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1. Ââåäåíèå

Âíàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ íîâûé ìåòîä èññëåäîâàíèÿ è îïèñàíèÿ
ëèíåéíîé äèíàìèêè. Ìåòîä îñíîâàí íà ïðåäñòàâëåíèè ñîîòâåòñòâóþùèõ ýâî-
ëþöèîííûõ ïîëóãðóïï (èëè, ÷òî òî æå ñàìîå, ðåøåíèé ñîîòâåòñòâóþùèõ ýâî-
ëþöèîííûõ óðàâíåíèé) ñ ïîìîùüþ ôîðìóë Ôåéíìàíà, òî åñòü â âèäå ïðåäåëîâ
êîíå÷íîêðàòíûõ èíòåãðàëîâ ïðè ñòðåìëåíèè êðàòíîñòè ê áåñêîíå÷íîñòè. Êàê
èçâåñòíî, äëÿ ìíîãèõ íà÷àëüíî-êðàåâûõ çàäà÷ ôóíêöèè Ãðèíà íåèçâåñòíû â ÿâ-
íîì âèäå. Â òî æå âðåìÿ äëÿ íåêîòîðûõ òàêèõ çàäà÷ óäàeòñÿ ïîëó÷èòü ôîðìóëû
Ôåéíìàíà, ñîäåðæàùèå êîíå÷íîêðàòíûå èíòåãðàëû òîëüêî îò ýëåìåíòàðíûõ
ôóíêöèé. Òàêèå ôîðìóëû Ôåéíìàíà ïîçâîëÿþò ïðîâîäèòü íåïîñðåäñòâåííûå
âû÷èñëåíèÿ ðåøåíèé ýâîëþöèîííûõ óðàâíåíèé, ïðèãîäíû äëÿ àïïðîêñèìàöèè
ïåðåõîäíûõ âåðîÿòíîñòåé ñëó÷àéíûõ ïðîöåññîâ, ïîëåçíû äëÿ êîìïüþòåðíîãî
ìîäåëèðîâàíèÿ ñòîõàñòè÷åñêîé è êâàíòîâîé äèíàìèêè. Òåðìèí \ôîðìóëà Ôåé-
íìàíà" áûë ââåäåí â ñòàòüå [22]; â ñåðèè ðàáîò [22]{[27] áûë ðàçâèò ìåòîä
ïîëó÷åíèÿ ôîðìóë Ôåéíìàíà äëÿ ýâîëþöèîííûõ óðàâíåíèé íà îñíîâå èñïîëü-
çîâàíèÿ òåîðåìû ×åðíîâà [10]. Â ïîñëåäíåå äåñÿòèëåòèå ýòîò ìåòîä àêòèâíî
ïðèìåíÿåòñÿ äëÿ îïèñàíèÿ ðàçëè÷íûõ òèïîâ äèíàìèêè â îáëàñòÿõ åâêëèäî-
âûõ ïðîñòðàíñòâ è ðèìàíîâûõ ìíîãîîáðàçèé, â áåñêîíå÷íîìåðíûõ ëèíåéíûõ
è íåëèíåéíûõ ïðîñòðàíñòâàõ, ïðè èññëåäîâàíèè -àäè÷åñêèõ àíàëîãîâ óðàâíå-
íèé ìàòåìàòè÷åñêîé ôèçèêè (ñì., íàïðèìåð, [1] | [9], [17] | [21]); à òàêæå
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äëÿ ïîñòðîåíèÿ ïîâåðõíîñòíûõ ìåð íà áåñêîíå÷íîìåðíûõ ìíîãîîáðàçèÿõ (ñì.,
íàïðèìåð, [23] | [27]).
Â äàííîé ðàáîòå ðàññìîòðåíûìóëüòèïëèêàòèâíûå âîçìóùåíèÿ ãåíåðàòîðîâ

ñèëüíî íåïðåðûâíûõ ïîëóãðóïï â áàíàõîâîì ïðîñòðàíñòâå íåêîòîðûõ íåïðå-
ðûâíûõ ôóíêöèé, è ïîëó÷åíû ôîðìóëû Ôåéíìàíà äëÿ ïîëóãðóïï ñ âîçìóùåí-
íûìè ãåíåðàòîðàìè. Ýòà ðàáîòà îáîáùàåò ðåçóëüòàòû ñòàòüè [9], ïîëó÷åííûå
äëÿ ôåëëåðîâñêèõ ïîëóãðóïï.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ ýâîëþöèîííûå óðàâíåíèÿ ñëåäóþ-
ùåãî âèäà: ∂f

∂t (t, q) = Af(t, q), ãäå A íåêîòîðûé ëèíåéíûé îïåðàòîð, äåéñòâó-
þùèé íà ôóíêöèþ f(t, ·) ïåðåìåííîé q ∈ Q, Q | íåêîòîðîå ïðîñòðàíñòâî,
êîòîðîå ìû áóäåì íàçûâàòü êîíôèãóðàöèîííûì ïðîñòðàíñòâîì ñèñòåìû, îïè-
ñûâàåìîé ýòèì óðàâíåíèåì, t ≥ 0. Ðàññìîòðèì çàäà÷ó Êîøè{

∂f
∂t (t, q) = Af(t, q),

f(0, q) = f0(q).
(1)

Åñëè A | ýòî îãðàíè÷åííûé îïåðàòîð íà íåêîòîðîì áàíàõîâîì ïðîñòðàíñòâå
(X, ‖ · ‖X) ôóíêöèé ïåðåìåííîé q è f0 ∈ X , òî ðåøåíèå çàäà÷è Êîøè ïðåäñòà-
âèìî â âèäå f(t, q) = (etAf0)(q), ãäå îïåðàòîð etA îïðåäåëÿåòñÿ êàê ñóììà ðÿäà

etA =
∞∑

n=0

tn

n!A
n, ïðè÷eì ðÿä ñõîäèòñÿ â ðàâíîìåðíîé îïåðàòîðíîé òîïîëîãèè.

Ïðè ýòîì, ‖etA‖ ≤ et‖A‖, òî åñòü îïåðàòîð etA ñíîâà ÿâëÿåòñÿ îãðàíè÷åííûì
äëÿ ëþáîãî t ≥ 0. Êðîìå òîãî, êàê âèäíî èç îïðåäåëåíèÿ etA, ñïðàâåäëèâû
ñîîòíîøåíèÿ etA ◦ esA = e(t+s)A è e0A = Id, ãäå Id| òîæäåñòâåííûé îïåðàòîð
íàX .
Êàê ïðàâèëî, îäíàêî, îïåðàòîð A íå ÿâëÿåòñÿ îãðàíè÷åííûì. Â ýòîì ñëó-

÷àå ïðèâåäåííàÿ âûøå ñõåìà ðåøåíèÿ çàäà÷è Êîøè (1) îáîáùàåòñÿ îïèñàííûì
íèæå îáðàçîì. Ïóñòü ñèìâîë L(X) îáîçíà÷àåò ïðîñòðàíñòâî âñåõ íåïðåðûâ-
íûõ ëèíåéíûõ îïåðàòîðîâ íà X ñ ñèëüíîé îïåðàòîðíîé òîïîëîãèåé. Åñëè
Dom(A) ⊂ X | ýòî ëèíåéíîå ïîäïðîñòðàíñòâî è A : Dom(A) → X | ëè-
íåéíûé îïåðàòîð, òî Dom(A) îçíà÷àåò îáëàñòü îïðåäåëåíèÿ A. Îäíîïàðàìå-
òðè÷åñêîå ñåìåéñòâî (Tt)t≥0 îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ Tt : X → X
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íàçûâàåòñÿ ñèëüíî íåïðåðûâíîé ïîëóãðóïïîé, åñëè T0 = Id, Ts+t = Ts ◦ Tt äëÿ
âñåõ s, t ≥ 0 è limt→0 ‖Ttφ− φ‖X = 0 äëÿ âñåõ φ ∈ X . Åñëè (Tt)t≥0 | ñèëüíî
íåïðåðûâíàÿ ïîëóãðóïïà íà áàíàõîâîì ïðîñòðàíñòâå (X, ‖·‖X), òî ãåíåðàòîðîì
ýòîé ïîëóãðóïïû íàçûâàåòñÿ îïåðàòîð A, îïðåäåëåííûé ïî ôîðìóëå

Aφ := lim
t→0

Ttφ− φ

t

ñ îáëàñòüþ îïðåäåëåíèÿ

Dom(A) :=

{
φ ∈ X

∣∣ lim
t→0

Ttφ− φ

t
ñóùåñòâóåò êàê ñèëüíûé ïðåäåë

}
.

Òàêèì îáðàçîì, åñëè A | îãðàíè÷åííûé îïåðàòîð íà X , òî Tt = etA | ýòî
ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íàX ñ ãåíåðàòîðîì A. È â ñëó÷àå, åñëè ãåíå-
ðàòîð A| íåîãðàíè÷åííûé îïåðàòîð, áóäåì èíîãäà èñïîëüçîâàòü îáîçíà÷åíèå
etA äëÿ ñîîòâåòñòâóþùåé ïîëóãðóïïû.
Äëÿ êîððåêòíî ïîñòàâëåííîé â áàíàõîâîì ïðîñòðàíñòâåX çàäà÷è Êîøè (1)

åå ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå f(t, q) = Ttf0(q) [12]. È çíà÷èò ðåøåíèå
çàäà÷è Êîøè (1) ðàâíîñèëüíî ïîñòðîåíèþ ïîëóãðóïïû (Tt)t≥0 ñ çàäàííûì ãå-
íåðàòîðîì A. Êàê ïðàâèëî, ïîëóãðóïïó (Tt)t≥0 íå óäàåòñÿ ïîëó÷èòü â ÿâíîì
âèäå, íî óäàåòñÿ ðàçëè÷íûìè ìåòîäàìè åå àïïðîêñèìèðîâàòü. Â íàñòîÿùåé
ðàáîòå èñïîëüçóåòñÿ ìåòîä ïðèáëèæåíèÿ, îñíîâàííûé íà òåîðåìå ×åðíîâà (ñì.
[22]).
Òåîðåìà 1 (×åðíîâà). ÏóñòüX áàíàõîâî ïðîñòðàíñòâî, F : [0,∞) → L(X)

| (ñèëüíî) íåïðåðûâíîå îòîáðàæåíèå òàêîå, ÷òî F (0) = Id è ‖F (t)‖ ≤ ect

äëÿ íåêîòîðîé êîíñòàíòû c ∈ [0,∞) è âñåõ t ≥ 0. Ïóñòü D | ýòî ëèíåé-
íîå ïîäïðîñòðàíñòâî D(F ′(0)) òàêîå, ÷òî ñóæåíèå îïåðàòîðà F ′(0) íà D çà-
ìûêàåìî. Ïóñòü (A, D(A)) | ñîîòâåòñòâóþùåå çàìûêàíèå. Åñëè (A, D(A))

ÿâëÿåòñÿ ãåíåðàòîðîì ñèëüíî íåïðåðûâíîé ïîëóãðóïïû (Tt)t≥0, òî äëÿ âñåõ
t0 > 0 ïîñëåäîâàòåëüíîñòü îïåðàòîðîâ (F (t/n))n)n∈N ñõîäèòñÿ ê (Tt)t≥0 ïðè
n → ∞ â ñèëüíîé îïåðàòîðíîé òîïîëîãèè ðàâíîìåðíî ïî t ∈ [0, t0], òî åñòü
Tt = limn→∞(F (t/n))n.
Çàìåòèì, ÷òî ïðîèçâîäíàÿ â íóëå ôóíêöèè F : [0, ε) → L(X), ε > 0, | ýòî

ëèíåéíîå îòîáðàæåíèå F ′(0) : D(F ′(0)) → X òàêîå, ÷òî

F ′(0)g := lim
t↘0

F (t)g − F (0)g

t
,
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ãäåD(F ′(0))|âåêòîðíîå ïðîñòðàíñòâî âñåõ òåõ ýëåìåíòîâ g ∈ X , äëÿ êîòîðûõ
ýòîò ïðåäåë ñóùåñòâóåò.
Ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0 íàçûâàåòñÿ ýêâèâàëåíòíûì ïî×åðíîâó ïî-

ëóãðóïïå (Tt)t≥0 (áóäåì îáîçíà÷àòü ýòî òàê: F (t) ∼Tt), åñëè ýòî ñåìåéñòâî
óäîâëåòâîðÿåò âñåì òðåáîâàíèÿì òåîðåìû ×åðíîâà ïî îòíîøåíèþ ê ýòîé ïîëó-
ãðóïïå, òî åñòü ïî òåîðåìå ×åðíîâà â ïðîñòðàíñòâå L(X) ëîêàëüíî ðàâíîìåðíî
ïî t âûïîëíÿåòñÿ ðàâåíñòâî

Tt = lim
n→∞

(F (t/n))n. (2)

Ýòî ðàâåíñòâî ìû áóäåì íàçûâàòü ôîðìóëîé Ôåéíìàíà. Ìû èñïîëüçóåì òàêóþ
òåðìèíîëîãèþ, òàê êàê âî ìíîãèõ ñëó÷àÿõ îïåðàòîðû F (t) îêàçûâàþòñÿ èíòå-
ãðàëüíûìè îïåðàòîðàìè, òî åñòü â ïðàâîé ÷àñòè ôîðìóëû Ôåéíìàíà ñòîèò ïðå-
äåë êðàòíûõ èíòåãðàëîâ ïðè âîçðàñòàíèè êðàòíîñòè ê áåñêîíå÷íîñòè, à èìåííî
Ðè÷àðä Ôåéíìàí ([13], [14]) âïåðâûå ðàññìîòðåë êîíñòðóêöèþ ôóíêöèîíàëü-
íîãî èíòåãðàëà êàê ïðåäåëà îáûêíîâåííûõ ìíîãîêðàòíûõ èíòåãðàëîâ ïî ïðî-
ñòðàíñòâàì íåîãðàíè÷åííî âîçðàñòàþùåé ðàçìåðíîñòè. Ëþáîå ïðåäñòàâëåíèå
ðåøåíèÿ íà÷àëüíîé (èëè íà÷àëüíî{êðàåâîé) çàäà÷è äëÿ ýâîëþöèîííîãî óðàâ-
íåíèÿ (èëè, ýêâèâàëåíòíî, ïðåäñòàâëåíèå ïîëóãðóïïû, ðàçðåøàþùåé äàííóþ
çàäà÷ó) â âèäå ïðåäåëà êðàòíûõ èíòåãðàëîâ ïðè âîçðàñòàíèè êðàòíîñòè ê áåñ-
êîíå÷íîñòè ìû áóäåì íàçûâàòü ôîðìóëîé Ôåéíìàíà.
Ïðåäåëû âôîðìóëàõÔåéíìàíà ñîâïàäàþò ñ íåêîòîðûìèôóíêöèîíàëüíûìè

èíòåãðàëàìè ïî âåðîÿòíîñòíûì ìåðàì èëè ïî ôåéíìàíîâñêèì ïñåâäîìåðàì íà
ìíîæåñòâå òðàåêòîðèé íåêîòîðîé ôèçè÷åñêîé ñèñòåìû. Ïðåäñòàâëåíèå ðåøå-
íèÿ íà÷àëüíîé (èëè íà÷àëüíî{êðàåâîé) çàäà÷è äëÿ ýâîëþöèîííîãî óðàâíåíèÿ
(èëè, ýêâèâàëåíòíî, ïðåäñòàâëåíèå ïîóãðóïïû, ðàçðåøàþùåé äàííóþ çàäà÷ó)
â âèäå ôóíêöèîíàëüíîãî èíòåãðàëà îáû÷íî íàçûâàåòñÿ ôîðìóëîé Ôåéíìàíà{
Êàöà. Òàêèì îáðàçîì, êðàòíûå èíòåãðàëû â ôîðìóëå Ôåéíìàíà äëÿ íåêîòîðîé
çàäà÷è àïïðîêñèìèðóþòôóíêöèîíàëüíûéèíòåãðàë âôîðìóëåÔåéíìàíà{Êàöà,
ïðåäñòàâëÿþùåé ðåøåíèå ýòîéæå çàäà÷è. Òàêèå àïïðîêñèìàöèè âîìíîãèõ ñëó-
÷àÿõ ïðåäñòàâëÿþò ñîáîé êðàòíûå èíòåãðàëû òîëüêî îò ýëåìåíòàðíûõ ôóíêöèé
è, ñëåäîâàòåëüíî, ìîãóò áûòü èñïîëüçîâàíû äëÿ íåïîñðåäñòâåííûõ âû÷èñëåíèé
è ìîäåëèðîâàíèÿ ðàññìàòðèâàåìîé äèíàìèêè.
Ç à ì å ÷ à í è å 1. Ïóñòü îïåðàòîðû A, B, A + B ÿâëÿþòñÿ ãåíåðàòîðàìè

ñèëüíî íåïðåðûâíûõ ïîëóãðóïï etA, etB è et(A+B) íà íåêîòîðîì áàíàõîâîì
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ïðîñòðàíñòâå X ñîîòâåòñòâåííî, ïðè÷åì îïåðàòîðû A è B íå êîììóòèðóþò.
Òîãäà etA ◦ etB 6= et(A+B) 6= etB ◦ etA. Òåì íå ìåíåå, ìîæíî ïîêàçàòü, ÷òî

etA ◦ etB ∼ et(A+B), etB ◦ etA ∼ et(A+B),

è çíà÷èò, èç òåîðåìû ×åðíîâà ñëåäóåò ðàâåíñòâî

et(A+B) = lim
n→∞

[
e

t
nA ◦ e

t
nB

]n
= lim

n→∞

[
e

t
nB ◦ e

t
nA

]n
.

Ïîñëåäíÿÿ ôîðìóëà øèðîêî èçâåñòíà êàê ôîðìóëà Òðîòòåðà.
Ç à ì å ÷ à í è å 2. Ïóñòü A| îãðàíè÷åííûé îïåðàòîð. Òîãäà, ìîæíî ïîêà-

çàòü, ÷òî Id +tA ∼ etA, è çíà÷èò, ïî òåîðåìå ×åðíîâà

etA = lim
n→∞

(
Id +

t

n
A

)n

.

÷òî îáîáùàåò êëàññè÷åñêóþ ôîðìóëó àíàëèçà ex = limn→∞
(
1 + x

n

)n
.

3. Ôîðìóëà Ôåéíìàíà äëÿ ïîëóãðóïï ñ
ìóëüòèïëèêàòèâíî âîçìóùåííûìè ãåíåðàòîðàìè

ÏóñòüQ|íåêîòîðîå ëîêàëüíî êîìïàêòíîå îòäåëèìîå ïðîñòðàíñòâî, (X, | ·
‖X)|áàíàõîâî ïðîñòðàíñòâî íåêîòîðûõ íåïðåðûâíûõ ôóíêöèé íàQ ñ íîðìîé
‖f‖ = sup

q∈Q
|f(q)|. Ïóñòü (Tt)t≥0 | ñèëüíî íåïðåðûâíàÿ ïîëóãðóïïà íà X ñ

ãåíåðàòîðîì A. Ïóñòü ôóíêöèÿ a(·) : Q → [c1, c2] ⊂ (0,∞) íåïðåðûâíà íà Q,
aX ⊂ X . Òîãäà îïåðàòîð Ã, îïðåäåëåííûé ïî ôîðìóëå

Ãφ(q) = a(q)(Aφ)(q), Dom(Ã) = Dom(A),

òàêæå ÿâëÿåòñÿ (ñì. [11], [15], [16] è ññûëêè â íèõ) ãåíåðàòîðîì ñèëüíî íå-
ïðåðûâíîé ïîëóãðóïïû, êîòîðóþ ìû îáîçíà÷èì ñèìâîëîì (T̃t)t≥0. Îïåðàòîð Ã

áóäåì íàçûâàòü ìóëüòèïëèêàòèâíûì âîçìóùåíèåì ãåíåðàòîðà A, à ïîëóãðóïïó
(T̃t)t≥0 |ïîëóãðóïïîé ñ ìóëüòèïëèêàòèâíî âîçìóùåííûì ôóíêöèåé a(·) ãåíå-
ðàòîðîì.
Ïóñòü îïåðàòîðû Tt ïðè âñåõ t ≥ 0 óäîâëåòâîðÿþò óñëîâèþ ‖Tt‖ ≤ etk

ïðè íåêîòîðîì k > 0. Ðàññìîòðèì ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0 íà X ,
äåéñòâóþùèõ ñëåäóþùèì îáðàçîì:

F (t)φ(q) = (Ta(q)tφ)(q), ∀φ ∈ X, ∀ q ∈ Q.
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Çàìåòèì, ÷òî ñåìåéñòâî (F (t))t≥0 óæå íå ÿâëÿåòñÿ îäíîïàðàìåòðè÷åñêîé ïîëó-
ãðóïïîé.
Òåîðåìà 2. Ñåìåéñòâî (F (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå

(T̃t)t≥0, òî åñòü ëîêàëüíî ðàâíîìåðíî ïî t ≥ 0 â L(X) ñïðàâåäëèâà ôîðìóëà
Ôåéíìàíà

T̃t = lim
n→∞

[
F̃ (t/n)

]n
.

J Ïðîâåðèì âûïîëíåíèå óñëîâèé òåîðåìû ×åðíîâà. Î÷åâèäíî, ÷òî F (0) =

T0 = Id. Êðîìå òîãî, ‖F (t)‖ ≤ ec2kt, òàê êàê

‖F (t)φ‖X = sup
q∈Q

|(Ta(q)tφ)(q)|

≤ sup
q,q0∈Q

|(Ta(q0)tφ)(q)|

≤ sup
q0∈Q

‖(Ta(q0)t‖ · ‖φ‖X

≤ ec2kt‖φ‖X .

Ïîêàæåì, ÷òî ñåìåéñòâî (F (t))t≥0 ñèëüíî íåïðåðûâíî:

lim
t→0

‖F (t)φ− φ‖X = lim
t→0

sup
q∈Q

|(Ta(q)tφ)(q)− φ(q)|

≤ lim
t→0

sup
q,q0∈Q

|(Ta(q0)tφ)(q)− φ(q)|

= lim
t→0

sup
q0∈Q

‖Ta(q0)tφ− φ‖X

≤ lim
t→0

sup
c∈[c1,c2]

‖Tctφ− φ‖X

= 0.

Äàëåå, äëÿ ëþáîãî φ ∈ Dom(A) èìååì:

lim
t→0

∥∥∥∥F (t)φ−φ
t − Ãφ

∥∥∥∥
X

= lim
t→0

sup
q∈Q

∣∣∣∣ (Ta(q)tφ)(q)−φ(q)
t − a(q)Aφ(q)

∣∣∣∣
≤ lim

t→0
sup

q,q0∈Q

∣∣∣∣ (Ta(q0)tφ)(q)−φ(q)
t − a(q0)Aφ(q)

∣∣∣∣
≤ lim

t→0
sup

q,q0∈Q

∣∣∣∣ 1
a(q0)t

a(q0)t∫
0

a(q0)A(Tsφ(q)− φ(q))ds

∣∣∣∣
≤ lim

t→0
1
t

c2t∫
0
‖A(Tsφ− φ)‖Xds

= 0

77-30569/239563, ¹10 îêòÿáðü 2011 ã. http://technomag.edu.ru 6

http://technomag.edu.ru


Çäåñü ìû âîñïîëüçîâàëèñü ñòàíäàðíûìè ñâîéñòâàìè ñèëüíî íåïðåðûâíûõ ïî-
ëóãðóïï: Tsφ ∈ Dom(A) äëÿ ëþáîãî φ ∈ Dom(A) è ëþáîãî s ≥ 0, à òàêæå

Ttφ− φ = A
t∫

0
Tsφds äëÿ ëþáîãî φ ∈ X .

Òàêèì îáðàçîì, âñå óñëîâèÿ òåîðåìû ×åðíîâà âûïîëíåíû, à çíà÷èò, ñåìåé-
ñòâî (F (t))t≥0 ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t)t≥0. I

Ñëåäñòâèå 1. (ñð. c [9]) Ïóñòü Q = Rd, (Tt)t≥0 | ôåëëåðîâñêàÿ ïîëó-
ãðóïïà, ò.å. ñèëüíî íåïðåðûâíàÿ ñæèìàþùàÿ ñîõðàíÿþùàÿ ïîëîæèòåëüíîñòü
ïîëóãðóïïà íà ïðîñòðàíñòâåC∞(Rd) íåïðåðûâíûõ óáûâàþùèõ íà áåñêîíå÷íî-
ñòè ê íóëþ ôóíêöèé. Ïóñòü Pt(q, dy) | ïåðåõîäíàÿ âåðîÿòíîñòü ñîîòâåòñòâó-
þùåãî ôåëëåðîâñêîãî ñëó÷àéíîãî ïðîöåññà, òî åñòü Ttφ(q) =

∫
Rd

φ(y)Pt(q, dy).

Òîãäà, ïî òåîðåìå 2, ñåìåéñòâî îïåðàòîðîâ (F (t))t≥0, äåéñòâóþùåå ïî ôîðìóëå

Ftφ(q) =

∫
Rd

φ(y)Pa(q)t(q, dy),

ýêâèâàëåíòíî ïî ×åðíîâó ïîëóãðóïïå (T̃t)t≥0 ñ ìóëüòèïëèêàòèâíî âîçìóùåí-
íûì ôóíêöèåé a(·) ãåíåðàòîðîì. È çíà÷èò, ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà

T̃tφ(q0) = lim
n→∞

∫
Rd

· · ·
∫

Rd

φ(qn)Pa(q0)t/n(q0, dq1)Pa(q1)t/n(q1, dq2) · · ·

· · ·Pa(qn−1)t/n(qn−1, dqn)

(3)

Ç à ì å ÷ à í è å 3. Ìóëüòèïëèêàòèâíîå âîçìóùåíèå ãåíåðàòîðà ìàðêîâñêîãî
ïðîöåññà ðàâíîñèëüíî ïðîöåäóðå ñëó÷àéíîé çàìåíû âðåìåíè (ñì. [5]). Îò-
ìåòèì, ÷òî P (t, x, dy) = Pa(x)t(x, dy) â îáùåì ñëó÷àå ÍÅ ÿâëÿåòñÿ ïåðåõîäíîé
âåðîÿòíîñòüþêàêîãî-ëèáî ñëó÷àéíîãî ïðîöåññà. Òåìíåìåíåå, åñëèïåðåõîäíàÿ
âåðîÿòíîñòü Pt(q, dy) èñõîäíîãî ïðîöåññà èçâåñòíà, òî ôîðìóëà (3) ïîçâîëÿåò
àïïðîêñèìèðîâàòü íå âûðàæàþùóþñÿ â ÿâíîì âèäå ïåðåõîäíóþ âåðîÿòíîñòü
ìîäèôèöèðîâàííîãî ïðîöåññà.
Ïðèìåð 1 (ôîðìóëà Ôåéíìàíà äëÿ äèôôóçèè ñ ïåðåìåííûì êîýôôè-

öèåíòîì). Ðàññìîòðèì ïðîöåññ áðîóíîâñêîãî äâèæåíèÿ â Rd. Ãåíåðàòîð ýòîãî
ïðîöåññà| ýòî îïåðàòîðËàïëàñàA = 1

2∆. Ïëîòíîñòü ïåðåõîäíîé âåðîÿòíîñòè
çàäàåòñÿ ãàóññîâñêîé ýêñïîíåíòîé

pt(x) = (2πt)−d/2 exp

{
− |x|2

2t

}
.
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Ïóñòü (T̃t)t≥0|ïîëóãðóïïà íàC(Rd) ñ ìóëüòèïëèêàòèâíî âîçìóùåííûìôóíê-
öèåé a(·) ãåíåðàòîðîì A. Ýòà ïîëóãðóïïà ñîîòâåòñòâóåò äèôôóçèîííîìó ïðî-
öåññó ñ ïåðåìåííûì êîýôôèöèåíòîì äèôôóçèè

√
a. Òîãäà ïî Òåîðåìå 2 äëÿ

ëþáîãî φ ∈ C∞(Rd) ñïðàâåäëèâà ôîðìóëà Ôåéíìàíà:

T̃tφ(q0) = lim
n→∞

∫
Rd

· · ·
∫
Rd

(2πa(q0)t/n)−d/2 exp

{
− |q0 − q1|2

2a(q0)t/n

}
· · ·

· · · (2πa(qn−1)t/n)−d/2 exp

{
− |qn−1 − qn|2

2a(qn−1)t/n

}
φ(qn)dq1 · · · dqn

Ïðèìåð 2 (Ïðîöåññ òèïà Êîøè ñ ïåðåìåííûì êîýôôèöèåíòîì). Ðàñ-
ñìîòðèì ïðîöåññ Êîøè â Rd. Ïëîòíîñòü åãî ïåðåõîäíîé âåðîÿòíîñòè çàäàåòñÿ
ôîðìóëîé

pt(x) = Γ

(
d

2
+

1

2

)
t

[π|x|2 + t2](d+1)/2 ,

ãäå Γ(·)| ýòî ãàììà-ôóíêöèÿ Ýéëåðà. Ðàññìîòðèì ìóëüòèïëèêàòèâíîå âîçìó-
ùåíèå ãåíåðàòîðà ïðîöåññà Êîøè ôóíêöèåé a(·). Òîãäà äëÿ ñîîòâåòñòâóþùåé
ïîëóãðóïïû (T̃t)t≥0 ñ ìóëüòèïëèêàòèâíî âîçìóùåííûì ãåíåðàòîðîì ïî Òåîðåìå
2 èìååì:

T̃tφ(q0) = lim
n→∞

∫
Rd

· · ·
∫

Rd

[
Γ

(
d

2
+

1

2

)]n
a(q0)t/n

[(a(q0)t/n)2 + (π|q0 − q1|)2](d+1)/2 · · ·

· · · a(qn−1)t/n

[(a(qn−1)t/n)2 + (π|qn−1 − qn|)2](d+1)/2φ(qn)dq1 · · · dqn.

4. Çàêëþ÷åíèå

Â ðàáîòå ïîëó÷åíà íîâàÿ ôîðìóëà äëÿ îïèñàíèÿ âîçìóùåííîé äèíàìèêè.
Ðàññìîòðåíû ïðèìåðû, êîãäà ïîëó÷åííàÿ ôîðìóëà äàåò ÿâíûå âûðàæåíèÿ, ïðè-
ãîäíûå äëÿ àïïðîêñèìàöèè è êîìïüþòåðíîãî ìîäåëèðîâàíèÿ âîçìóùåííîé äè-
íàìèêè.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà Ïðåçèäåíòà Ðîññèéñêîé Ôåäåðà-
öèè MK-943.2010.1. è ãðàíòà ÐÔÔÈ 10-01-00724-a.
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A new method to describe linear dynamics is considered. This method is based
on representations of corresponding evolution semigroups (or, what is the same,
representations of solutions of corresponding evolution equations) by Feynman
formulae, i.e. by limits of n-fold iterated integrals when n tends to infinity. Green
functions of many initial-boundary value problems are not known explicitly, whereas
it is possible to obtain Feynman formulae containing only elementary functions as
integrands for some of these problems. Such Feynman formulae allow to calculate
solutions of evolution equations directly, to approximate transition probabilities of
stochastic processes, are useful for computer modeling of quantum and stochastic
dynamics. The notion \Feynman formula" (in this context) and the method to obtain
such formulae were introduced in works of Smolyanov and his coauthors in the late
nineties. In the last decade it has been actively applied to describe different types
of dynamics in domains of Euclidean spaces and Riemannian manifolds, in infinite
dimensional linear and non-linear spaces. In the present note the multiplicative
perturbations of generators of strongly continuous semigroups on a Banach space of
some continuous functions are considered. A Feynman formula is obtained for the
semigroups with perturbed generators. Therefore, a new formula is given for the
description and the investigation of the perturbed dynamics. Also some particular
examples, when the obtained Feynman formula contains only elementary functions as
integrands, are considered in this note. Keywords: Feynman formula, approximation
of semigroups, approximation of transitional probabilities, multiplicative perturbations.
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