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1. Ââåäåíèå

Äàííàÿ ñòàòüÿ ïîñâÿùåíà èññëåäîâàíèþ ïîâåäåíèÿ êâàçèêëàññè÷åñêîãî ðå-
øåíèÿ çàäà÷è Êîøè äëÿ íåñòàöèîíàðíîãî óðàâíåíèÿ Øð¸äèíãåðà íà ãåîìåòðè-
÷åñêîì ãðàôå. Îíà ÿâëÿåòñÿ ïðîäîëæåíèåì ñòàòåé [2], [3], â êîòîðûõ ÷èòàòåëü
ìîæåò íàéòè âñå íåîáõîäèìûå îáîçíà÷åíèÿ, îïðåäåëåíèÿ è ôîðìóëèðîâêè. Òàì
æå (è â [4]) óêàçàíû ññûëêè íà íåêîòîðûå ñòàòüè è îáçîðû, êàñàþùèåñÿ èçó÷åíèÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé íà ãåîìåòðè÷åñêèõ ãðàôàõ.
Â [3] áûëè âûïèñàíû ôîðìóëû äëÿ àñèìïòîòèêè ÷èñëà ãàóññîâûõ ïàêåòîâ

äëÿ çâåçäíîãî ãðàôà, è ïîñòàâëåí âîïðîñ î íàõîæäåíèè ñòàðøåãî êîýôôèöèåíòà
äëÿ ñëó÷àÿ ïðîèçâîëüíîãî êîíå÷íîãî êîìïàêòíîãî ãðàôà. Â äàííîé ðàáîòå ýòà
çàäà÷à ðåøåíà, è íàéäåíà îáùàÿ ôîðìóëà äëÿ ýòîãî êîýôôèöèåíòà (ñì. Òå-
îðåìó 2). Êðîìå òîãî, â [3] äîêàçàíà ðàâíîìåðíîñòü ðàñïðåäåëåíèÿ ïàêåòîâ
äëÿ ÷àñòíîãî ñëó÷àÿ äâóõ òî÷åê, ñîåäèíåííûõ òðåìÿ ðåáðàìè. Â äàííîé ñòàòüå
ïðèâåäåíî äîêàçàòåëüñòâî ðàâíîìåðíîñòè àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ ïà-
êåòîâ ïî ïðîèçâîëüíîìó êîíå÷íîìó êîìïàêòíîìó ãðàôó äëÿ ïî÷òè âñåõ âðåìåí
ïðîõîæäåíèÿ ðåáåð (ñì. Òåîðåìó 1).
Âî âòîðîé ÷àñòè ñòàòüè (ðàçäåë 3) âïåðâûå îáñóæäàþòñÿ âîïðîñû îïèñàíèÿ

àñèìïòîòèêè êîëè÷åñòâà ïàêåòîâ äëÿ ñëó÷àÿ ëèíåéíî çàâèñèìûõ íàä Q ðåáåð.
Â ýòîé ñèòóàöèè, â îáùåì ñëó÷àå, íàðóøàåòñÿ óñòàíîâëåííîå â [2], [3] ñîîò-
âåòñòâèå ìåæäó êîëè÷åñòâîì ïàêåòîâ è ÷èñëîì óçëîâ öåëî÷èñëåííîé ðåøåòêè,
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ïîïàäàþùèõ íà íåêîòîðûå ãðàíè ðàñøèðÿþùåãîñÿ ñèìïëåêñà, îäíàêî àíàëèç
èõ êîëè÷åñòâà âñå ðàâíî âîçìîæåí. Â ðàçäåëå 3 îïèñàíà ñèòóàöèÿ, êîãäà ðàíã
ñèñòåìû âðåìåí ïðîõîæäåíèÿ ðåáåð ðàâåí åäèíèöå. Íà ãðàô ïðè ýòîì íå íà-
êëàäûâàþòñÿ äîïîëíèòåëüíûå óñëîâèÿ. Îêàçûâàåòñÿ, ÷òî ÷èñëî ïàêåòîâ â ýòîì
ñëó÷àå ðàñòåò òîëüêî íà êîíå÷íîì îòðåçêå âðåìåíè è ñòàáèëèçèðóåòñÿ íà íå-
êîòîðîì çíà÷åíèè, êîòîðîå çàâèñèò îò äëèí öèêëîâ. Òàêæå ðàññìàòðèâàåòñÿ
ñèòóàöèÿ, êîãäà ðàíã ñèñòåìû âðåìåí ïðîõîæäåíèÿ ðåáåð ðàâåí äâóì, äëÿ ñëó-
÷àÿ çâåçäíîãî ãðàôà. Íàéäåí ãëàâíûé ÷ëåí àñèìïòîòèêè êîëè÷åñòâà ãàóññîâûõ
ïàêåòîâ.

2. Ñëó÷àé ëèíåéíî íåçàâèñèìûõ íàä Q âðåìåí ïðîõîæäåíèÿ ðåáåð.

Âýòîé ñòàòüå ðàññìàòðèâàþòñÿ êîíå÷íûåêîìïàêòíûå ãåîìåòðè÷åñêèå ãðàôû.
×èñëî ðåáåð ãðàôà îáîçíà÷èìE, ÷èñëî âåðøèí V . Âðåìåíà ïðîõîæäåíèÿ ðåáåð
(ñì. [3]), ÿâëÿþùèåñÿ àíàëîãàìè äëèí ðåáåð, îáîçíà÷àþòñÿ tj .
Ëåììà 1. Âðåìÿ ïðîõîæäåíèÿ ëþáîãî ðåáðà ãðàôà çàâèñèò òîëüêî îò íà-

÷àëüíûõ äàííûõ è îäèíàêîâî äëÿ ëþáûõ ãàóññîâûõ ïàêåòîâ íà êàæäîì ôèêñè-
ðîâàííîì ðåáðå.
Äîêàçàòåëüñòâî. Ôèêñèðóåì íåêîòîðîå ðåáðî ñ íîìåðîì j. Ïî ïîñòðîåíèþ

ðåøåíèÿ íà êàæäîì ðåáðå (ñ ïîìîùüþìåòîäà êîìïëåêñíîãî ðîñòêàÌàñëîâà, ñì
[3]), ìû ïîëó÷àåì, ÷òî âûïîëíÿåòñÿ P 2 +V (x) = Ej (â ñèëó çàêîíà ñîõðàíåíèÿ
ýíåðãèè äëÿ ãàìèëüòîíîâîé ñèñòåìû), ãäå çíà÷åíèå Ej îïðåäåëÿåòñÿ íà÷àëü-
íûìè óñëîâèÿìè. Çàïèñûâàÿ P = dX

dt , ïîëó÷àåì äëÿ âðåìåíè ïðîõîæäåíèÿ ðå-

áðà ÿâíîå âûðàæåíèå tj =
b∫
a

dx√
Ej−V (x)

, ãäå èíòåãðàë áåðåòñÿ ïî ðåáðó. Âåëè÷èíà

Ej îäèíàêîâà äëÿ âñåõ ðåáåð, òàê êàê â âåðøèíàõ ïîòåíöèàë V (x) ïðåäïîëàãà-
åòñÿ íåïðåðûâíûì, à P ìîæåò ìåíÿòü òîëüêî çíàê (ïî ïîñòðîåíèþ ðåøåíèÿ),
òàêèì îáðàçîì ôîðìóëà Ej = P 2 + V (x) îïðåäåëÿåò îäíî è òîæå çíà÷åíèå
Ej = E äëÿ âñåõ ïàêåòîâ. Â íà÷àëüíûé ìîìåíò âðåìåíè E =

(
∂S0

∂x

)2
+ V (x0).

Ñàìè çíà÷åíèÿ tj ìîãóò áûòü ðàçëè÷íû, òàê êàê îãðàíè÷åíèå ïîòåíöèàëà V (x)

íà ðåáðà ìîæåò áûòü ðàçíûì.
Îïðåäåëåíèå. Êîýôôèöèåíòîì ðàäèàöèèR íàçîâåì êîýôôèöèåíò ïðè ãëàâ-

íîì ÷ëåíå àñèìïòîòèêè ÷èñëà ïàêåòîâ, âûõîäÿùèõ èç äàííîé âåðøèíû, ïî
îäíîìó èç ðåáåð.
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Êîððåêòíîñòü ýòîãî îïðåäåëåíèÿ (â ÷àñòíîñòè, òîò ôàêò, ÷òî äëÿ ïî÷òè âñåõ
âðåìåí ïðîõîæäåíèÿ ðåáåð R íå çàâèñèò îò âûáîðà âåðøèíû è ðåáðà) áóäåò
ïîêàçàíà â äîêàçàòåëüñòâå ñëåäóþùåé òåîðåìû.
Òåîðåìà 1. [Î ðàâíîìåðíîñòè ðàñïðåäåëåíèÿ] Ïóñòü ãðàô Γ êîìïàêòåí, íå

ñîäåðæèò âåðøèí ñòåïåíè 2 è ñîñòîèò èç îäíîé êîìïîíåíòû ñâÿçíîñòè. Íà ðå-
áðàõ íåò òî÷åê ïîâîðîòà. Òîãäà äëÿ ïî÷òè âñåõ íåñîèçìåðèìûõ (òî åñòü ëèíåéíî
íåçàâèñèìûõ íàä Q) ÷èñåë t1, . . . tE , îáîçíà÷àþùèõ âðåìåíà ïðîõîæäåíèÿ ðå-
áåð, îòíîøåíèå äîëè ÷èñëà ïàêåòîâ íà ëþáîì îòðåçêå, âçÿòîì íà ïðîèçâîëüíîì
ðåáðå ãðàôà, ê äëèíå ýòîãî îòðåçêà ñòðåìèòñÿ, ïðè óâåëè÷åíèè âðåìåíè, ê ïî-

ñòîÿííîé âåëè÷èíå

(
E∑

j=1
tj

)−1

.

Ç à ì å ÷ à í è å 1. Ôàêòè÷åñêè, ýòî îçíà÷àåò, ÷òî ñ ðîñòîì âðåìåíè ðàñïðå-
äåëåíèå ÷èñëà ïàêåòîâ âñå áëèæå ê ðàâíîìåðíîìó.
Äîêàçàòåëüñòâî. Âûáåðåì íà ïðîèçâîëüíîì ðåáðå ãðàôà ñ âðåìåíåì ïðî-

õîæäåíèÿ tj îòðåçîê dg ñ âðåìåíåì ïðîõîæäåíèÿ τ . Äîëÿ ïàêåòîâ íà îòðåçêå
â ìîìåíò âðåìåíè t | ýòî îòíîøåíèå ÷èñëà ïàêåòîâ íà îòðåçêå Nτ(t) ê îá-
ùåìó ÷èñëó ïàêåòîâ íà ãðàôå, òî åñòü Nτ(t)/N(t). Ìû çíàåì (ñì. [3]), ÷òî
N(t) = CtE−1 + o(tE−1). Íàéäåì âûðàæåíèå äëÿNτ(t). Òàê êàê ÷èñëî ïàêåòîâ
ìîæåò ìåíÿòüñÿ òîëüêî â âåðøèíàõ, ñïðàâåäëèâî ñîîòíîøåíèå:

Nτ(t) = N→d(t)−N→d(t− τ) + N→g(t)−N→g(t− τ). (1)

Çäåñü N→d(t) îçíà÷àåò ÷èñëî ïàêåòîâ, ïîïàâøèõ íà ðåáðî ÷åðåç òî÷êó d.
Ôîðìóëà ñïðàâåäëèâà, òàê êàê íà ãðàôå íåò òî÷åê ïîâîðîòà.
ßñíî, ÷òî ÷èñëî ïàêåòîâ, ïðèøåäøèõ â òî÷êó d ê ìîìåíòó âðåìåíè t, ðàâíî

÷èñëó ïàêåòîâ, âûøåäøèõ èç áëèæàéøåé âåðøèíû ãðàôà a â ìîìåíò âðåìåíè
t−T1, ãäå T1 { âðåìÿ ïðîõîæäåíèÿ îòðåçêà îò a äî d. Òàêèì îáðàçîì, äëÿ íàõî-
æäåíèÿ Nτ(t) íàì íóæíî èññëåäîâàòü àñèìïòîòèêó ÷èñëà ïàêåòîâ, âûõîäÿùèõ
èç âåðøèíû a â ñòîðîíó òî÷êè d, îáîçíà÷èì åãî Na→d(t).
Ïðîàíàëèçèðóåì, êàê óñòðîåíà àñèìïòîòèêà ÷èñëà ïàêåòîâ, âûõîäÿùèõ èç

êàêîé-òî ïðîèçâîëüíîé âåðøèíû a ãðàôà. Ïàêåòû íå ìîãóò âûõîäèòü èç íàøåé
âåðøèíû â ìîìåíòû âðåìåíè, íå ÿâëÿþùèåñÿ ëèíåéíîé êîìáèíàöèåé (ñ öå-
ëûìè íåîòðèöàòåëüíûìè êîýôôèöèåíòàìè) âðåìåí ïðîõîæäåíèÿ ðåáåð ãðàôà.
Êîëè÷åñòâî âîçìîæíûõ ñîáûòèé, ñîñòîÿùèõ â âûõîäå õîòÿ áû îäíîãî ïàêåòà èç
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âåðøèíû a, îïèñûâàåòñÿ ÷èñëîì öåëûõ íåîòðèöàòåëüíûõ ÷èñåë nj , óäîâëåòâî-
ðÿþùèõ íåðàâåíñòâàì âèäà

n1tl1 + . . . + nmtlm≤t, (2)

ãäå tj { âðåìÿ ïðîõîæäåíèÿ òðàåêòîðèåé j-ãî ðåáðà.
Òàêèì îáðàçîì, ìû êàæäûé ðàç ó÷èòûâàåì, ïî êàêèì èìåííî ðåáðàì ïðîõî-

äèëè òå òðàåêòîðèè, êîòîðûå ïîðîæäàþò ïàêåòû, ïðèõîäÿùèå â ôèêñèðîâàííóþ
âåðøèíó. Ïðè ýòîì ÷èñëà nj ïîêàçûâàþò ñêîëüêî ðàç áûëî òàê, ÷òî ïàêåò îêàçû-
âàëñÿ íà ðåáðå ñ âðåìåíåì ïðîõîæäåíèÿ tlj . Òàê êàê âñå tj ëèíåéíî íåçàâèñèìû
íàä Q, ñòàðøèé êîýôôèöèåíò àñèìïòîòèêè ÷èñëà ïàêåòîâ ïðè ðîñòå t îïðå-
äåëÿåòñÿ îáúåìîì ñèìïëåêñà, çàäàâàåìîãî íåðàâåíñòâîì (2). Òàêèì îáðàçîì,
÷àùå âñåãî ñ óâåëè÷åíèåì t áóäóò ïðîèñõîäèòü òå ñîáûòèÿ, äëÿ êîòîðûõ ÷èñëî
ñëàãàåìûõ â ëåâîé ÷àñòè íåðàâåíñòâà ìàêñèìàëüíî (ýòî ñëåäóåò èç òîãî, ÷òî
÷èñëî öåëûõ òî÷åê â ðàñøèðÿþùåìñÿ ñèìïëåêñå ðàçìåðíîñòè k ðàñòåò êàê tk).
Äðóãèìè ñëîâàìè, ÷èñëî ðàçëè÷íûõ ðåáåð, ïî êîòîðûì óæå ïðîøëè ãàóññîâû
ïàêåòû, ïðèõîäÿùèå â íàøó âåðøèíó, äîëæíî áûòü ìàêñèìàëüíûì. Òàê êàê
â ãðàôå âñåãî E ðåáåð, òî ýòîò ìàêñèìóì áóäåò äîñòèãàòüñÿ ïðè íàëè÷èè E

ñëàãàåìûõ. Ïðè ýòîì ïàêåòû ÷àùå âñåãî âûõîäÿò èç âåðøèíû a ïî âñåì èíöè-
äåíòíûì åé ðåáðàì, â ÷àñòíîñòè ïî òîìó, ÷òî ñîäåðæèò òî÷êó d. Òî åñòü, ìû
ïîêàçàëè, ÷òî

Na→d(t) = RatE + o(tE). (3)

Äëÿ ïî÷òè âñåõ ÷èñåë t1, . . . tE ýòó îöåíêó ìîæíî óëó÷øèòü (ñì. [1]). Íàé-
äåòñÿ òàêîå ÷èñëîKa, ÷òî Na→d(t) = RatE + KatE−1 + o(tE−1).
Äîêàæåì, ÷òî êîíñòàíòà Ra, êîòîðóþ íàçûâàþò êîýôôèöèåíòîì ðàäèàöèè,

íå çàâèñèò îò âûáîðà âåðøèíû. Ðàññìîòðèì äâå âåðøèíû a è b. Äàííûé ãðàô
ÿâëÿåòñÿ ñâÿçíûì, è ïîýòîìó ñóùåñòâóåò ïóòü, ñîåäèíÿþùèé âåðøèíû a è b.
Âðåìÿ åãî ïðîõîæäåíèÿ îáîçíà÷èì δ. Ëþáîé ïàêåò, âûøåäøèé èç a â ñòîðîíó
òî÷êè d, ïîðîæäàåò, ÷åðåç âðåìÿ íå ïðåâîñõîäÿùåå 2δ, êàê ìèíèìóì îäèí ïàêåò,
âûõîäÿùèé èç âåðøèíû b â ñòîðîíó òî÷êè d′. Ýòî ñâîéñòâî âåðíî è äëÿ ïàêåòîâ,
âûõîäÿùèõ èç âåðøèíû b. Ïîëó÷àåì äâà íåðàâåíñòâà: Na→d(t + 2δ)≥Nb→d′(t)

èNb→d′(t + 2δ)≥Na→d(t). Ìû çíàåì, ÷òîNa→d(t) = RatE + o(TE),Nb→d′(t) =

RbtE+o(TE). Îòñþäà ñëåäóåò, ÷òîRatE+o(tE) = RbtE . Ïîñëåäíåå âûðàæåíèå
äåëèì íà TE è ïîëó÷àåì èñêîìîå ñîîòíîøåíèå Ra = Rb.
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Ïðåîáðàçóåì âûðàæåíèå äëÿNτ(t). Ïîëüçóÿñü ñîâïàäåíèåì êîýôôèöèåíòîâ
Ra, ïîëó÷àåìNτ(t) = R(t−T1)

E+Ka(t−T1)
E−1−R(t−T1−τ)E−Ka(t−T1−

τ)E−1+R(t−T2)
E+Kb(t−T2)

E−1−R(t−T2−τ)E−Kb(t−T1−τ)E−1+o(tE−1) =

2ERτtE−1 + o(tE−1).
Òåïåðü, åñëè çàïèñàòü îòíîøåíèå Nτ (t)

N(t) , ïîëó÷èì

Nτ(t)

N(t)
→2ER

C
τ. (4)

Îñòàëîñü äîêàçàòü, ÷òî êîýôôèöèåíò ïðè τ èìååò íóæíûé âèä. Åñëè ïîñëå-
äîâàòåëüíî áðàòü â êà÷åñòâå îòðåçêà dg âñå ðåáðà ãðàôà, à çàòåì ïðîñóììèðîâàòü
ïîëó÷åííûå âûðàæåíèÿ, ïîëó÷èì, ÷òî

1 =
E∑

j=1

Ntj(t)

N(t)
→2ER

C

E∑
j=1

tj. (5)

Ñëåäîâàòåëüíî,

C = 2ER

E∑
j=1

tj. (6)

Äîêàçàòåëüñòâî çàâåðøåíî.
Ç à ì å ÷ à í è å 2. Äëÿ äâóõ ïðîèçâîëüíûõ âåðøèí ãðàôà ÷èñëà Ka è Kb

ñâÿçàíû íåðàâåíñòâîì |Kb −Ka|≤EδR. Çäåñü δ { âðåìÿ ïðîõîæäåíèÿ êàêîãî-
ëèáî ïóòè èç âåðøèíû a â âåðøèíó b.
Â õîäå äîêàçàòåëüñòâà òåîðåìû ìû ïîëó÷èëè ñëåäóþùåå óòâåðæäåíèå:
Ñëåäñòâèå 1. [Ôîðìóëà, ñâÿçûâàþùàÿ êîýôôèöèåíòû C è R.]
Ñòàðøèé êîýôôèöèåíò ÷èñëà ãàóññîâûõ ïàêåòîâC è êîíñòàíòà ðàäèàöèèR,

äëÿ ïî÷òè âñåõ âðåìåí ïðîõîæäåíèÿ ðåáåð, ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì:

C = 2ER

E∑
j=1

tj. (7)

Òåîðåìà 2. [Î ôîðìóëå äëÿ ñòàðøåãî êîýôôèöèåíòà ÷èñëà ïàêåòîâ.] Ïóñòü
ãðàô Γ êîìïàêòåí, íå ñîäåðæèò âåðøèí ñòåïåíè 2 è ñîñòîèò èç îäíîé êîì-
ïîíåíòû ñâÿçíîñòè. Íà ðåáðàõ íåò òî÷åê ïîâîðîòà. Òîãäà äëÿ ïî÷òè âñåõ
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íåñîèçìåðèìûõ (òî åñòü ëèíåéíî íåçàâèñèìûõ íàä Q) ÷èñåë t1, . . . tE , îáîçíà-
÷àþùèõ âðåìåíà ïðîõîæäåíèÿ ðåáåð, ñòàðøèé êîýôôèöèåíò, ïðè ðîñòå t ÷èñëà
ãàóññîâûõ ïàêåòîâ, ìîæåò áûòü íàéäåí ïî ôîðìóëå:

C =
1

2V−2(E − 1)!

E∑
j=1

tj

E∏
j=1

tj

. (8)

Çäåñü V { ÷èñëî âåðøèí, E { ÷èñëî ðåáåð â ãðàôå.
Äîêàçàòåëüñòâî îñíîâàíî íà ôîðìóëå 8 è ñëåäóþùåé ëåììå:
Ëåììà 2. Ïóñòü äàí êîíå÷íûé ñâÿçíûé ãðàô ñ íåñîèçìåðèìûìè âðåìå-

íàìè ïðîõîæäåíèÿ ðåáåð ti(i = 1 . . . E) è êîëè÷åñòâîì öèêëîâ β. Ïóñòü A |
âåðøèíà, èç êîòîðîé â íà÷àëüíûé ìîìåíò âðåìåíè âûøåë ïàêåò, à B | ïðîèç-
âîëüíàÿ âåðøèíà. Òîãäà, äëÿ ïî÷òè âñåõ âðåìåí ïðîõîæäåíèÿ ðåáåð, êîëè÷åñòâî
ïàêåòîâ, ïðèøåäøèõ â âåðøèíó B ê ìîìåíòó âðåìåíè T, àñèìïòîòè÷åñêè ðàâíî

R(T ) ∼ 2β

2E E!
E∏

j=1
tj

TE.

Ç à ì å ÷ à í è å 3. Î÷åâèäíî, ÷òî ýòî ýêâèâàëåíòíî òîìó, ÷òî äëÿ êîýôôèöè-
åíòà ðàäèàöèè ñïðàâåäëèâî ñîîòíîøåíèå:

R =
1

2V−1E!

1
E∏

j=1
tj

.

Äîêàçàòåëüñòâî. Íàì äîñòàòî÷íî ðàññìàòðèâàòü ïóòè òàêèõ ïàêåòîâ, êîòî-
ðûå ïðîøëè ïî âñåì ðåáðàì { òîëüêî îíè äàþò ãëàâíûé ÷ëåí àñèìïòîòèêè.
Êàæäîìó òàêîìó ïóòè èç A â B ìû ñîïîñòàâèì êîä | íàáîð êîýôôèöèåíòîâ
ñîîòâåòñòâóþùåé öåïè ñ êîýôôèöèåíòàìè â Z2. Ïîíÿòíî, ÷òî êîä íå ìåíÿ-
åòñÿ ïðè ãîìîòîïèè ïóòè. Íàéäåì ÷èñëî âîçìîæíûõ êîäîâ. Ãîìîòîïè÷åñêèé
êëàññ ïóòè îïðåäåëÿåòñÿ ÷åòíîñòüþ ÷èñëà ïðîõîæäåíèé ïî ðåáðàì, êîòîðûå íå
ëåæàò â ìàêñèìàëüíîì äåðåâå ãðàôà, ïî òàê íàçûâàåìûì "ïåðåìû÷êàì". Çà-
äàâ êîýôôèöèåíòû öåïè íà ïåðåìû÷êàõ, ìû îïðåäåëèì êîýôôèöèåíòû íà âñåõ
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îñòàëüíûõ ðåáðàõ. Òàêèì îáðàçîì, ðàçëè÷íûõ êîäîâ ìîæåò áûòü 2β. Òåïåðü
êàæäîìó êîäó (c1, . . . , cE), ci ∈ {0, 1} ïîñòàâèì â ñîîòâåòñòâèå âðåìåíà{

E∑
i=1

ti(ci + 2ni)|ni ∈ N ∪ {0}

}
.

Â êàæäîå òàêîå âðåìÿ (âñå îíè ðàçëè÷íû) áóäåò ïðèõîäèòü õîòÿ áû îäèí
ïàêåò â âåðøèíó B. Àñèìïòîòè÷åñêè, êîëè÷åñòâî òàêèõ âðåìåí, ìåíüøèõ T ,
áóäåò ýêâèâàëåíòíî

TE

2E E! t1 · · · tE
.

Òåïåðü íóæíî ïðîñóììèðîâàòü ïî âñåì âîçìîæíûì êîäàì. Äîêàçàòåëüñòâî
ëåììû çàâåðøåíî. Òåïåðü îñòàëîñü òîëüêî èñïîëüçîâàòü âûðàæåíèå ÷èñëà β

÷åðåç E è V : β = E − V + 1 (ñì. [5]). Äîêàçàòåëüñòâî çàâåðøåíî.

3. Ñëó÷àé ëèíåéíî çàâèñèìûõ âðåìåí ïðîõîæäåíèÿ ðåáåð.

Â ýòîì ðàçäåëå ìû îòêàçûâàåìñÿ îò òðåáîâàíèÿ ëèíåéíîé íåçàâèñèìîñòè
âðåìåí ïðîõîæäåíèÿ íàä Q. Ýòî ïðèâîäèò ê òîìó, ÷òî âçàèìíî îäíîçíà÷íîãî
ñîîòâåòñòâèÿ (îïèñàííîãî â [2], [3]) ìåæäó ÷èñëîì ãàóññîâûõ ïàêåòîâ è ÷è-
ñëîì òî÷åê öåëî÷èñëåííîé ðåøåòêè, ïîïàäàþùèõ â ðàñøèðÿþùèéñÿ ñèìïëåêñ,
íåò. Ïðîñòåéøèì ïðèìåðîì ìîæåò ñëóæèòü ãðàô-çâåçäà ñ òðåìÿ îäèíàêîâûìè
ðåáðàìè. ×èñëî ïàêåòîâ íà òàêîì ãðàôå äîñòèãàåò òðåõ è áîëüøå íå ðàñòåò,
â òî âðåìÿ êàê ÷èñëî òî÷åê öåëî÷èñëåííîé ðåøåòêè óâåëè÷èâàåòñÿ ñ ðîñòîì
âðåìåíè.
Ñïåðâà ðàññìîòðèì ïðîèçâîëüíûé ãðàô, äëÿ êîòîðîãî ðàíã ñèñòåìû âðåìåí

ïðîõîæäåíèÿ ðàâåí åäèíèöå.
Ó ò â å ð æ ä å í è å 1. Ïóñòü äàí êîíå÷íûé ñâÿçíûé ãðàô ñ âðåìåíàìè ïðî-

õîæäåíèÿ ðåáåð t1, = n1t0 . . . , tE = nEt0, ãäå ni ∈ N è ÍÎÄ(n1, . . . , nE) = 1.

Òîãäà, íà÷èíàÿ ñ íåêîòîðîãî âðåìåíè, êîëè÷åñòâî ïàêåòîâ áóäåò ïîñòîÿí-
íûì. Ïðè ýòîì:
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1) Åñëè ñóùåñòâóåò öèêë ñ âðåìåíåì ïðîõîæäåíèÿ, êîòîðîå íå äåëèòñÿ íà-
öåëî íà 2t0, òî

N(T ) = 2
E∑

i=1

ni.

2) Â ïðîòèâíîì ñëó÷àå

N(T ) =
E∑

i=1

ni.

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ìû çäåñü íå ïðèâîäèì.
Ó ò â å ð æ ä å í è å 2. Ïóñòü åñòü çâåçäíûé ãðàô èç òðåõ ðåáåð e1, e2, e3 ñ

âðåìåíàìè ïðîõîæäåíèÿ t1 = nt0, t2 = mt0, t3, ãäå n ∈ N, m ∈ N (ÍÎÄ(n,m)
= 1), à t3 òàêîâî, ÷òî ðàíã t1, t2, t3 íàä Q ðàâåí 2. Òîãäà êîëè÷åñòâî ïàêåòîâ
àñèìïòîòè÷åñêè ðàâíî

N(T ) =
T

2

(
m + n

t3
+

1

t0

)
+ o(T ).

Äîêàçàòåëüñòâî. Èçìåíåíèå êîëè÷åñòâà ïàêåòîâ ìîæåò ïðîèñõîäèòü òîëüêî
âî âðåìåíà âèäà 2((nα+mβ)t0 + t3γ), ãäå α, β, γ. Çàìåòèì, ÷òî ýòî ïðåäñòàâëå-
íèå äëÿ âðåìåí íåîäíîçíà÷íî. Åñëè âðåìÿ ìîæíî ïðåäñòàâèòü â âèäå óêàçàííîé
ñóììû ñ α ≥ 1, β ≥ 1, γ ≥ 1, òî â ýòîò ìîìåíò èçìåíåíèÿN(T ) íå ïðîèñõîäèò,
òàê êàê ïàêåòû ïðèäóò â âåðøèíó ïî âñåì òðåì ðåáðàì.
Ç à ì å ÷ à í è å 4. ×èñëî nα ìîæíî ïðåäñòàâèòü â âèäå nα′ + mβ′ (β′ 6= 0)

òîãäà è òîëüêî òîãäà, êîãäà α ≥ m.
Â ñèëó ýòîãî óòâåðæäåíèÿ äëÿ îïðåäåëåíèÿ àñèìïòîòèêè N(T ) äîñòàòî÷íî

ðàññìîòðåòü ñëåäóþùèå âðåìåíà:
1) γ 6= 0, β = 0, 1 ≤ α < m. Â ýòè âðåìåíà N(T ) óâåëè÷èâàåòñÿ íà 1. Êîëè-
÷åñòâî òàêèõ âðåìåí { ýòî êîëè÷åñòâî ïàð (α, γ) òàêèõ, ÷òî 2(αt0 + γt3) < T .
Àñèìïòîòè÷åñêè ýòèõ ïàð: (m− 1) T

2t3
.

2) γ 6= 0, α = 0, 1 ≤ β < n. Àíàëîãè÷íî, êîëè÷åñòâî òàêèõ ïàð àñèìïòîòè÷å-
ñêè áóäåò ðàâíî (n− 1) T

2t3
.

3) α = 0, β = 0. Êîëè÷åñòâî òàêèõ âðåìåí, ìåíüøèõ T , ðàñòåò êàê T
2t3
. Êîëè÷å-

ñòâî ïàêåòîâ çäåñü óâåëè÷èâàåòñÿ íà 2.
4) γ = 0. Ïîêàæåì, ÷òî ëèíåéíûå êîìáèíàöèè αn + βm ñîäåðæàò â ñåáå âñå
íàòóðàëüíûå ÷èñëà, áîëüøèå íåêîòîðîãî ÷èñëà.
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Ëåììà 3. Åñëè (m, n) = 1, òî ñóùåñòâóåò M , ò.÷. ëþáîå N > M ìîæíî
ïðåäñòàâèòü â âèäå N = αn + βm, ãäå β ≥ 1, α ≥ 1.
Äîêàçàòåëüñòâî. ×èñëàm, 2m, . . . , nm äàþò âñå îñòàòêè ïðè äåëåíèè íà n:

{βm}n
β=1 = {βim = i + nki|i ∈ [0, n− 1], ki ∈ Z+}.

Ïóñòü k0 = max ki. Òåïåðü âîçüìåì ëþáîå N > nk0. Òîãäà N = i + nk (k >

k0, 0 ≤ i < n) è N − βim = n(k − ki). Çíà÷èò, ëþáîå ÷èñëî, áîëüøåå nk0,
ìîæíî ïðåäñòàâèòü â âèäå αn + βm, ãäå 1 ≤ β ≤ n, α ≥ 1.
Ïîýòîìó àñèìïòîòèêà êîëè÷åñòâà òàêèõ âðåìåí ñîâïàäàåò ñ àñèìïòîòèêîé

÷èñåë âèäà 2kt0(k ∈ N) , ìåíüøèõ T . À ïîñêîëüêó â òàêèå âðåìåíà ïðèõîäÿò 2
ïàêåòà èç e1 è e2, òî N(T ) óâåëè÷èâàåòñÿ íà 1.
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The description of the statistical behavior of Gaussian packets on a metric graph
is considered. Semiclassical asymptotics of solutions of the Cauchy problem for
the Schr�odinger equation with initial data concentrated in the neighborhood of one
point on the edge, generates a classical dynamical system on a graph. In a situa-
tion where all times for packets to pass over edges are linearly independent over
the rational numbers, a description of the behavior of such systems is related to the
number-theoretic problem of counting the number of lattice points in an expanding
polyhedron. In this paper we show that for a final compact graph packets almost
always are distributed evenly. The formula for the leading coefficient of the asymp-
totic behavior of the number of packets with an increasing time is obtained. The
situation is also discussed where the edge travel times are not linearly independent
over the rationals.
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