåëüñòâà îïèðàëèñü íà òåîðåìó ×åðíîâà.
Ïî îïðåäåëåíèþ 7 ãàìèëüòîíîâà ôîðìóëà Ôåéíìàíà (18) äëÿ ôåëëåðîâñêîé ïîëóãðóïïû

(Tt)t≥0 ìîæåò áûòü èíòåðïðåòèðîâàíà êàê ãàìèëüòîíîâ èíòåãðàë Ôåéíìàíà ïî ïñåâäîìåðå
Φ1
x. Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 9 (Ãàìèëüòîíîâ èíòåãðàë Ôåéíìàíà äëÿ ôåëëåðîâñêèõ ïîëóãðóïï). Ïóñòü

ôóíêöèÿ H : Rd × Rd → C èçìåðèìà, ëîêàëüíî îãðàíè÷åíà ïî ñîâîêóïíîñòè ïåðåìåííûõ
(q, p) è ïðè êàæäîì ôèêñèðîâàííîì q ∈ Rd ôóíêöèÿH(q, ·) óäîâëåòâîðÿåò ôîðìóëå Ëåâè |
Õèí÷èíà (9). Ïóñòü òàêæå âûïîëíåíû óñëîâèÿ à), á), â) è (17). Ïðåäïîëîæèì, ÷òî ôóíê-
öèÿ H(q, p) òàêîâà, ÷òî −Ĥ1(·, D) çàìûêàåì, çàìûêàíèå ïîðîæäàåò ñèëüíî íåïðåðûâíóþ
ïîëóãðóïïó (Tt)t≥0 íà ïðîñòðàíñòâå C∞(Rd) è ìíîæåñòâî C∞

c (Rd) ñëóæèò ñóùåñòâåííîé
îáëàñòüþ îïðåäåëåíèÿ ãåíåðàòîðà. Òîãäà ïîëóãðóïïà (Tt)t≥0 ìîæåò áûòü ïðåäñòàâëåíà
êàê ãàìèëüòîíîâ èíòåãðàë Ôåéíìàíà ïî ïñåâäîìåðå Φ1

x:

Ttϕ(x) =

∫
Ex

t

e
−

t∫
0

H(q(s),p(s))ds
ϕ(q(t)) Φ1

x(dqdp). (27)

Àíàëîãè÷íî ãàìèëüòîíîâà ôîðìóëà Ôåéíìàíà (23) ìîæåò áûòü èíòåðïðåòèðîâàíà êàê
ãàìèëüòîíîâ èíòåãðàë Ôåéíìàíà ïî ïñåâäîìåðå Φ1

x.
Ñëåäñòâèå 2 (Ãàìèëüòîíîâ èíòåãðàë ôåéíìàíà äëÿ τ -êâàíòîâàíèÿ êâàäðàòè÷íîé

ôóíêöèè). Ïóñòü A(q) | ïîëîæèòåëüíî îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàòðèöà, b(q) ∈ Rd,
c(q) ≥ 0 ïðè âñåõ q ∈ Rd. Ïóñòü A(·) ∈ C2

b (Rd), b(·) ∈ C1
b (Rd), c(·) ∈ Cb(Rd). Ðàññìîòðèì

ôóíêöèþ Ãàìèëüòîíà H(·, ·) : Rd × Rd → C, H(q, p) = p · A(q)p + ib(q) · p + c(q). Ïóñòü
Ĥτ (·, D) | ïñåâäî-äèôôåðåíöèàëüíûé îïåðàòîð ñ τ -ñèìâîëîì H(q, p), τ ∈ [0, 1]. Ïðåä-
ïîëîæèì, ÷òî −Ĥτ (·, D) ïîðîæäàåò ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó (T τt )t≥0 íà ïðîñòðàí-
ñòâå C∞(Rd) è ìíîæåñòâî C∞

c (Rd) ñëóæèò ñóùåñòâåííîé îáëàñòüþ îïðåäåëåíèÿ ãåíåðàòîðà.
Òîãäà ïîëóãðóïïà (T τt )t≥0 ìîæåò áûòü ïðåäñòàâëåíà ñ ïîìîùüþ ãàìèëüòîíîâà èíòåãðàëà
Ôåéíìàíà ïî ïñåâäîìåðå Φ1

x:

T τt ϕ(x) =

∫
Ex

t

exp

(
−

t∫
0

Hτ (q(s), p(s))ds

)
ϕ(q(t)) Φ1

x(dqdp) =

=

∫
Ex

t

exp

(
−

t∫
0

p(s) ·A(q(s)) p(s) ds

)
exp

(
−i

t∫
0

[
b(q(s))− 2(1− τ) divA(q(s)) · p(s)

]
ds

)
×

× exp

(
−

t∫
0

[
c(q(s)) + (1− τ) div b(q(s))− (1− τ)2 tr(HessA(q(s)))

]
ds

)
ϕ(q(t))Φ1

x(dqdp).
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Ç à ì å ÷ à í è å 12. (i) Îòìåòèì, ÷òî ïîëó÷åííûå èíòåãðàëû Ôåéíìàíà ðàçëè÷íû ïðè
ðàçëè÷íûõ τ è, çíà÷èò, ïðîöåäóðà êâàíòîâàíèÿ ðàçëè÷èìà íà ÿçûêå èíòåãðàëîâ Ôåéíìàíà.
(ii) Èç ðåçóëüòàòîâ ïðåäûäóùèõ òåîðåìû è ñëåäñòâèÿ âûòåêàåò ñëåäóþùåå: äëÿ íåêî-

òîðîãî êëàññà ôóíêöèé äîêàçàíî ñóùåñòâîâàíèå ãàìèëüòîíîâûõ èíòåãðàëîâ Ôåéíìàíà îò
íèõ ïî ïñåâäîìåðå Φ1

x; ïîêàçàíî ñîâïàäåíèå òàêèõ èíòåãðàëîâ Ôåéíìàíà ñ äåéñòâèåì íå-
êîòîðûõ ñèëüíî íåïðåðûâíûõ ïîëóãðóïï íà ïðîñòðàíñòâå C∞(Rd). Êðîìå òîãî, â ñëó÷àå
ôåëëåðîâñêèõ ïîëóãðóïï ãàìèëüòîíîâû èíòåãðàëû Ôåéíìàíà ïî ïñåâäîìåðå Φ1

x ñîâïàäàþò
ñ ôóíêöèîíàëüíûìè èíòåãðàëàìè ïî âåðîÿòíîñòíûì ìåðàì, ïîðîæäåííûì ñîîòâåòñòâóþ-
ùèìè ôåëëåðîâñêèìè ïðîöåññàìè (Xt)t≥0. Òàêèì îáðàçîì, ïîëó÷åíà ôîðìóëà, ïðåîáðàçó-
þùàÿ èíòåãðàëû ïî ïñåâäîìåðå Ôåéíìàíà Φ1

x â èíòåãðàëû ïî ñ÷åòíî-àääèòèâíûì ìåðàì
(àíàëîã ôîðìóëû çàìåíû ïåðåìåííûõ):∫

Ex
t

exp

(
−

t∫
0

H(q(s), p(s)) ds

)
ϕ(q(t)) Φ1

x(dqdp) = Ex
[
ϕ(Xt)

]
≡ Ttϕ(x).

Ïðèìåð 4. Îòìåòèì, ÷òî ñ ó÷åòîì òåîðåìû 5.1 èç [18] î ôîðìóëàõÔåéíìàíà äëÿ àääèòèâ-
íûõ âîçìóùåíèé ïîëóãðóïï ãàìèëüòîíîâà ôîðìóëà Ôåéíìàíà (18) (à, çíà÷èò, è ãàìèëüòîíîâ
èíòåãðàëÔåéíìàíà (27)) ñïðàâåäëèâà äëÿ ïîëóãðóïïû (Tt)t≥0, ïîðîæäåííîé 1-êâàíòîâàíèåì
ôóíêöèè Ãàìèëüòîíà H(q, p) =

√
p2 +m2 −m + V (q), ñîîòâåòñòâóþùåé êëàññè÷åñêîé ðå-

ëÿòèâèñòñêîé ÷àñòèöå áåç ñïèíà â ïîòåíöèàëüíîì ïîëå V : Rd → [0,∞), V ∈ C(Rd). Òàêèì
îáðàçîì, äëÿ ýòîé ïîëóãðóïïû (Tt)t≥0 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

Ttϕ(x) = lim
n→∞

(2π)−dn
∫

(Rd)2n

exp

(
i

n∑
k=1

pk · (qk−1 − qk)

)
×

× exp

(
− t

n

n∑
k=1

√
p2
k +m2 −m+ V (qk−1)

)
ϕ(qn) dq1dp1 · · · dqndpn =

=

∫
Ex

t =Qx
t ×Pt

exp

(
−

t∫
0

(
√
p(s)2 +m2 −m+ V (q(s))) ds

)
ϕ(q(t)) Φ1

x(dqdp) =

= Ex

[
exp

(
−

t∫
0

V (Xs) ds

)
ϕ(Xt)

]
,

ãäå (Xt)t≥0 | ïðîöåññ Ëåâè ñ 1-ñèìâîëîì H(p) =
√
p2 +m2 − m. Ïîñëåäíåå ðàâåíñòâî

ñëåäóåò èç ðåçóëüòàòîâ È÷èíîçå | Òàìóðû [41].

Çàêëþ÷åíèå

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé
(èëè, ÷òî òî æå ñàìîå, ïðåäñòàâëåíèÿ ýâîëþöèîííûõ ïîëóãðóïï) â âèäå ïðåäåëîâ êðàò-
íûõ èíòåãðàëîâ ïðè âîçðàñòàíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Òàêèå ïðåäñòàâëåíèÿ íàçûâà-
þòñÿ ôîðìóëàìèÔåéíìàíà. Ðàññìîòðåíû ôîðìóëûÔåéíìàíà äëÿ ïîëóãðóïï, ïîðîæäåííûõ
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íåêîòîðûìè ïñåâäî-äèôôåðåíöèàëüíûìè îïåðàòîðàìè (â ÷àñòíîñòè, äëÿ ôåëëåðîâñêèõ ïî-
ëóãðóïï è ïîëóãðóïï, ïîðîæäåííûõ ðàçëè÷íûìè òèïàìè êâàíòîâàíèÿ êâàäðàòè÷íîé ôóíê-
öèè Ãàìèëüòîíà). Ââåäåíà íåêîòîðàÿ êîíñòðóêöèÿ èíòåãðàëà Ôåéíìàíà ïî òðàåêòîðèÿì
â ôàçîâîì ïðîñòðàíñòâå è ïîêàçàíî, ÷òî ðàññìîòðåííûå ôîðìóëû Ôåéíìàíà ñîâïàäàþò ñ
ïîäîáíûìè èíòåãðàëàìè. Òåì ñàìûì, ïîêàçàíà ñâÿçü ìåæäó èíòåãðàëàìè ïî ïñåâäîìåðå
Ôåéíìàíà íà òðàåêòîðèÿõ â ôàçîâîì ïðîñòðàíñòâå è èíòåãðàëàìè ïî âåðîÿòíîñòíûì ìå-
ðàì, ñîîòâåòñòâóþùèì ôåëëåðîâñêèì ñëó÷àéíûì ïðîöåññàì. Òàêèì îáðàçîì, ðåçóëüòàòû
ðàáîòû, ñ îäíîé ñòîðîíû, íàïðàâëåíû íà ðàçâèòèå ñòðîãîãî ìàòåìàòè÷åñêîãî àïïàðàòà èíòå-
ãðàëîâ Ôåéíìàíà; ñ äðóãîé ñòîðîíû, ïîçâîëÿþò àïïðîêñèìèðîâàòü ïåðåõîäíûå âåðîÿòíîñòè
ñëó÷àéíûõ ïðîöåññîâ, äîñòàâëÿÿ, òåì ñàìûì, ñðåäñòâî êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñòî-
õàñòè÷åñêîé äèíàìèêè.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðàöèè

ÌÊ-4255.2012.1 è ãðàíòà ÐÔÔÈ 10-01-00724-à.
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In the present paper a new method to investigate and to describe linear dynamics is considered.
This method is based on representations of corresponding evolution semigroups (or, what is the
same, representations of solutions of the corresponding equations) by Feynman formulae, i.e.
by limits if iterated n-fold integrals when n tends to infinity. Sometimes one succeeds to get
Feynman formulae containing only integrals of elementary functions. Such Feynman formulae
allow to calculate solutions of evolution equations directly, to approximate transition probabilities
of stochastic processes, to model stochastic and quantum dynamics numerically. The limits in
Feynman formulae coincide with some functional integrals with respect to probability measures
or Feynman type pseudomeasures. Nowadays, functional integrals (or path integrals) play one
of central roles in mathematical apparatus of theoretical physics; they are important objects of
quantum field theory, especially in the theory of gauge fields. To solve a variety of problems it
is worth to apply Hamiltonian formalism of quantum mechanics and to deal with (Hamiltonian)
phase space Feynman path integrals. There are many different approaches to define such integrals
mathematically rigorously. And different classes of integrable functions arise in the frame of each
approach. In the present paper the approach of Smolyanov and his coauthors is used. This approach
allows to connect phase space Feynman path integrals with Hamiltonian Feynman formulae for
evolution semigroups. This method have been actively used last decade to describe different types
of dynamics in domains of Euclidean spaces and Riemannian manifolds, in infinite dimensional
linear and non-linear spaces, to investigate p-adic analogues of equations of mathematical physics.
The present work is expository, it brings together some of the results of recent articles of the
author (joint with Boettcher, Grothaus, Schilling, Smolyanov), in which the method of Feynman
formulae has been subsequently developed to investigate Feller semigroups and the connection of
such formulae with phase space Feynman path integrals has been studied. In this paper Feynman
formulae for Feller semigroups and semigroups generated by different quantizations of a quadratic
Hamilton function are obtained; a construction of phase space Feynman path integral is introduced;
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phase space Feynman path integrals for Feller semigroups and semigroups generated by different
quantizations of a quadratic Hamilton function are presented.
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