
ý ë å ê ò ð î í í î å í à ó ÷ í î - ò å õ í è ÷ å ñ ê î å è ç ä à í è å

ÍÀÓÊÀ è ÎÁÐÀÇÎÂÀÍÈÅ
Ýë ¹ ÔÑ77 - 30569. Ãîñóäàðñòâåííàÿ ðåãèñòðàöèÿ ¹0421100025. ISSN 1994-0408

Ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè | Íåéìàíà
äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ íà ïîëóïðÿìîé
ñ ïîìîùüþ ëàãðàíæåâîé ôîðìóëû Ôåéíìàíà
77-30569/246219
# 10, îêòÿáðü 2011
ß.À. Áóòêî, À. Â. Ìîðîçîâ
ÓÄÊ 517.987.4

ÌÃÒÓ èì. Í.Ý. Áàóìàíà
lk4d4math@gmail.com
yanabutko@yandex.ru

1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè | Íåéìàíà äëÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ íà ïîëóïðÿìîé ñ ïåðåìåííûìè êîýôôèöèåíòàìè, çàâèñÿùèìè îò êî-
îðäèíàòû. Ðåøåíèå çàäà÷è ïðåäñòàâëÿåòñÿ â âèäå ïðåäåëà êðàòíûõ èíòåãðàëîâ
îò ýëåìåíòàðíûõ ôóíêöèé, ñîäåðæàùèõ êîýôôèöèåíòû óðàâíåíèÿ è íà÷àëüíûå
óñëîâèÿ, ïðè âîçðàñòàíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Òàêèå ôîðìóëû íàçû-
âàþòñÿ <ôîðìóëàìè Ôåéíìàíà>. Ïîäîáíûå ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöè-
îííûõ óðàâíåíèé ìîæíî èñïîëüçîâàòü äëÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé è
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ èññëåäóåìîé äèíàìèêè. Êðîìå òîãî, ïðåäåëû
êîíå÷íîêðàòíûõ èíòåãðàëîâ â ôîðìóëàõ Ôåéíìàíà ñîâïàäàþò ñ íåêîòîðûìè
ôóíêöèîíàëüíûìè èíòåãðàëàìè ïî íåêîòîðûì âåðîÿòíîñòíûì ìåðàì íà ìíî-
æåñòâå òðàåêòîðèé â òåõ îáëàñòÿõ, íà êîòîðûõ ðàññìàòðèâàþòñÿ óðàâíåíèÿ.
Ïðåäñòàâëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé ñ ïîìîùüþ ôóíêöèîíàëü-
íûõ èíòåãðàëîâ îáû÷íî íàçûâàþòñÿ ôîðìóëàìè Ôåéíìàíà | Êàöà. Ïîäîáíûå
ïðåäñòàâëåíèÿ ïîëåçíû äëÿ èññëåäîâàíèÿ õàðàêòåðà ðåøåíèé ýâîëþöèîííûõ
óðàâíåíèé, â òîì ÷èñëå è ìåòîäàìè ñòîõàñòè÷åñêîãî àíàëèçà. Òàêèì îáðàçîì,
ôîðìóëûÔåéíìàíà ïîçâîëÿþò àïïðîêñèìèðîâàòü ôóíêöèîíàëüíûå èíòåãðàëû,
à ñëåäîâàòåëüíî è ïåðåõîäíûå âåðîÿòíîñòè ñîîòâåòñòâóþùèõ ñëó÷àéíûõ ïðî-
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öåññîâ (îáû÷íî íå âûðàæàþùèåñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè). Ìåòîä ïîëó-
÷åíèÿ ôîðìóë Ôåéíìàíà äëÿ ýâîëþöèîííûõ óðàâíåíèé áûë ïðåäëîæåí â ðàáî-
òàõÎ.Ã. Ñìîëÿíîâà è åãî ñîàâòîðîâ â 1999{2003 ãã. [11,12,13,21,22,23]. Äàííûé
ìåòîä îñíîâàí íà ïðèìåíåíèè òåîðåìû ×åðíîâà è ïîçâîëÿåò ïîëó÷àòü ôîðìóëû
Ôåéíìàíà è Ôåéíìàíà | Êàöà äëÿ îáøèðíîãî êëàññà ýâîëþöèîííûõ óðàâíå-
íèé íà ðàçëè÷íûõ ãåîìåòðè÷åñêèõ ñòðóêòóðàõ (ñì., íàïðèìåð, [4,5,6,17,19,20]).

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Òåîðåìà 1 (×åðíîâ). Ïóñòü X | áàíàõîâî ïðîñòðàíñòâî, L(X) | ïðî-
ñòðàíñòâî íåïðåðûâíûõ ëèíåéíûõ îïåðàòîðîâ íà X ñ ñèëüíîé îïåðàòîðíîé
òîïîëîãèåé. Ïóñòü îòîáðàæåíèå F : [0, +∞) → L(X) íåïðåðûâíî, F (0) = Id,
‖F (t)‖ 6 eat ñ íåêîòîðîé ïîñòîÿííîé a ∈ R1, ïðè÷åì åñòü òàêîå ïëîòíîå
ëèíåéíîå ïîäïðîñòðàíñòâî D ⊂ X , ÷òî äëÿ âñåõ x ∈ D ñóùåñòâóåò F ′(0)x.
Ïðåäïîëîæèì, ÷òî F ′(0) íàD îáëàäàåò çàìûêàíèåì C, ÿâëÿþùèìñÿ ãåíåðàòî-
ðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû {Tt}t>0. Òîãäà äëÿ âñÿêîãî x ∈ X èìååì
F (t/n)nx → Ttx ïðè n →∞ ðàâíîìåðíî ïî t èç âñÿêîãî îòðåçêà.
Ñåìåéñòâî îïåðàòîðîâ (F (t))t>0) íàçûâàþò ýêâèâàëåíòíûì ïî ×åðíîâó ïî-

ëóãðóïïå (Tt)t>0, åñëè ýòî ñåìåéñòâî óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû
×åðíîâà ïî îòíîøåíèþ ê ýòîé ïîëóãðóïïå. Åñëè âñå F (t)| ýòî èíòåãðàëüíûå
îïåðàòîðû, ÿäðà êîòîðûõ ÿâëÿþòñÿ ýëåìåíòàðíûìè ôóíêöèÿìè, òî ôîðìóëà

Ttx = lim
n→∞

F (t/n)nx

íàçûâàåòñÿ ëàãðàíæåâîé ôîðìóëîé Ôåéíìàíà.

3. Çàäà÷à Êîøè | Íåéìàíà
äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ íà ïîëóïðÿìîé

Ïóñòü Cb[0,∞) | áàíàõîâî ïðîñòðàíñòâî íåïðåðûâíûõ îãðàíè÷åííûõ íà
áåñêîíå÷íîñòè ôóíêöèé ñ íîðìîé ‖f‖∞ = sup

x∈[0,∞)
|f(x)|. Ïóñòü îïåðàòîð N

îïðåäåëåí íà îáëàñòè

DomN =
{
ϕ ∈ Cb[0,∞): ϕ′(0) = 0, Nϕ ∈ Cb[0,∞)

}
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è äåéñòâóåò ñëåäóþùèì îáðàçîì:

Nϕ(x) =
a

2

d2ϕ(x)

dx2 + b(x)
dϕ(x)

dx
+ V (x)ϕ(x),

ãäå a > 0; b(·), V (·): [0,∞) → R| îãðàíè÷åííûå è íåïðåðûâíûå ôóíêöèè.
Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó Êîøè | Íåéìàíà:

∂f

∂t
(t, x) = Nf(t, x), t > 0, x ∈ [0,∞),

f(0, x) = f0(x), x ∈ [0,∞),

∂f

∂x
(t, 0) = 0, t > 0.

(1)

Ïðåäïîëîæåíèå 1. Íà ïðîñòðàíñòâåCb[0,∞) ñóùåñòâóåò ñèëüíî íåïðåðûâ-
íàÿ ïîëóãðóïïà îïåðàòîðîâ (TN

t )t60 (ñ ãåíåðàòîðîì N ), ðàçðåøàþùàÿ çàäà÷ó
(1), ò.å. äëÿ ëþáîé f0 ∈ Cb[0,∞) ðåøåíèå çàäà÷è Êîøè | Íåéìàíà (1) ïðåä-
ñòàâëÿåòñÿ â âèäå f(t, x) = (TN

t f0)(x).
Ïðåäïîëîæåíèå 2. Ìíîæåñòâî

GN =
{

ϕ ∈ Cb[0,∞): ϕ′, ϕ′′, ϕ′′′ ∈ Cb[0,∞),

ϕ′(0) = ϕ′′(0) = ϕ′′′(0) = 0
}
∩ DomN, (2)

ÿâëÿåòñÿ ñóùåñòâåííîé îáëàñòüþîïðåäåëåíèÿ ãåíåðàòîðà ïîëóãðóïïû (TN
t )t>0.

Â äàëüíåéøåì ìû ïîñòðîèì ñåìåéñòâî èíòåãðàëüíûõ îïåðàòîðîâ (F (t))t>0,
ýêâèâàëåíòíîå ïî ×åðíîâó ïîëóãðóïïå (TN

t )t>0. Òîãäà, ïî òåîðåìå ×åðíîâà,
ðåøåíèå ïîñòàâëåííîé çàäà÷è Êîøè | Íåéìàíà áóäåò ïðåäñòàâëåíî â âèäå
ëàãðàíæåâîé ôîðìóëû Ôåéíìàíà

f(t, x) = (TN
t f0)(x) = lim

n→∞
([F (t/n)]nf0)(x).

4. Ëàãðàíæåâà ôîðìóëà Ôåéíìàíà äëÿ çàäà÷è Êîøè |
Íåéìàíà äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ íà ïîëóïðÿìîé

Îïðåäåëèì ñåìåéñòâî îïåðàòîðîâ (F (t))t>0 ñëåäóþùèì îáðàçîì. Ïóñòü
F (0) = Id è äëÿ ëþáîãî t > 0 F (t)ϕ(x) = T∆

t etV (x)T∇
t f(x), ãäå etV (x) |

îïåðàòîð óìíîæåíèÿ íà ôóíêöèþ etV (x),

T∆
t ϕ(x) =

1√
2πat

∞∫
0

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
ϕ(y) dy,
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è T∇
t îïðåäåëåí òàê: êàæäóþ ôóíêöèþ ϕ ∈ Cb[0,∞) äîîïðåäåëèì ÷åòíûì

îáðàçîì íà âñþ âåùåñòâåííóþ îñü (ïðè ýòîì ôóíêöèÿ îñòàíåòñÿ íåïðåðûâíîé;
áóäåì îáîçíà÷àòü åå òåìæå ñèìâîëîì) è ïîëîæèìTtϕ(x) = ϕ(x+b(x)t). Òàêèì
îáðàçîì,

F (t)ϕ(x) =
1√
2πat

∞∫
0

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
etV (y)ϕ(y + b(y)t) dy. (3)

Ïðåäëîæåíèå 1. Ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0 äåéñòâóåò èç ïðîñòðàí-
ñòâà Cb[0,∞) â íåãî æå.

J Ïóñòü ôóíêöèÿ ϕ(x) ïðèíàäëåæèò ïðîñòðàíñòâó Cb[0,∞), òîãäà ôóíêöèÿ
T∇

t ϕ(x) òàêæå ïðèíàäëåæèò ïðîñòðàíñòâó Cb[0,∞). Ðàññìîòðèì ôóíêöèþ
F (t)ϕ(x):

|F (t)ϕ(x)| =

∣∣∣∣∣ 1√
2πat

∞∫
0

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
etV (y)T∇

t ϕ(y) dy

∣∣∣∣∣ 6
6

1√
2πat

∞∫
0

∣∣∣∣e− (x−y)2

2at + e−
(x+y)2

2at

∣∣∣∣ dy sup
x∈[0,∞)

|etV (x)T∇
t ϕ(x)| 6

6
1√
2πat

( ∞∫
0

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy +

∞∫
0

∣∣∣∣e− (x+y)2

2at

∣∣∣∣ dy

)
sup

x∈[0,∞)
|etV (x)T∇

t ϕ(x)| =

=
1√
2πat

( ∞∫
0

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy +

0∫
−∞

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy

)
sup

x∈[0,∞)
|etV (x)T∇

t ϕ(x)| =

=
1√
2πat

∞∫
−∞

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy sup
x∈[0,∞)

|etV (x)T∇
t ϕ(x)| =

= et‖V (x)‖∞ sup
x∈[0,∞)

|T∇
t ϕ(x)| 6 et‖V (x)‖∞‖ϕ‖∞.

Òàêèì îáðàçîì, ôóíêöèÿ F (t)ϕ îãðàíè÷åíà; F (t)ϕ òàê æå ÿâëÿåòñÿ íåïðå-
ðûâíîé, êàê êîìïîçèöèÿ íåïðåðûâíûõ ôóíêöèé. I

Òåîðåìà 2. Ñåìåéñòâî îïåðàòîðîâ (3) ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå
îïåðàòîðîâ (TN

t )t>0, ðàçðåøàþùåé çàäà÷ó (1), ò.å. ðåøåíèå ýòîãî çàäà÷è ìîæåò
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áûòü ïîëó÷åíî ïî ôîðìóëå Ôåéíìàíà:

f(t, x) = lim
n→∞

[F (t/n)]nf0(x). (4)

Äîêàçàòåëüñòâî òåîðåìû ñîñòîèò â ïðîâåðêå óñëîâèé òåîðåìû ×åðíîâà äëÿ
ñåìåéñòâà îïåðàòîðîâ {F (t)}t>0 ïî îòíîøåíèþ ê ïîëóãðóïïå (TN

t )t>0. Ñôîð-
ìóëèðóåì âûïîëíåíèå ýòèõ óñëîâèé â âèäå ëåìì.
Ëåììà 1. Äëÿ âñåõ t > 0 âåðíî íåðàâåíñòâî ‖F (t)‖ 6 eta ñ íåêîòîðîé

ïîñòîÿííîé a ∈ R1.

J Ïî ñâîéñòâàì êîìïîçèöèè îïåðàòîðîâ

‖F (t)‖ = ‖T∆
t etV (x)T∇

t ‖ 6 ‖T∆
t ‖ · ‖etV (x)‖ · ‖T∇

t ‖,

Èç íåïðåðûâíîñòè è îãðàíè÷åííîñòè V (x) ñëåäóåò ‖etV (x)‖ 6 et‖V (x)‖∞. Íàé-
äåì íîðìó ‖T∆

t ‖:

‖T∆
t ‖ = sup

‖ϕ‖∞ 6=0

‖T∆
t ϕ‖∞
‖ϕ‖∞

=

= sup
‖ϕ‖∞ 6=0

sup
x∈[0,∞)

∣∣∣∣ 1√
2πat

∞∫
0

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
ϕ(y) dy

∣∣∣∣
sup

x∈[0,∞)
|ϕ(x)|

6

6 sup
‖ϕ‖∞ 6=0

sup
x∈[0,∞)

{∣∣∣∣ 1√
2πat

∣∣∣∣
∞∫

0

∣∣∣∣e− (x−y)2

2at + e−
(x+y)2

2at

∣∣∣∣ dy · sup
x∈[0,∞)

|ϕ(x)|

}
sup

x∈[0,∞)
|ϕ(x)|

6

6 sup
x∈[0,∞)

{∣∣∣∣ 1√
2πat

∣∣∣∣
∞∫

0

(∣∣∣∣e− (x−y)2

2at

∣∣∣∣+ ∣∣∣∣e− (x+y)2

2at

∣∣∣∣) dy

}
=

= sup
x∈[0,∞)

{∣∣∣∣ 1√
2πat

∣∣∣∣
( ∞∫

0

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy +

0∫
−∞

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy

)}
=

= sup
x∈[0,∞)

{∣∣∣∣ 1√
2πat

∣∣∣∣
∞∫

−∞

∣∣∣∣e− (x−y)2

2at

∣∣∣∣ dy

}
= 1.

Òàê êàê T∇
t ϕ(x) = ϕ(x + b(x)t), òî ‖T∇

t ‖ = 1.
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Òàêèì îáðàçîì, ïîëó÷àåì ‖F (t)‖ 6 ‖T∆
t ‖ · ‖etV (x)‖ · ‖T∇

t ‖ 6 et‖V (x)‖∞, ÷òî
è òðåáîâàëîñü äîêàçàòü. I

Ëåììà 2. Íà ìíîæåñòâå GN , çàäàííîì ôîðìóëîé (2), îïåðàòîð
F ′(0) = lim

t→0

F (t)− Id
t

(ïðåäåë áåðåòñÿ â ñèëüíîé îïåðàòîðíîé òîïîëîãèè) ñîâïà-

äàåò ñ ãåíåðàòîðîì ïîëóãðóïïû (TN
t )t>0.

J Äîêàæåì, ÷òî äëÿ ëþáîãî ϕ ∈ GN âûïîëíÿåòñÿ ðàâåíñòâî F ′(0)ϕ = Nϕ.
Äëÿ íà÷àëà äîêàæåì, ÷òî lim

t→0

T∆
t ϕ− ϕ

t
(x) =

(
a

2

d2ϕ

dx2

)
(x). Ïóñòü ϕ ∈ GN ,

ïðîäîëæèì ýòó ôóíêöèþ ÷åòíûì îáðàçîì íà ëó÷ (−∞, 0), ïðè ýòîì ôóíê-
öèÿ ϕ ∈ GN îñòàíåòñÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìîé. Ðàññìîòðèì
ôóíêöèþ (T∆

t ϕ− ϕ)(x):

(T∆
t ϕ− ϕ)(x) =

1√
2πat

∞∫
0

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
ϕ(y)dy − ϕ(x) =

=
1√
2πat

∞∫
−∞

e−
(x−y)2

2at ϕ(y) dy − 1√
2πat

∞∫
−∞

e−
(x−y)2

2at ϕ(x) dy =

=
1√
2πat

∞∫
−∞

e−
(x−y)2

2at (ϕ(y)− ϕ(x)) dy.

Ðàçëîæèì ϕ(y) ïî ôîðìóëå Òåéëîðà c îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà ñ
öåíòðîì â òî÷êå x:

1√
2πat

∞∫
−∞

e−
(x−y)2

2at (ϕ(y)− ϕ(x)) dy =

=
1√
2πat

∞∫
−∞

e−
(x−y)2

2at

(
ϕ′(x)(y−x)+

1

2
ϕ′′(x)(y−x)2+

1

3!
ϕ′′′(ξ)(y−x)3

)
dy.

Èíòåãðàë

I1 =
1√
2πat

∞∫
−∞

e−
(x−y)2

2at ϕ′(x)(y − x) dy

ðàâåí íóëþ, êàê èíòåãðàë ïî R îò íå÷åòíîé ôóíêöèè.
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Äàëåå,

I2 =
1√
2πat

∞∫
−∞

e−
(x−y)2

2at · 1

2
ϕ′′(x)(y − x)2dy =

=
ϕ′′(x)

2
√

2πat

∞∫
−∞

e−
(x−y)2

2at (y−x)2dy =
ϕ′′(x)

2
√

2πat

∞∫
−∞

at

x−y
(y−x)2d

(
e−

(x−y)2

2at

)
=

=
ϕ′′(x)at

2
√

2πat

∞∫
−∞

(x− y)d

(
e−

(x−y)2

2at

)
=

=
ϕ′′(x)at

2
√

2πat

(
(x− y)e−

(x−y)2

2at

∣∣∣∣∞
−∞

+

∞∫
−∞

e−
(x−y)2

2at dy

)
= t

(
a

2

d2ϕ

dx2

)
(x).

Çäåñü áûëî èñïîëüçîâàíî ñëåäóþùåå ñâîéñòâî ãàóññîâîé ýêñïîíåíòû:

1√
2πat

∞∫
−∞

e−
(x−y)2

2at dy = 1.

Íàêîíåö,

|I3| =

∣∣∣∣∣ 1√
2πat

∞∫
−∞

e−
(x−y)2

2at
1

3!
ϕ′′′(ξ)(y − x)3dy

∣∣∣∣∣ 6
6

1

6
√

2πat
· sup

η∈R
|ϕ′′′(η)|

∞∫
−∞

∣∣∣∣e− (x−y)2

2at (y − x)3
∣∣∣∣ dy.

Ââåäåì çàìåíó ïåðåìåííûõ z = x− y, òîãäà:

|I3| 6
sup
η∈R

|ϕ′′′(η)|

6
√

2πat
· 2

∣∣∣∣∣
∞∫

0

e−
z2

2atz3dz

∣∣∣∣∣ =

sup
η∈R

ϕ′′′(η)at

3
√

2πat

∣∣∣∣∣∣
∞∫

0

z2d
(
e−

z2

2at

)∣∣∣∣∣∣ =

=

sup
η∈R

ϕ′′′(η)at

3
√

2πat

∣∣∣∣∣∣z2e−
z2

2at

∣∣∣∣∞
0
− 2

∞∫
0

ze−
z2

2atdz

∣∣∣∣∣∣ =

=

2 sup
η∈R

ϕ′′′(η)a2(x)t2

3
√

2πat

∣∣∣∣e− z2

2at

∣∣∣∞
0

∣∣∣∣ =

2 sup
η∈R

ϕ′′′(η)a2(x)t2

3
√

2πat
.
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Òàê êàê ϕ′′′| îãðàíè÷åíàÿ ôóíêöèÿ íà R, òî

lim
t→0

|I3|
t

(x) 6 lim
t→0

2 sup
η∈R

ϕ′′′(η)a2(x)t

3
√

2πat
= 0.

Òàêèì îáðàçîì, ïîëó÷àåì:

lim
t→0

T∆
t ϕ− ϕ

t
(x) = lim

t→0

I1 + I2 + I3

t
(x) =

(
a

2

d2ϕ

dx2

)
(x).

Äîêàæåì òåïåðü, ÷òî lim
t→0

T∇t ϕ− ϕ

t
(x) =

(
b(x)

dϕ

dx

)
(x). Èìååì:

lim
t→0

T∇
t ϕ− ϕ

t
(x) = lim

t→0

ϕ(x + b(x)t)− ϕ(x)

t
.

Ðàçëîæèì ôóíêöèþ ϕ(x + b(x)t) ïî ôîðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â
ôîðìå Ëàãðàíæà ñ öåíòðîì â òî÷êå x:

lim
t→0

ϕ(x + b(x)t)− ϕ(x)

t
= lim

t→0

ϕ′(x)(tb(x)) +
1

2
ϕ′′(ξ)(t2b2(x))

t
= b(x)

dϕ

dx
(x).

Èñïîëüçóÿ äîêàçàííûå óòâåðæäåíèÿ, ïîëó÷àåì:

F ′(0)ϕ(x) = lim
t→0

[T∆
t etV (x)T∇

t ϕ(x)− ϕ(x)]

t
=

= lim
t→0

[T∆
t (etV (x)T∇

t ϕ(x)− ϕ(x)) + T∆
t ϕ(x)− ϕ(x)]

t
=

= lim
t→0

[etV (x)T∇
t ϕ(x)− ϕ(x)]

t
+

a

2

d2ϕ

dx2 ϕ(x) =

= lim
t→0

[etV (x)(T∇
t ϕ(x)− ϕ(x)) + etV (x)ϕ(x)− ϕ(x)]

t
+

a

2

d2ϕ

dx2 ϕ(x) =

= lim
t→0

[T∇
t ϕ(x)− ϕ(x)]

t
+

a

2

d2ϕ

dx2 (x) + V (x)ϕ(x) =

=
a

2

d2ϕ

dx2 ϕ(x) + b(x)
dϕ

dx
(x) + V (x)ϕ(x) = Nϕ(x).

Ïðîâåðèì âûïîëíåíèå êðàåâûõ óñëîâèé

∂

∂x
(F (t)ϕ)(t, 0) = 0.
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Ôóíêöèè

g(x, y) =

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
etV (y)ϕ(y + b(y)t),

gx(x, y) =
∂g

∂x
(x, y) =

= − 1

at

(
(x− y)e−

(x−y)2

2at + (x + y)e−
(x+y)2

2at

)
etV (y)ϕ(y + b(y)t)

íåïðåðûâíû íà [0,∞]. Äëÿ gx(x, y) ïðè ëþáîì x ∈ [−1, 1] ìîæíî âçÿòü èíòå-
ãðèðóåìóþ íà [0,∞) ìàæîðàíòó

m(y) =


2(y + 1)

at
e−

(y−1)2

2at C, y > 1;

8C√
at

, y ∈ [0, 1),

ãäå C = et‖V (x)‖∞‖ϕ‖∞. Ñëåäîâàòåëüíî, ïî ïðèçíàêó Âåéåðøòðàññà èíòåãðàë
∞∫
0

gx(x, y)dy ðàâíîìåðíî ñõîäèòñÿ ïî ïàðàìåòðó x íà îòðåçêå [−1, 1]. Èíòåãðàë

∞∫
0

g(x, 0)dy =

∞∫
0

2e−
y2

2atetV (y)ϕ(y + b(y)t) dy

ñõîäèòñÿ, òàê êàê ïåðâàÿ ýêñïîíåíòà â íåì áûñòðî óáûâàåò ê íóëþ íà áåñêîíå÷-
íîñòè. Òîãäà ïî òåîðåìå î äèôôåðåíöèðîâàíèè íåñîáñòâåííîãî èíòåãðàëà ïî

ïàðàìåòðó ∂

∂x

∞∫
0

g(x, y)dy =
∞∫
0

gx(x, y)dy. Îòñþäà ïîëó÷àåì:

∂

∂x
(F (t)ϕ)(t, 0) =

=
1√
2πat

∂

∂x

∞∫
0

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
etV (y)ϕ(y + b(y)t) dy

∣∣∣∣
x=0

=

=
1√
2πat

∞∫
0

∂

∂x

(
e−

(x−y)2

2at + e−
(x+y)2

2at

)
etV (y)ϕ(y + b(y)t) dy

∣∣∣∣
x=0

=

=
1√
2πat

∞∫
0

(
− y

at
e−

y2

2at +
y

at
e−

y2

2at

)
etV (y)ϕ(y + b(y)t) dy = 0.

Ýòî çàâåðøàåò äîêàçàòåëüñòâî ëåììû. I
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Çàïèøåì ëàãðàíæåâó ôîðìóëó Ôåéíìàíà â ÿâíîì âèäå. Ïîäñòàâëÿÿ â ôîð-
ìóëó (4) ÿâíûå âûðàæåíèÿ îïåðàòîðîâ, ïîëó÷èì:

f(t,x0)= lim
n→∞

([F (t/n)]nf0)(t,x0)= lim
n→∞

1√
2aπ t

n

∞∫
0

(
e
−(x0−x1)2

2a t
n +e

−(x0+x1)2

2a t
n

)
×

×e
t
nV (x1+

t
nb(x1))√

2aπ t
n

∞∫
0

(
e

−(x1+ t
nb(x1)−x2)

2

2a t
n +e

−(x1+ t
nb(x1)+x2)

2

2a t
n

)
e

t
nV (x2+ t

nb(x2))√
2aπ t

n

×...

. . .× e
t
nV (xn−1+ t

nb(xn−1))√
2aπ t

n

∞∫
0

(
e

−(xn−1+ t
nb(xn−1)−xn)

2

2a t
n +e

−(xn−1+ t
nb(xn−1)+xn)

2

2a t
n

)
×

× e
t
nV (xn+ t

nb(xn))f0

(
xn + b(xn)

t

n

)
dxn . . . dx1 =

= lim
n→∞

(
1

2aπ t
n

)n
2

∞∫
0

· · ·
∞∫

0︸ ︷︷ ︸
n ðàç

(
e
−(x0−x1)2

2a t
n + e

−(x0+x1)2

2a t
n

)
×

×
n−1∏
i=1

(
e

−(xi+ t
nb(xi)−xi+1)

2

2a t
n + e

−(xi+ t
nb(xi)+xi+1)

2

2a t
n

)
×

e

t
n

n∑
i=1

V
(
xi + t

nb(xi)
)
f0

(
xn + b(xn)

t

n

)
dxn . . . dx1.

Ç à ì å ÷ à í è å . Ðàññìîòðèì çàäà÷ó Êîøè | Äèðèõëå äëÿ ïàðàáîëè÷åñêîãî
óðàâíåíèÿ íà ïîëóïðÿìîé:

∂f

∂t
(t, x) = Df(t, x), t > 0, x ∈ [0,∞),

f(0, x) = f0(x), x ∈ [0,∞),

f(t, 0) = 0, t > 0,

ãäå îïåðàòîð D äåéñòâóåò íà ïðîñòðàíñòâå Cb
0[0,∞) îãðàíè÷åííûõ íåïðåðûâ-

íûõ íà ëó÷å [0,∞) ôóíêöèé, îáðàùàþùèõñÿ â íóëü ïðè x = 0,

DomD =
{
ϕ(x) ∈ Cb

0[0,∞): Dϕ ∈ Cb
0[0,∞)

}
,

è äëÿ ëþáîé ôóíêöèè ϕ ∈ DomD èìååì

Dϕ(x) =
1

2
a(x)

d2ϕ(x)

dx2 + b(x)
dϕ(x)

dx
+ V (x)ϕ(x).
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Ïóñòü ôóíêöèè a(·), b(·), V (·): [0,∞) → R îãðàíè÷åíû è íåïðåðûâíû è a(x) >

a0 > 0 ïðè x ∈ [0,∞). Òîãäà ñ ïîìîùüþ ðàññóæäåíèé, àíàëîãè÷íûõ äîêàçà-
òåëüñòâó òåîðåìû 2, ìîæíî ïîêàçàòü, ÷òî ðåøåíèå ýòîé çàäà÷è ïðåäñòàâëÿåòñÿ
ñ ïîìîùüþ ëàãðàíæåâîé ôîðìóëû Ôåéíìàíà:

f(t, x0) = lim
n→∞

([F (t/n)]nf0)(t, x0) =

= lim
n→∞

e
t
nV (x0)√

2a(x0)π
t
n

∞∫
0

(
e
−(x0−x1)2

2a(x0) t
n − e

−(x0+x1)2

2a(x0) t
n

)
×

× e
t
nV (x1+ t

nb(x1))√
2a(x1 + t

nb(x1))π
t
n

∞∫
0

(
e

−(x1+ t
nb(x1)−x2)

2

2a(x1+ t
nb(x1)) t

n − e

−(x1+ t
nb(x1)+x2)

2

2a(x1+ t
nb(x1)) t

n

)
× . . .

. . .× e
t
nV
(
xn−1 + t

nb(xn−1)
)

√
2a
(
xn−1 + t

nb(xn−1)
)
π t

n

∞∫
0

(
e

−(xn−1+ t
nb(xn−1)−xn)

2

2a(xn−1+ t
nb(xn−1)) t

n −

− e

−(xn−1+ t
nb(xn−1)+xn)

2

2a(xn−1+ t
nb(xn−1)) t

n

)
f0

(
xn + b(xn)

t

n

)
dxn . . . dx1 =

= lim
n→∞

e
t
nV (x0)√
2a(x0)π

t
n

∞∫
0

···
∞∫

0︸ ︷︷ ︸
n ðàç

(
e
−(x0−x1)2

2a(x0) t
n −e

−(x0+x1)2

2a(x0) t
n

)
e

t
n

n−1∑
i=1

V
(
xi+

t
nb(xi)

)
×

×
n−1∏
i=1

 1√
2a
(
xi+

t
nb(xi)

)
π t

n

e

−(xi+ t
nb(xi)−xi+1)

2

2a(xi+ t
nb(xi)) t

n −e

−(xi+ t
nb(xi)+xi+1)

2

2a(xi+ t
nb(xi)) t

n


×

× f0

(
xn + b(xn)

t

n

)
dxn . . . dx1.

5. Çàêëþ÷åíèå

Ïîëó÷åíî ïðåäñòàâëåíèå ðåøåíèÿ çàäà÷è Êîøè | Íåéìàíà äëÿ ïàðàáîëè-
÷åñêîãî óðàâíåíèÿ íà ïîëóïðÿìîé â âèäå ïðåäåëà êîíå÷íîêðàòíûõ èíòåãðàëîâ
ïðè íåîãðàíè÷åííîì âîçðàñòàíèè êðàòíîñòè; ïðè ýòîì èíòåãðàëû áåðóòñÿ îò
ýëåìåíòàðíûõ ôóíêöèé, çàâèñÿùèõ îò êîýôôèöèåíòîâ óðàâíåíèÿ è íà÷àëüíûõ
äàííûõ. Òàêèå ïðåäñòàâëåíèÿ íàçûâàþò ôîðìóëàìè Ôåéíìàíà. Ïîëó÷åííàÿ

http://technomag.edu.ru/doc/246219.html 11

http://technomag.edu.ru/doc/246219.html


ôîðìóëà Ôåéíìàíà ìîæåò áûòü èñïîëüçîâàíà äëÿ íåïîñðåäñòâåííûõ âû÷èñëå-
íèé è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ñîîòâåòñòâóþùåé äèíàìèêè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèé-
ñêîé Ôåäåðàöèè MK-943.2010.1. è ãðàíòà ÐÔÔÈ 10-01-00724-a.
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The Cauchy | Neumann problem for a parabolic equation with position-dependent
coefficients is considered on a ray. The solution of the problem is represented by a
limit of n-fold iterated integrals of elementary functions containing the coefficients of
the equation and the initial conditions when n tends to infinity. Such representations
are called Feynman formulae. Such formulae can be used for direct calculations
and computer modeling of the considered dynamics. Moreover, the limits of finite
dimensional integrals in Feynman formulae coincide with some functional integrals
with respect to probability measures on the set of paths in the domains, where the
equations are considered. Thus, Feynman formulae allow to approximate functional
integrals, and hence the transition probabilities of the corresponding stochastic
processes (usually the transition probabilities are not known explicitly). A method to
obtain Feynman formulae for evolution equations is suggested inworks of Smolyanov
and his co-authors. Thismethod is based on theChernoff theoremand allows to obtain
Feynman and Feynman | Kac formulae for a broad class of evolution equations on
various geometric structures.
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