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Ââåäåíèå

Ñèíòåç çàêîíà óïðàâëåíèÿ ïëîñêèì äâèæåíèåì äâóõêîëåñíîãî ðîáîòà ñ äèôôåðåíöèàëü-
íûì ïðèâîäîì, ñòàáèëèçèðóþùåãî åãî äâèæåíèå ïî çàäàííîìó ïóòè, ÿâëÿåòñÿ òèïè÷íîé çà-
äà÷åé äëÿ ðîáîòîòåõíè÷åñêèõ ñèñòåì íà êîëåñíîé ïëàòôîðìå, òàêèõ êàê ìîáèëüíûå ðîáîòû,
ñåëüñêîõîçÿéñòâåííûå ìàøèíû, ãðóçîâûå àâòîìîáèëè, ëåãêîâûå àâòîìîáèëè (ñàìîóïðàâëÿ-
åìûå àâòîìîáèëè).
Èçâåñòíû ðàçëè÷íûå ïîäõîäû ê çàäà÷å ñòàáèëèçàöèè äâèæåíèÿ âäîëü çàäàííîé êðèâîé.

Îäèí èç íèõ ñîñòîèò â ïðåîáðàçîâàíèè ñèñòåìû c ïîìîùüþ çàìåíû êîîðäèíàò è ïðåîáðà-
çîâàíèÿ âûõîäîâ ê òàê íàçûâàåìîé öåïíîé ôîðìå [9, 10]. Åùå îäèí ïîäõîä ñîñòîèò â
ïðåîáðàçîâàíèè ñèñòåìû ê íîðìàëüíîé ôîðìå [6] è ïåðåõîäå ê äèôôåðåíöèðîâàíèþ ïî íî-
âîé íåçàâèñèìîé ïåðåìåííîé [1, 2]. Äëÿ ýòîãî ìîäåëü çàïèñûâàþò â íîâûõ ïåðåìåííûõ,
íàçûâàåìûõ ïóòåâûìè êîîðäèíàòàìè, êîòîðûå íàïðÿìóþ ñâÿçàíû ñ çàäàííîé òðàåêòîðèåé è
îïðåäåëÿþò âîçìîæíûå îòêëîíåíèÿ îò çàäàííîãî ïóòè [3, 10].
Äëÿ àôôèííûõ ñèñòåì ñ âåêòîðíûì óïðàâëåíèåì èçâåñòíû óñëîâèÿ ïðèâîäèìîñòè ê

êàíîíè÷åñêîìó [4] èëè êâàçèêàíîíè÷åñêîìó [7] âèäàì, ñ èñïîëüçîâàíèåì êîòîðûõ âîçìîæíî
êàê íàõîæäåíèå ïðîãðàììíîãî óïðàâëåíèÿ, òàê è ïîñòðîåíèå íåëèíåéíîé îáðàòíîé ñâÿçè,
îáåñïå÷èâàþùåé ñòàáèëèçàöèþ äâèæåíèÿ âäîëü çàäàííîé êðèâîé. Íàïðèìåð, â [5] äëÿ
ìîáèëüíîãî ðîáîòà ñ àâòîìîáèëüíîé êîìïîíîâêîé êîëåñ áûëî ïîëó÷åíî îïèñàíèå ôóíêöèé,
ïî êîòîðûì ìîäåëü ïðåîáðàçóåòñÿ ê êâàçèêàíîíè÷åñêîìó âèäó.
Êîëåñíûå ðîáîòû îòíîñÿòñÿ ê êëàññó íåãîëîíîìíûõ ñèñòåì, êîòîðûå, êàê èçâåñòíî, íå

ìîãóò áûòü ñòàáèëèçèðîâàíû â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ íåïðåðûâíî äèôôåðåí-
öèðóåìîé ñòàöèîíàðíîé îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ [8]. Îäíàêî çàäà÷à ñòàáèëèçàöèè
äâèæåíèÿ âäîëü çàäàííîé êðèâîé ôîðìóëèðóåòñÿ êàê çàäà÷à ñòàáèëèçàöèè ïî ÷àñòè ïåðå-
ìåííûõ, ïîýòîìó èñïîëüçîâàíèå ñòàöèîíàðíîé îáðàòíîé ñâÿçè îêàçûâàåòñÿ âîçìîæíûì.
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Èññëåäóåì ïðèâîäèìîñòü ìîäåëè êîëåñíîãî ðîáîòà ñ äèôôåðåíöèàëüíûì ïðèâîäîì ê
êâàçèêàíîíè÷åñêîìó âèäó, îïðåäåëèì âñå âîçìîæíûå ôóíêöèè, ïîçâîëÿþùèå åãî ïîëó÷èòü,
íà îñíîâå ýòîãî âèäà ðåøèì çàäà÷ó ñòàáèëèçàöèè äâèæåíèÿ âäîëü çàäàííîãî ïóòè.

1. Êèíåìàòè÷åñêàÿ ìîäåëü äâóõêîëåñíîãî ðîáîòà

Ðîáîò ñîñòîèò èç àáñîëþòíî òâåðäîé ïëàòôîðìû è ñîîñíîé êîëåñíîé ñèñòåìû ñ äèôôå-
ðåíöèàëüíûì ïðèâîäîì êîëåñ (ðèñ. 1). Ïðåäïîëàãàåòñÿ, ÷òî êîëåñà íàõîäÿòñÿ â òî÷å÷íîì
êîíòàêòå ñ ïîâåðõíîñòüþ è äâèæóòñÿ áåç ïðîñêàëüçûâàíèÿ.

Ðèñ. 1. Êîëåñíûé ðîáîò

Â êà÷åñòâå ïåðåìåííûõ ñîñòîÿíèÿ êîëåñíîãî ðîáîòà ðàññìîòðèì ñëåäóþùèå âåëè÷èíû:

x, y| êîîðäèíàòû áàçîâîé òî÷êè ðîáîòà (ñåðåäèíà îñè âðàùåíèÿ êîëåñ) â çåìíîé íåïî-
äâèæíîé ñèñòåìå êîîðäèíàò xOy;

ϑ| óãîë ìåæäó âåêòîðîì ñêîðîñòè ðîáîòà è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox;

ω1, ω2 | óãëîâûå ñêîðîñòè âðàùåíèÿ ëåâîãî è ïðàâîãî êîëåñ ñîîòâåòñòâåííî.

Êèíåìàòè÷åñêàÿ ìîäåëü ðîáîòà èìååò âèä [9]:

ẋ = R
ω1 + ω2

2
cosϑ,

ẏ = R
ω1 + ω2

2
sinϑ,

ϑ̇ =
R

L
(ω1 − ω2),

ϕ̇1 = ω1,

ϕ̇2 = ω2.

(1)
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Ëèíåéíàÿ ñêîðîñòü v äâèæåíèÿ ðîáîòà ñâÿçàíà ñ óãëîâûìè ñêîðîñòÿìè âðàùåíèÿ êîëåñ
ñîîòíîøåíèåì

v = R
ω1 + ω2

2
,

à óãëîâàÿ ñêîðîñòü âðàùåíèÿ ïëàòôîðìû âîêðóã âåðòèêàëüíîé îñè |

w =
R

L
(ω1 − ω2).

Ïîñëåäíèå äâà óðàâíåíèÿ â (1) ìîæíî îïóñòèòü, ïîñêîëüêó îíè íå èñïîëüçóþòñÿ ïðè
óïðàâëåíèè äâèæåíèåì ðîáîòà. Ñ ó÷åòîì ýòîãî â íîâûõ îáîçíà÷åíèÿõ ìîäåëü çàïèøåòñÿ â
âèäå 

ẋ = v cosϑ,

ẏ = v sinϑ,

ϑ̇ = w.

(2)

Â äàëüíåéøåì áóäåì ðàññìàòðèâàòü çàäà÷ó âûâåäåíèÿ ðîáîòà íà çàäàííóþ êðèâóþ è
äâèæåíèå ïî íåé ñ ïîñòîÿííîé ñêîðîñòüþ v = const > 0. Â ýòîì ñëó÷àå ñèñòåìà (2) èìååò
îäíî óïðàâëåíèå | w.

2. Ïðåîáðàçîâàíèå ñèñòåìû ê êâàçèêàíîíè÷åñêîìó âèäó

Â ðàìêàõ äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêîãî ïîäõîäà [4] ñèñòåìå (2) â R3 ìîæíî ïî-
ñòàâèòü âî âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå ãëàäêèå âåêòîðíûå ïîëÿ A è B, êîòîðûå â
êîîðäèíàòàõ X = (x, y, ϑ)T èìåþò âèä

A(X) =

 v cosϑ

v sinϑ

0

, B(X) =

 0

0

1

.
Ñëåäóÿ [7], íàéäåì ìàêñèìàëüíûé èíäåêñ ïðèâîäèìîñòè ê êâàçèêàíîíè÷åñêîìó âèäó.

Âåêòîðíîå ïîëå B ïîñòîÿííî è íå ðàâíî íóëþ R3. Ñëåäîâàòåëüíî, ðàñïðåäåëåíèå F1 =

= span(B) ðåãóëÿðíî è èíâîëþòèâíî R3.
Ïåðåéäåì ê àíàëèçó ðàñïðåäåëåíèÿ F2 = span (B, adAB) è íàéäåì

adAB(X) =

 v sinϑ

−v cosϑ

0

.
Ïîñêîëüêó ðàíã ìàòðèöû

(
B(X) adAB(X)

)
=

 0 v sinϑ

0 −v cosϑ

1 0
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ðàâåí äâóì äëÿ ëþáîé òî÷êèX ∈ R3, ðàñïðåäåëåíèå F2 ðåãóëÿðíî. Äëÿ àíàëèçà èíâîëþòèâ-
íîñòè ðàñïðåäåëåíèÿ F2 âû÷èñëèì êîîðäèíàòû âåêòîðíîãî ïîëÿ

G(X) = [B, adAB](X) =

 v cosϑ

v sinϑ

0


è ñôîðìèðóåì ôóíêöèîíàëüíóþ ìàòðèöó

(
B(X) adAB(X) G(X)

)
=

 0 v sinϑ v cosϑ

0 −v cosϑ v sinϑ

1 0 0

 . (3)

Ïîñêîëüêó ðàíã ìàòðèöû (3) ðàâåí 3 äëÿ ëþáîé òî÷êèX ∈ R3, ðàñïðåäåëåíèå F2 íå ÿâëÿåòñÿ
èíâîëþòèâíûì. Ïðîöåññ ïîèñêà èíâîëþòèâíîãî è ðåãóëÿðíîãî ðàñïðåäåëåíèÿ, èìåþùåãî
ðàçìåðíîñòü r < 3, çàâåðøåí | èñêîìûì ðàñïðåäåëåíèåì ÿâëÿåòñÿ F1.

Ïîñêîëüêó ðàíã ìàòðèöû (3) ðàâåí 3 â ëþáîé òî÷êåX ∈ R3, òî adAB(X) /∈ F1. Ñëåäîâà-
òåëüíî, ó ñèñòåìû (2) â îêðåñòíîñòè ëþáîé òî÷êè X ñóùåñòâóåò ðåãóëÿðíûé êâàçèêàíîíè-
÷åñêèé âèä ñ èíäåêñîì ïðèâîäèìîñòè r = 2.

Ïóñòü öåëåâàÿ êðèâàÿ çàäàåòñÿ óðàâíåíèÿìè xs = xs(s), ys = ys(s), ãäå s| íàòóðàëüíûé
ïàðàìåòð êðèâîé. Îáîçíà÷èì ÷åðåç ϑs óãîë íàêëîíà êàñàòåëüíîãî âåêòîðà τ ê îïîðíîé
êðèâîé, ÷åðåç d | ðàññòîÿíèå îò áàçîâîé òî÷êè ðîáîòà äî öåëåâîé òðàåêòîðèè, ÷åðåç ψ |
óãîë ìåæäó âåêòîðîì ñêîðîñòè ïëàòôîðìû è êàñàòåëüíûì âåêòîðîì ê öåëåâîé òðàåêòîðèè â
áëèæàéøåé ê ðîáîòó òî÷êå.

Çàïèøåì ñèñòåìó â ïóòåâûõ êîîðäèíàòàõ. Äëÿ ýòîãî ñäåëàåì ñëåäóþùóþ çàìåíó ïåðå-
ìåííûõ [3]: 

x = xs − y′sd,

y = ys + x′sd,

ϑ = ψ + ϑs.

(4)

Çàìåíà ïåðåìåííûõ (4) ÿâëÿåòñÿ äèôôåîìîðôèçìîìèç íåêîòîðîé îêðåñòíîñòèΣ îïîðíîé
êðèâîé, ãäå ëþáàÿ òî÷êà (x, y) ∈ Σ èìååò åäèíñòâåííóþ áëèæàéøóþ òî÷êó íà îïîðíîé
êðèâîé è âûïîëíÿåòñÿ óñëîâèå 1− k(s)d 6= 0, â îáðàç îáëàñòè Σ ïðè îòîáðàæåíèè (4). Çäåñü
k(s)| êðèâèçíà öåëåâîé êðèâîé.

Â íîâûõ êîîðäèíàòàõ ñèñòåìà (2) èìååò âèä
ṡ =

v cosψ
1− k(s)d

,

ḋ = v sinψ,

ψ̇ =
vk(s) cosψ
k(s)d− 1

+ w,

(5)
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à âåêòîðíûå ïîëÿ A è B çàïèøóòñÿ ñëåäóþùèì îáðàçîì:

A(z) =


v cosψ

1− k(s)d

v sinψ

vk(s) cosψ
k(s)d− 1

, B(z) =

 0

0

1

.
Ñîñòàâèì ñèñòåìó óðàâíåíèé äëÿ íàõîæäåíèÿ ïåðâûõ èíòåãðàëîâ ðàñïðåäåëåíèÿF1. Îíà

ñîñòîèò èç îäíîãî óðàâíåíèÿ Bϕ(z) = 0, èìåþùåãî âèä
∂ϕ

∂ψ
= 0. (6)

Ñèñòåìà (6) èìååò äâà ôóíêöèîíàëüíî íåçàâèñèìûõ èíòåãðàëà: s è d. Â êà÷åñòâå åå
ðåøåíèÿ ìîæíî áðàòü ôóíêöèè âèäà γ(s, d), ãäå γ | ïðîèçâîëüíàÿ ãëàäêàÿ ôóíêöèÿ äâóõ
ïåðåìåííûõ.
Äëÿ ñòàáèëèçàöèè äâèæåíèÿ âäîëü çàäàííîãî ïóòè öåëåñîîáðàçíî â êà÷åñòâå ïåðåìåí-

íîé z1 âûáðàòü ðàññòîÿíèå äî öåëåâîé êðèâîé: z1 = ϕ(s, d) = d. Òîãäà z2 = ż1 = v sinψ. Â
êà÷åñòâå η íåîáõîäèìî âûáðàòü ôóíêöèîíàëüíî íåçàâèñèìóþ ñ z1 è z2 ôóíêöèþ. Íàïðèìåð,
ïîëîæèì η = s. Â ðåçóëüòàòå çàìåíà ïåðåìåííûõ (z1, z2, η) = Φ(d, ψ, s), ïðåîáðàçóþùàÿ
ñèñòåìó (5) â îêðåñòíîñòè îïðîíîé êðèâîé ê êâàçèêàíîíè÷åñêîìó âèäó, èìååò âèä

z1 = d,

z2 = v sinψ,

η = s.

(7)

Îáðàòíàÿ çàìåíà ïåðåìåííûõ (d, ψ, s) = Φ−1(z1, z2, η) èìååò âèä:
d = z1,

ψ = arcsin
z2
v
,

s = η.

(8)

Ïðè v > 0 gðÿìàÿ è îáðàòíàÿ çàìåíû çàäàþòñÿ ãëàäêèìè ôóíêöèÿìè íà âñåé ñâîåé îáëàñòè
îïðåäåëåíèÿ. ßêîáèàí îòîáðàæåíèÿ Φ îòëè÷åí îò íóëÿ ïðè ψ 6= ±π

2
. Ìîæíî âèäåòü, ÷òî Φ

ÿâëÿåòñÿ äèôôåîìîðôèçìîì íåêîòîðîé îêðåñòíîñòè îïîðíîé êðèâîé íà ñîîòâåòñòâóþùèé
îáðàç.
Äèôôåðåíöèðóÿ z2 â ñèëó ñèñòåìû (5), ïîëó÷èì

ż2 = v cosψψ̇ =

(
v2 cos2 ψ k(s)

k(s) d− 1
+ wv cosψ

)
(d,ψ,s)=Φ−1(z1,z2,η)

= k(η)
v2 − z2

2

k(s) d− 1
+w

√
v2 − z2

2 .

Ïîëó÷åí ðåãóëÿðíûé êâàçèêàíîíè÷åñêèé âèä ñèñòåìû (5):

ż1 = z2,

ż2 = k(η)
v2 − z2

2

k(s) d− 1
+ w

√
v2 − z2

2 ,

η̇ =

√
v2 − z2

2

1− k(η)z1
,

(9)

îïðåäåëåíûé â íåêîòîðîé îêðåñòíîñòè îïîðíîé êðèâîé.
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3. Ñòàáèëèçàöèÿ äâèæåíèÿ ïî çàäàííîìó ïóòè

Èññëåäóåì íóëåâóþ äèíàìèêó [6] ñèñòåìû (9). Îíà èìååò âèä

η̇
∣∣
z=0

= v = const,

÷òî ñîîòâåòñòâóåò äâèæåíèþ ïî öåëåâîé êðèâîé ñ ïîñòîÿííîé ñêîðîñòüþ v.
Ëèíåàðèçóåì ñèñòåìó (9) îáðàòíîé ñâÿçüþ

w =

√
v2 − z2

2

1− k(η)z1

k(η)− C1z1 + C2z2√
v2 − z2

2

ãäå C1, C2 | ïîëîæèòåëüíûå ïîñòîÿííûå.
Òîãäà èñõîäíûå óïðàâëåíèÿ ω1, ω2 çàïèøóòñÿ ñëåäóþùèì îáðàçîì:

ω1 =
2v + w

2R
, ω2 =

2v − w

2R
.

4. Ïðèìåðû

Ñòàáèëèçàöèÿ äâèæåíèÿ ïî îêðóæíîñòè. Ïóñòü öåëåâàÿ òðàåêòîðèÿ | åäèíè÷íàÿ
îêðóæíîñòü x(s) = cos(s), y(s) = sin(s) ñ öåíòðîì â íà÷àëå êîîðäèíàò. Íà÷àëüíîå ïîëîæåíèå
ïðèìåì (x0, y0, ϑ0) =

(
2, −2,

π

2

)
.

Íà ðèñ. 2{5 ïðèâåäåíû ãðàôèêè, ïîêàçûâàþùèå, ÷òî çàäà÷à ñòàáèëèçàöèè óñïåøíî ðå-
øàåòñÿ ñ èñïîëüçîâàíèåì ïðèâåäåííîãî àëãîðèòìà.

Ñòàáèëèçàöèÿ äâèæåíèÿ ïî ïðÿìîé. Ïóñòü öåëåâàÿ òðàåêòîðèÿ | ïðÿìàÿ x(s) =
s√
2
,

y(s) =
s√
2
. Íà÷àëüíîå ïîëîæåíèå ïðèìåì (x0, y0, ϑ0) =

(
2, −2,

π

2

)
.

Íà ðèñ. 6{9 ïðèâåäåíû ãðàôèêè èçìåíåíèÿ êîîðäèíàò íà ïëîñêîñòè, ðàññòîÿíèÿ äî ïðÿ-
ìîé è ìîäóëÿ ñêîðîñòè îò âðåìåíè. Âèäíî, ÷òî çàäà÷à ñòàáèëèçàöèè óñïåøíî ðåøåíà.

Ðèñ. 2. Òðàåêòîðèÿ äâèæåíèÿ ðîáîòà íà
ïëîñêîñòè, ñëó÷àé äâèæåíèÿ ïî îêðóæíîñòè

Ðèñ. 3. Çàâèñèìîñòü îò âðåìåíè
ðàññòîÿíèÿ ∆r äî öåëåâîé òðàåêòîðèè
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Ðèñ. 4. Çàâèñèìîñòü îò âðåìåíè
ìîäóëÿ âåêòîðà ñêîðîñòè v ðîáîòà

Ðèñ. 5. Çàâèñèìîñòü îò âðåìåíè
óãëîâûõ ñêîðîñòåé ω1, ω2 êîëåñ ðîáîòà

Ðèñ. 6. Òðàåêòîðèÿ äâèæåíèÿ ðîáîòà íà
ïëîñêîñòè, ñëó÷àé äâèæåíèÿ ïî ïðÿìîé

Ðèñ. 7. Çàâèñèìîñòü îò âðåìåíè
ðàññòîÿíèÿ ∆r äî öåëåâîé òðàåêòîðèè

Ðèñ. 8. Çàâèñèìîñòü îò âðåìåíè
ìîäóëÿ âåêòîðà ñêîðîñòè v ðîáîòà

Ðèñ. 9. Çàâèñèìîñòü îò âðåìåíè
óãëîâûõ ñêîðîñòåé ω1, ω2 êîëåñ ðîáîòà
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Çàêëþ÷åíèå

Èññëåäîâàíà ïðèâîäèìîñòü ìîäåëè äâóõêîëåñíîãî ðîáîòà ñ äèôôåðåíöèàëüíûì ïðèâî-
äîì ê êâàçèêàíîíè÷åñêîìó âèäó, îïðåäåëåíû âñå âîçìîæíûå ôóíêöèè, ïîçâîëÿþùèå åãî
ïîëó÷èòü. Ñ èñïîëüçîâàíèåì ðàññòîÿíèÿ äî öåëåâîé êðèâîé ïîëó÷åíà íîðìàëüíàÿ ôîðìà
ñèñòåìû. Íà îñíîâå ýòîãî âèäà ñ ïîìîùüþ ëèíåàðèçàöèè îáðàòíîé ñâÿçüþ ðåøåíà çàäà÷à
ñòàáèëèçàöèè äâèæåíèÿ âäîëü çàäàííîãî ïóòè. Ïðîâåäåíî êîìïüþòåðíîå ìîäåëèðîâàíèå ñè-
ñòåìû ñ ïîëó÷åííûì óïðàâëåíèåì äëÿ ÷àñòíûõ ñëó÷àåâ âèäà ïðåäïèñàííîé êðèâîé: îêðóæ-
íîñòè è ïðÿìîé. Ðåçóëüòàòû ìîäåëèðîâàíèÿ ïîäòâåðæäàþò ðàáîòîñïîñîáíîñòü óïðàâëåíèÿ.
Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà ÐÔÔÈ 12-07-00329.
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The author considers the problem of movement stabilization along the given path for a two-
wheeled robot with a differential drive. Wheeled robots belong to the class of non-holonomic
systems, which, as it is generally known, cannot be stabilized in the vicinity of the equilibrium
position of a continuously differentiable stationary state feedback. But the task of stabilizing the
motion along the given curve is formulated only for part of the variables, so that the use of stationary
feedback is possible. The robot model was transformed into a quasi-canonical form, all possible
functions which allow one to obtain it were determined. The normal form for the system was built
with the use of the distance to the target curve; its zero dynamics was investigated. On the basis of
this form the problem of movement stabilization along the path was solved with the use of feedback
linearization. The results of computer modeling are presented for particular cases: a circle and a
line.
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