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00 oqHOM MOX0/1€ K ONpe/IeSIeCHMI0 BECOBbIX
K03 PUIHEHTOB METO/1a IPOCTPAHCTBA
COCTOSTHU M

Pomanosa 1. K.2" *manti?003@yandex ru
MITY um. H.D. baymana, Mocksa, Poccus

Pemaercsi axTyanmbHasi 3ajada ONIpENENICHHsT BECOBBIX KOI(PQHIMEHTOB METOJa IPOCTPAHCTBA
COCTOSIHUH, WH3BECTHOTO TakXKe KaK METOJ AHAJIUTHYECKOrOo KOHCTPYMPOBAHUS ONTHMANbHBIX
perymsaitopoB  (AKOP). Otmeuaercss OOIIHOCT, B IIOCTAHOBKE 3aad MHOTOKPUTCPHUAIBHOU
onrtumuzaimu U meroga AKOP. ChopmynupoBana obpaTHasi 3aj1a4a NPUHIATOMY B KOONEPATHBHBIX
i depeHInanbHbIX UTpax MOAX0AY ¢ (OPMUPOBAHUEM JIBYX KBaJIPATHYHBIX KPUTEPUEB KauecTBa U
MIOCJIEAYIOMIETO PEUICHHsI COBMECTHON CHCTEMBI IByX MAaTPUYHBIX ypaBHeHHH Pukkatu. [Ipennoxena
METOJMKA, ONMPAOIMIAsACS Ha pa3feleHHe W TOCIEAYIOIIN COBMECTHBIH aHalh3 OTHEIBbHBIX
MHTETPaJbHBIX KBAaJPAaTHYHBIX KpUTEpHeB B TepMuHax Ilapero — onTuMyMa, B YacTHOCTH
paBHOBecHOro pemenus 1o Komu- CmopomuHcku. [ IUaroHambHBIX MAaTpHIl  BECOBBIX
KO3(D(DUIMEHTOB  TOJNyYeHbl  aHAJMTUYECKHE 3aBUCHMMOCTH. [loka3aHo, 4YTO NpPUMEHEHHUE
pa3pabOTaHHOTO METOAA TIO3BOJIIET YIYYIINTh KAdeCTBO PETryJIHPOBaHHS II0 CPaBHEHUIO C

KIIACCUYECCKUM ITOAXO0J0M PAaBHOBECCHBIX BKJIAJ10B.

KioueBble  ciioBa: METOJZi  TNPOCTPAaHCTBA  COCTOSIHMH, BECOBble KO3 (UIMEHTHI,
MHOTOKpUTEpHAJIbHAad ONITUMH3AIINA, HapeTo - ONITUMAJIBHBIC PCUICHUSA, CUHTE3 CUCTEM YIPABJICHUA,

JICTATCJIbHBIC alllIapaThbl

1. BBeaenue

[TonsiTre kadecTBa ympaBieHHs MPOIECCAMU B TEXHMYECKHUX M SKOHOMHUYECKUX cdepax
HaIpsIMYIO CBSI3aHO C 1eNblo yrpaBieHus. OneHKa KauecTBa — COBOKYITHOCTh T€X IoKa3aTelsei
KayecTBa YNpaBJICHUs, KOTOPbIE OTpaXaroT Hanbosee BaKHbIE TPEOOBaHUS, MPEABSBISEMbIE K
cucreMe. OTaenbHbIE II0Ka3aTeld, KOTOpBIE TAK)KE€ HA3bIBAIOTCS YAaCTHBIMU KPUTEPHUSIMHU
KayecTBa, MPEJCTABIAIOT co00i cKaisipHble BeaMUuHBbl. OHU MOTYT OBITH COOpaHBl B €IMHBIN
BEKTOPHBIA KpHUTepuil. 3agaua obOecriedeHusi TpeOyeMOoro KauyecTBa CHUCTEMbI B cllydae
HECKOJIbKUX KPHUTEPUEB COCTABIISIET CYTh 3aJadyd MHOTOKpUTEpHalbHOM onTuMuzanuu. Kak
MpaBWJIO, 3TU KPUTEPUM HOCSAT B3aWMHO NPOTHUBOpeuMBBIA Xapakrep. llpenmonaraercs, 4ro
BbIOpAaHHBIE KPUTEPUU HE3aBUCUMBI M 33J]aHO HAlpaBJICHUE YIYYIICHHs 3HAYE€HUI KPUTEPUEB.

3ajayl  MHOTOKPUTEPUAIBHON ONTHMHU3AlMM YCHEIIHO pEIIaloTCs B paMKaxX Teopuu
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MHOTOKpHUTepuanbHoil ontummsanuu (MKQO) — mareMaTu4eckoil TUCIUIUIUHEI, 0a3upyromencs
Ha aKCHMOMax BBIOOpA PEIICHHS U U3yYarOIeH CIEICTBUS 3TUX aKCHOM.

OpaHMM M3 YacTO MCHONb3YEMbIX NOAXO0A0B K pemeHuto 3azady MKO sBusercs
npUMEHeHHe OOOOIIEHHBIX KPUTEPUEB KAdyecTBa, MOJIYy4YaeMbIX, HAlpPHUMEp, MyTEM CBEPTKU
KputepueB. W3BeCTHBI cleylolMe METOJbl CBEPTKHM KPUTEPHUEB: AJTUTUBHBIA KpPUTEPHIL,
MYJIbTUIUIMKATUBHBIA KPUTEPU, MAKCUMHUHHBIA KPUTEPUM, ONpEestomuil kKpurepu. s
CKaJSIPHBIX KPHUTEPUEB KaK LEJNEBbIX (QYHKIMNA IIHPOKO H3BECTHHI METOAbl ONTHUMHU3ALUU
(3amaua MaTeMaTUYECKOTO IPOrPAMMHUPOBAHHS).

Oco0yt0 posib B PEUICHMH 33Ja4d MHOTOKPUTEPHUATBHOM ONTHMHU3ALMUHN WUIPACT METOJ
IIPOCTPAHCTBA COCTOSIHUM WJIM, KaK IPUHATO B PYCCKOSA3BIYHOW JIUTEpAType, METOJ
AQHAJIMTUYECKOTO0 KOHCTPYMPOBAHUS ONTUMaNIbHBIX peryistopoB (AKOP) unu meron Jlerosa -
Kanmana. LeneBas ¢yHKIMS, aHATUTUYECKUI MUHUMYM KOTOPO# OBLIT MOJTy4YeH, IPEACTaBiIsIa
co0oif KBaJpaTU4HbIN (HyHKIIMOHAT KadecTBa. KaiMaH paciupuil KJacc CUCTEM, JUIsl KOTOPBIX
BO3MOJKHO MOJIy4EHHE ONTUMAJIBHOTO YIPaBJICHUS, BKIIOYUB B PACCMOTPEHHE CTOXACTUUYECKHE
JTUHAMUYECKHE CUCTEMBI.

Ha ceronnsiminuii 1eHp CylecTByeT HECKOJIbKO BapuaHToB 3a1aun AKOP.

B nmro6om cirydae paccmarpuBaeTcs BeKTopHOe nudhepeHnnanbHoe ypaBHEeHHE

x(t) = A(t)x(t) + B(t)u(t),x(t,) = X, 1)

rae A(t) - MaTpuia TMHAMUYECKHX MTapaMeTpoB 00bEKTa, 3aBUCSIIMX OT BPEMEHH pa3Mepa NxN;
B(t) - marpuna ko3pGUINEHTOB YCHUIICHHS YIIPABISIONIUX BO3ICHCTBUI pazmepa Nxm; U — m-
MEpHBII BEKTOP YIPABISIOIINX BO3AeHCTBHIA; X(t) — N - MepHBIN BEKTOP (ha30BBIX KOOPANUHAT.

Bexrop HabsroneHnii cucteMsl Y(t) pasMepHOCTH P OMTUCHIBACTCS YpaBHEHUEM
y(t) = C(t)x(t), )

rae C(t) - marpuna K03(hGHUIMEHTOB BBIXOAa THHAMHUYECKONH CHCTEMBI, KOTOPBIE TAKKe 3aBHUCAT
OT BPEMEHH.

Bapuanter konkperHoii 3amaun AKOP oTiauuaroTcss 0COOEHHOCTSIMH (DOPMHPOBAHHS
KBaJPaTUIHOTO KPUTEPHUS KauyecTBa.

BO‘HepBBIX, paccMaTpuBacTCAa 3aaa4da oOecrieueHus] U3MEHEHUS BBIXOJIHBIX ITapaMETPOB
y(t) (cm. dhopmyny 2) mo 3amanHO#M mporpamme Y+(t) (3a1ada ciaekeHus1), T.e. MUHUMU3HPYETCS

HUHTCErpajibHas OIICHKA OIINOKH

e®) =y.(t)—y@®). 3)

CootBeTcTBYIOIIMM UHTErpa Juist olMOKH (3) UMeeT BT
1 1%
I = e t)Qelt) + | e Qe + u” ®Ru( it @)
t

3nece u  ganmee Qx, Q - HeoTpUIATENbHO ONpEICNCHHBIE MAaTPULBI BECOBBIX
k02 purmeHToB, R - MoI0KUTETHHO ONpeiesieHHAs MaTPHUIla BECOBBIX KO DUIIUECHTOB.

Bo-BTOpBIX, pemaercs 3aqaua peryimpoBanus Beixoaa cuctemsr Y(t), T.e.
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W= Y Q)+ j VO +u ORI

HaI/IJ'Iy‘lH_II/II/I PE3YIBTAT CUUTACTCA JOCTUTHYTBIM, €CJIU BBIIIOJIHACTCA

Y1

y© =| * |0

(6)

| Yo

B-TpeTI)I/IX, CTaBUTCA 3aJa4a YACPIKAHHA OKOJIO HYJId KOMIIOHCHTOB BEKTOPA COCTOAHUA

— 0

xX(t) =
(7)

n

Ora 3ajada TaKkKe MMEET Ha3BaHME 33Jayd O PEryiasaTope cocTosHUU. DyHKIHMOHA
MIPE/ICTABIISETCS B BUJIE

I =X 6IQXE) + j X O +u ORIl

B-‘IGTBepTI)IX, CTaBHUTCA 3aJaya o0ecIeYeHnsT aCUMIITOTHYECKOM YCTOI\/'I‘-II/IBOCTI/I CHCTCMBI

1py OECKOHEUYHOM BPEMEHHU HaOJII0IeHUS T.€.

IU) = ; [x" mox® +u" ORrRuw bt o

lim X(t) = (10)

t—>oo

OnrtumanbHbIA 3aKOH ynpaBieHHs U (t), oOecrieunBaromumii MUHUMYM KBaJpaTHYHOMY
Kkputepuio (9), paccuuTsiBaeTcs o hopmyine

u,(t)=RB' (t)K(t)x(t) =—D(t)x(t); D(t) =R "B (YK (1), )
rne K(t) - pemenune marpuynoro auddepeHnmransHoro ypaBHeHus Tuna Pukkaru

K(t) = —K({)A{M) - A" (DK (1) + KEO)BEOR'B (KM -Q, (2

C I'paHUYHBIM YCJIIOBHEM K (t) = Qk . B Hacrosiee BpEMs pa3pa60TaHLI HaaCKHbIC MCTOIbI

penieHust ypaBHeHu (12) u onpeneneHrs onTuMaabHOTO yrpasieHus (11).
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KBaznpaTuuHbIil MHTErpaJbHBIM KPUTEpUN KauecTBa SBIIAETCSH, IO CYLIECTBY, OJHUM U3
BUJIOB CBEPTKM YaCTHBIX KpuTepueB. [leficTBUTENbHO, TpeOOBAHMUA K CHUCTEME MOTYT OBITh
NpPEJCTaBICHBl B BHJE NPEICTbHO JOMYCTUMBIX 3HAYCHUH 10 OTACIbHBIM (ha30BBIM

KOOpAMHATAM

Xj max ¥ MaKCHMaibHO JI0MyCTUMBIX CHrHaJIOB ynpasieHus Uj max. O4eBUIHO, 4TO OTAEbHBIC

YacTHbIC TPEOOBaHUS (KPUTEPHH) MOTYT BCTyNaTh B MPOTHBOpPEYHE APYT C JPYIOM M CBEpKa
OCYIIECTBJISIETCS C IIOMOIIBID MAaTpHUIl BeCOBBIX KodpdunueHntoB Q, Q, R. Omnum wu3
pactpoCTpaHEHHBIX CIIOCOOOB CBEPTKHU SBISETCS METOJ PaBHBIX BKIAJOB MaKCHUMAJIbHBIX
OTKJIOHEHHI KOOPJIMHAT U 3aTpaT Ha yIIpaBJICHHE.

Bpaiiconom u Xo O-mm npenioxxkeH Moaxod, B COOTBETCTBUM C KOTOPBIM 3JIEMEHTHI
MaTtpuibl Q paccUUTHIBAIOTCS 10 (hopMyIie

1 2
= (tk o tO)Ximax_
1
DnemeHTHl MaTpullsl R onpenenstorcs o hopmyse
1 2
= (tk _to)ujmax_
1]

Criemyer OTMETUTB, UTO 33jada BEIOOpa BECOBBIX Kod(duumeHToB B (4), (5), (8), (9), npu
KOTOPBIX OBl BBIMONHSINCH TpeboBanus (6), (7), (10), sBusercs oCHOBHOW MpoOieMoit MeToa
AKOP.

3amMeHa BEKTOPHOTO KpUTEpHsl CKAIAPHBIM HE BCErja OIMpaBlJaHHA, IMOCKOIBKY HE B
MIOJIHOM Mepe YYUTHIBAET 3HAYEHUS OTACNIbHBIX B3aUMHO IPOTHBOPEUYUBHIX KpuTepueB. [loaTomy
WHTEpPEC TIPEACTABISICT HaApSIy C KIACCHYECKHM IOJIXOJOM HCIOJIb30BAHUE CHEIHATBHBIX
METOZ0B MHOTOKPUTEPHAIHHON ONTHMHU3ALINH.

Cpenu MHOTOYHCIICHHBIX METOJIOB MHOTOKPUTEPUAITBHON ONTHMH3AINN MOYKHO BBIICTHTH
nonyuenue [lapeto - onTuManbHBIX BapuaHTOB. [Ipennonaraercs mpu 3TOM, UYTO BBITIOTHSIOTCS
akcuomsbl [lapero u akcuomsl uckitoueHus. Hamomuum stu nonosxenus [1].

Axcuoma IlapeTo cocToUT B TOM, YTO €CIIM OLIEHKA OJJHOTO M3 JIBYX BapHAHTOB HE XyXKe
OLIEHKU BTOPOT'O BapHaHTa 110 BCEM KOMIIOHEHTaM, IpUYeM, Mo KpaitHeil Mepe, 10 OTHOM M3 HUX
— CTPOTO JIy4Ille, TO TIEPBBI BapUAHT MPEIMOYTHTEIbHEE BTOPOTO, T.€.

X', X"e X,h(X) <h(Xx"),i=1..m
dk e{L,2,...m}: h (X)<h (X)=x">, x" (13)

rac - X - 6I/IHapHOC OTHOIICHHUC IMMPCAIIOUYTCHUSA Ol'IpeI[CHéHHOC Ha X , JIMld, TPUHUMAKOIICTO

/ "
pemenne (JITIP); mpuuem, ecmi X =y X', To us mapst Bapuantos X 3 X JIIIP BeiGeper

TIEPBbII BApUAHT M HE BBIOEPET BTOPOIA.
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I[Iyctb C(X) - MHOXKECTBO BBIOMPAGMBIX BApUAHTOB. AKCHOMA HCKIIOUCHUS

IpEeAIoJaraeT, 4YTo BapuaHT, He BBIOMpAaeMblil B Kakoi-JIN00 nape, He JOJKEH OKa3aThCs CPeau
BBIOPAHHBIX M U3 UCXOJHOTO MHOXECTBA BO3MOXHBIX BAPHAHTOB, T.€.

X', X"e X, X >, X"=x"¢C(X)

(14)

[punmun OmxBopra — Ilapero, sBisommiics (QyHIaMEHTAIbHBIM — MPUHIMIIOM

MHOT'OKPUTEPHAIBHOIO BbIOOpa cocTouT B cienyromeM. [Ipu BeimonHenus akcuomsl Ilapeto u

aAKCHOMBI HMCKIIIOYCHHUS I JH000ro MHOXecTBa BbiOMpaeMmbix BapuaHToB C(X) mmeer mecto

sxmouenne C(X) P(p (X). 3nech Po(X) - MmHOXecTBO [lapero - onTHMaIbHBIX BapHAHTOB,
*
COCTOAILIUX U3 TOYeK X , TAKUX YTO

P,(X)= {x* € X| He cymiecTByeTX € X TaKOro, 4To

h(x) <h(x"),i=1...m, h(X)# h(x*)}.

HJ’IH npeaACTaBJICHUA HapeTo — OITUMAJIBbHBIX BApPUAHTOB BBOJIHUTCA B PACCMOTPCHUC

nonsatue rpanunsl [lapeto P(X), Brirouatomieid B ceOs Touku X, YAOBJICTBOPSIONIUEC

YCIOBUAM
P(X)={xe X :{{X'e X : X'S X,X'# x} =0}, (15)

AxTyanbHbII 0030p cymecTByromux Mero 108 pemenust MKO npuBenes B [2].

2. 0630p COBpeMEHHbIX UCCIeA0BAaHMI HA OCHOBE METO/a MPOCTPAHCTBA
COCTOSIHU U

MeTto npocTpaHCTBa COCTOSIHUM, BIIEpBbIe CHOPMYINPOBAHHBIN HECKOIBKO JAECSITUIECTHI
Ha3aja, J0 CUX IIOp NIpHBIEKAeT HcciaenoBaTeneil. [IpunoxkeHns MeTona B HACTOAILIEE BpeMs
BecbMa pa3HooOpasHbl. Tak B [21] paccmarpuBaercss mpoOieMa JHMHEHHO-KBAJPATUUYHOTO
ONTUMAJIBLHOTO YIpaBIeHUS A peueHus auddepeHuanbHO-aIredpanyeckoro ypaBHEHUS.
[Ipy MHUHMMAaNbHBIX JOMYILIEHUAX JOKa3blBA€TCA JOCTATOYHOCTb M  HEOOXOAMMOCTH
ONTUMAJIBHOTO DEILIEHUS, PEIIaloTCSd COOTBETCTBYIOIIAs MpobjieMa TpaHUYHBIX 3HAYEHUH U
MTOKAa3bIBAETCsl, YTO TaKHE€ YCJIOBHS JUISl PELIEHUS SIBHOTO OOBIKHOBEHHOIO U] depeHnanbHoro
YpaBHEHUSI SKBUBAJIEHTHBI KJIACCUUECKHUM MPOOJIEMbI TUHEHHO - KBaJPaTUYHOIO ONTUMAJIbLHOTO
yIpaBJIeHUS.

B [22] paccmarpuBaeTcs ympaBiieHHE MHHUMAKCHOW MOJENBIO ¢ OOpaTHO# CBSI3bIO Ha
OCHOBE KBAJpPAaTUYHON I1eNeBoi (GyHKIUU. [JTaBHBIM BKJIAJOM SIBISETCS pa3pabOTaHHBIN
QITOPUTM JJIsl PELIEeHUs] MHUHHUMAaKCHOW KBaJApaTHUYHON mpoOjemMbl € 3aJaHHOW TOYHOCTHIO
anmnpokcuManuu. BBOOUTCS MOHATHE TOPU30HTAa PEKYPCHUH, YTO TMO3BOJSET CAENaTh BHIOOD
MEXIY BBIUMCIUTEIBHOW CJIOXKHOCTBIO M KauyecTBOM 3akoHa ympaBieHus. Cratbs [23]
MOCBAIIEHA OOCYXJIEHMI0O MaKCHUMalbHO IPaBIONONOOHOM OLEHKH MOJeNell IpocTpaHCTBa
cocTossHui mcmons3yst anroputm EM  (Expectation-Maximization). B [24] paccmarpuBaercs
IPSIMOI AaHATMTUYECKUH AITOPUTM I PELIEHUs TPAHCHOPTHBIX MpolieM ¢ KoddduureHTamu
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KBaJPaTUYHOTO (PYHKIIMOHAJIA CTOMMOCTH. AJITOPUTM HCHOJIb3yeT KOHLEHIMIO a0COIIOTHBIX
touek. [lose3HocTh anropuTMa OOYyCJIOBJIEHA TeM, YTO KBaJApAaTUYHBIC (PYHKIHMOHAIBI 4acTo
MCTOJIB3YIOTCS ISl allIPOKCUMAIINU APYTHX (PYHKIUH.

B pabore [25] yudunupyercs u pacmmpsieTcs JUHEHHBINA KBaJpPaTUYHBIA PETYJISTOp K
JUHAMMYECKUM  YpaBHEHHUSM BO BPEMEHHBIX IKaJlaX, CBSI3aHHBIX C  JIMHEHHBIMU
WHBAapUaHTHBIMHM BO BpPEMEHM cucTtemMamu. HMiercs onTuManbHOE YIIpaBJIEHHE, KOTOPOe
MUHHUMH3HPYET CTOMMOCTHYIO (yHKIuMIO. llokaspiBaercs, uTo eciu (UHAIBHOE COCTOSHUE
¢bukcupyercsi, TO ONTHUMAJIbHBIA OTKPBITBIA BXOJA ONpEAeseTcs B TepMUHAX KOHEYHOTO
paccoriacoBanus cocTosiHus. C apyroil CTOpOHBI, €cii (PMHAIBHOE COCTOSIHUE CBOOOTHO, MBI
HMEEM OIITUMAJIbHOE 3aMKHYTOE yIPaBJICHHE.

3ajaye M3y4EHHS CKOPOCTH CXOJMMOCTHM JIBYX CTpPaTerMii ONTUMHU3ALUU B KOHTEKCTE
MYJIbTHAr€HTCKUX CHCTEM TOCBSIIEHA CTaThs [26]. AHaJIM3BI CXOAMMOCTH MPOBOMASTCS IO
MUHUMU3ALNN KBaJIpaTUYHBIX JIOKAJIbHBIX CTOUMOCTHBIX (QYHKIUI.

Teopernueckne W NpPaKTUUECKUE pPE3yJbTaThl NPUMEHEHHS METO/a IPOCTPAHCTBA
COCTOSIHMI HAIlUIM CBOE OTpayKeHUE B MOHOTpaduu [27].

AHanmu3 COBpEMEHHBIX MyONHMKanuid, B KOTOPBIX TaK WM HHAa4Ye NPUMEHSETCS TOUCK
ONTHMyMa KBaJpPAaTUYHOTO CTOMMOCTHOTO KpHUTEpHUs IIOKa3bIBAE€T, 4YTO B IOAABIIAIOIIEM
OOJIBIIMHCTBE CIy4aeB BBIOOP BECOBBIX MATPHUI] OCTAeTCS 3a TMpelelaMd BHHMaHUS
HCCIeN0BaTEIEeH.

B kadectBe mpumepa myOnMKanuid, rie TakOW BOIPOC BCE K€ B OMNPEACICHHON Mepe
MOJTHUMAETCS, CIIYy)KUT padora [28]. PaccMmaTtpuBaeTcs mpoOijieMa BBIMOJHEHHS ICHCTBUN Ha
olHOM MmamuHe. Pemaercs 3agaya MUHHMMU3AllMM B3BELIEHHOW OOIIEH CTOMMOCTH, HpUYEM
UCIOJIb3YIOTCS CTPYKTYpHBIE CBONCTBAa ONTHUMAJIbHBIX PEIIEHUH, TaKUX Kak OrpaHUuYEHUs
MOPSAJKOB, T.€. JOCTAaTOYHBIE YCJIOBMSI JUId Tapbl oONepanui, KOTOpblE TOSABIAIOTCS B
ONpeCIEHHOM TOpPSIIKE M OLEHUBACTCS BIMSHHME pa3IMYHbIX OTpaHUYEHUN NOopsAIKa Ha
BBITNIOJTHEHUE TOYHBIX aJITOPUTMOB.

Haubonee nHTEpecHON C TOUKM 3pEHUs 3aJaud OINpeAeSIeHUs] BECOBBIX KO3((PUIIMEHTOB
sBysieTcst pabota [29] pemaercs oOpaTHas 3aj1a4a TEOPUHM ONTHUMAIBHOTO yrpaBieHus. [Ipsmas
3aa4a opmynupyeTcs Kak 1o 3alaHHbIM MaTpuiiaMm A,B u maTpuiie ko3puueHToB yCUIeHus
K HaliTu HeoOxoaumble W JocTarouHble ycioBus ans K , 4ToObl MomyduTh ONTHMaIbHOE
pemenue LQ Ha GeckoHeuHoM BpeMeHu. OOpaTHas 3amada — 3TO OMpeAesieHne BCEX BECOBBIX
Marpull Q,R u S, takux, uro obecrneunBanu Obl 3amaHHBIA Kod(duiment ycwienus K. 9to
3aj1a4a, BepBble npepioxkeHHas KanvmanoM. B nanHo# craThe cTtaBuTCs O60jee TpyaHas 3ajaaya,
a UMEHHO, 3a1aBasichk Tpaektopusmu LTI cucrem, onpenenuts matpursl QR u S, Tak, 9T00BI
OHM TEHEpUPOBAJIM Takue TpaekTopuu. PaccmarpuBarorcs mnpoOsieMbl OECKOHEUHOTO H
KOHEYHOro BpeMeHH. CBoe pa3BUTHE YKa3aHHbIE METOAbI omyymiu B [30].

Tem He MeHee, 0030p COBpPEMEHHOH JMTEpaTypbl MO3BOJIAET MPHU3HATh, YTO 3ajayda
oTpesieNIeHUs] BECOBBIX KO3(DPUIIMEHTOB SABISETCS MO-TIPEKHEMY aKTyaJIbHOM.
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3. CoBpeMeHHas IOCTAaHOBKA 33a44 U 0630p METO/10B pacyeTa BeCOBbIX
K03pPULEeHTOB.

B pamkax naHHO#M cTaThM Ha MEPBBIN IUIAH BBLABHTAeTCs MpoOIeMa CyKEHHS MHOXKECTBA
[lapero mnpu BeIMONHEHMH OpuUHLUNA OJmkBopra-Ilapero, pemieHHI0 KOTOpOH IOCBSLIEHBI
paboter B.JI. Horuna [3-7]. OmHUM W3 METOMOB SBISIETCS BHIOOp Ha OCHOBE OOOOMIEHHOTO
Kputepus. [ HEKOTOpBIX KOMOMHAIMM KPUTEpUEB MOXKHO OIMCaTh Bce MHOXkecTBO [lapeto.
Haubonee npocToii v MOHATHOM SBISICTCS IMHEHHAS CBEpTKA KpUTepHes [7]:

Zm:li fi ()

C BOBMOKHbBIM YCIIOBUEM HOPMHUPOBKU

$ o1
i=1

Baxxno OTMCTUTH, YTO BCAKAA TOYKA MAKCHUMYMad Ha MHOKCCTBC X nuHerHo’ CBépTKI/I

kputepues npu Aj > 0, | = 1,2,...M, sBusercs Ilapero-ontumanbHoi. T.e. st BeIOOpa

BapHaHTOB HEOOXOIUMO MPOCTO BHIOPATh KOAD(HUIIUEHTHI TMHEUHOMN CBEPTKHU.

Yacto TpakTyroT 3TH KOI()PHUIMEHTH Kak Kak Beca (MU «KOd3()(PHUIIMEHTH BaXKHOCTH)
COOTBETCTBYIOIIUX KPUTEPHUEB, T.€. OHU 3aJAIOT CTENEHb BIUSHUSA OTICIbHBIX KPUTEPUEB Ha
OKOHYATENbHBII BHIOOp (OKOHUATENBHYIO, WM CBOJHYIO OILIEHKY): 4eM OombIlne Kod(pPHUIHeHT,
TeM OOJIBIINIA BKJIaJ] BHOCUT COOTBETCTBYIONINI €My KPUTEPUH.

Cpenu MeTOOB CBEPTKM KPUTEpPHUEB MOMHUMO JIMHEWHOW CBEPTKU HCHOJIB3YIOT
MakCUMUHHYIO  CBEPTKY, MYJIbTHUIUIMKATUBHYIO CBEPTKY, METOJ HJAeaIbHOW  TOYKH,
paHIOMU3HPOBAHHbBIE CTPATETUH, OOOOIIICHHBIN JIOTUYECKU KPUTEPUIl MAKCUMU3AIUH.

WHorna BBIAETSAIOT BCEro JBE IPYNIbl METOJOB IMOJy4eHHUs BecoB. Bo mepBbIX, 3TO
OKCIIEPTHBIE OIEHKH, CPEeId KOTOPBIX METOJl PaHXKHPOBAaHUS M METO] MPUIUCHIBAHUS OAaJIOB.
Ecnu paccmaTtpuBath pe3ynbTaThl OLIEHOK Ka)JOTO M3 IKCIEPTOB KaK pealn3alid HEKOTOPOH
CIIy4aifHOUM BEJIMYMHBI, TO K HUM MOKHO MIPUMEHSATHh METOAbl MaTeMaTH4YEeCKOW CTaTUCTHKHU. Bo-
BTOPBIX, (hOpMaTbHBIE METO/IBI ONPEIEICHUS BECOBBIX KO PUITUECHTOB.

[ToppoOHuas kmaccudukamysi METONOB 3aJaHUs M pacueTa BeCOBBIX Kod(h(HIIMEeHTOB
mpuBefieHa B [l], re ompeneneHo MECTO YKa3aHHBIX 3a/7ad KaK HEOThEeMIIEMOW YacTh
COBPEMEHHBIX HWH(MOPMAIMOHHBIX CHCTEM TMOMJEPKKH TPUHATHS PEIIeHUH pa3IndyHOTO
Ha3zHaueHUs. Bpliendiorcs cienyromuye MeTOJbl OIpeNesIeHUs] OTHOCUTENbHOM BaXKHOCTU
KpUTEPHEB:

® METOJ MOJIE3HOCTH (C MCMOIb30BaHUEM (YHKIIUH MOJIE3HOCTHU, UITH LIEHHOCTH);
® METOJ B3BEIICHHOTO CTENIEHHOTO CPETHETO;
e METOJ B3BENIEHHON MeIUaHbI;
® METOJ COTJIAaCOBaHUS KJIACTEPU30BAHHBIX PAHKUPOBOK;
® METOJ MOMAapHOT0 CPAaBHEHUS BaXXHOCTH U T.1.
CpaBHUTENBHBIN aHATU3 YKa3aHHBIX METOJIOB NMPUBOJUTCS B padoTe [8].
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B coBpemeHHOI nepuoauKe TOCTaTOYHO MOAPOOHO OMHUCAHBI MPAKTUYECKHE MOIXOMAbI K
pEIICHUI0 3a/layll ONpEIEICHUS BECOBBIX KodpduimeHntoB. B [9] mpuBoaumtcs Meromuka
BBIUMCIICHUS] BECOBBIX KO3()(PUIMEHTOB BAXXHOCTH HA OCHOBE OOOOIIEHHOTO JIOTHYECKOTO
KPUTEpPHUs] MaKCUMH3AallMd M COOTBETCTBYIOIIMH aHaJIM3 CBOMCTB 00jacTu 3(PPEeKTHBHBIX
pemenuii. B [10] noxa3zano mnpumeHenue mkansl @PumbepHa, HCIOJIB30BAHME HPHUHLIMIIA
HEYETKOro OOJBIIMHCTBA, METOJIa MHOXKECTBEHHOH perpeccun. B [11] maercs onucanue merona
MOTEHIMAJIBHOTO  PACHpENeiCHUs BEpOSTHOCTEH M JaHa (opMmylia OLEHOK BECOBBIX
kod¢pdunmentoB. Pacuer k03pPUIMEHTOB OTHOCUTENBHON BaKHOCTH mpuBeneH B [3]. B [12]
JaHo omMcaHue npuMeHenus anroputMoB AB m ABC mns pacuera BecOBBIX KO3((UIIMEHTOB
IPYILI IOKA3aTeIICH.

OueBuaHbI MPOOJIEMBI, CBA3aHHBIC C MPUBJICYCHUEM HKCIEPTHHIX OICHOK, T.C. HAJIHYUS
onpeneeHHON cyObeKTUBHOCTH mpennoureHuii. B [13] omucan moaxoa K BBIOOPY BECOBBIX
KO?((UIIMEHTOB PAHTOBBIX OIICHOK JKCIEepToB, Mo3Bosstonmii JI[IP yBenmuunuth crerneHb
COTJIACOBAaHHOCTH MHEHHWI 3KcrmepToB pabodeir rpymmbel. B [14] paspaborana mporemypa
BBISIBIICHUS! KOA((UIIMEHTOB BAXXHOCTH IIOKa3aTeliel, OCHOBaHHAas Ha CPaBHEHUU TIO
MIPEANOYTUTEIBHOCTH BEKTOPHBIX OLIEHOK IApeTO -ONTUMAJIbHBIX BAaPUAHTOB pEILICHUH C
WCTIOJB30BAHUEM  HOPMHPOBAHHOTO  KOX(PQHIMEHTa OTHOCHUTEIHPHOW  BAKHOCTH  HIKAJ
nokasareneil. B [15] onucan noaxon yuera HEONPEIEIEHHOCTEN KPUTEPUEB U CYOBEKTUBHOCTHU
IIPEATIOYTEHU M.

B [16] mpemnokeHa mporeaypa, IMO3BOJSAIONIAsT OIEHUTh W3MEHEHHE ONTUMAJIBHOIO
pelIeHUs IPU 3JIEMEHTAPHOM U3MEHEHUHN IKCIEPTHBIX CYKACHUM.

3amasa MKO wyacro pemaercs B paMKax MHOTOKPUTEPHAIbHOM TEOpUU MOJIE3HOCTH
MAUT (Multi-Attribute Utility Theory) B koTopoii cylieCTBEHHO UCIIONB3YETCS TOHATHE BECOB
(k03 punrenToB BaxxHoCTH) Kputepues. Cuutaercs, uro JIIIP moxer HailTu K03pPUIIHEHTHI -
quclia, KOTOPbIE ONPEAEIAIOT BaXKHOCTh KpUTEpHeEB. BaxkHyto posib B TEOpUHU MTOJIE3HOCTH UTPaeT
Meron aHanu3a uepapxuii (MAU). B obmem Buae mocrtaHoBka 3amauu, pemaemoit MAU [17],
BKJIIOYAET 117, aJbTEPHATUBbl WU KPUTEPUU OLEHKU albTEepHATUB; TpeOyeTrcs BbIOpaTh
HaWIy4dllyio anbTepHaTUBY. [locie mocTpoeHus uepapXudeckon CTpyKTypbl (LI€IH - KpUTEPUH -
albTEPHATHBBI) CHCTEMAa NAPHBIX CPABHEHHM JJIEMEHTOB Ka)XJ0ro YpPOBHS TNPUBOAUT K
pe3ysbTaTy, KOTOPBIA MOKET OBbITh MPEACTaBICH B BUJIE OOPATHO -CHMMETPUYHON MaTpulbl A,
3JIEMEHT KOTOPOH ajj €CTh MHTEHCHBHOCTh IPOSBJICHUS albTEPHATHBBI (2JIEMEHTA UEPAPXHN) 1
OTHOCHUTEJIbHO aJIbTEPHATUBHI | B CMbICIIE BEIOPAHHOTO (PMKCUPOBAHHOTO KPUTEPUSI.

CrnenyeT OTMETUTD, UTO IMOJAABIIAONIEE OOJNBIIMHCTBO PAalbOT, CBSA3AHHBIX C pa3zpabOTKOM
MeTOoJI0B noiryueHus: [lapeTto -onTuManbHBIX pelIeHU U MOAYMHEHHOW 3a/ladyll pacyeTa BECOB,
BBITIOJTHEHO B paMKaxX pelIeHUs 3KOHOMHUYECKUX MpobieM. MckiatodeHne cocTaBisiiOT Takue
pabotel, kak [18], rae mokasaHo monydenue llapero-onmTumyma A yHpaBiieHUS TPYIIION
MOOWIBHBIX po00OTOB W [19], rae pemaercs MHOTOKpUTEpHAIbHAs TWHAMHUYECKas 3ajiada ¢
SKCIIEPTHBIMU OLIEHKAMHU.

Hecmotps Ha Hanuuume OONBIIOTO KOJMYECTBA METOJOB ONPEIEIIEHUS BECOBBIX
K03 (HULIMEHTOB 33/1a4a MO-MIPEKHEMY OCTaeTCs aKTyalbHOU. [IpuynHbI HE TONBKO B MpoliemMax
CyOBEKTHBHOCTH OIIEHOK, HO U B YHCTO MaTeMaThyeckux acrekrax. B [1], [7] ormeuaercs, 4uto
METOJl JMHEHHONW CBEPTKM OTHOCUTCS K pa3psaay HE HMMEIOIIHUX CTPOroro 0OOOCHOBaHUS
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IBPUCTUUYECKUX IOAXOJ0B, KOTOPbIE MOT'YT NMPUBOJAUTH K JAJIEKO HE JIYYIIUM OKOHYATEIbHBIM
BapuaHTaMm BbiOopa. [Ipenensl mpumMeneHus: Mmeroa oTpaxaet Jiemma Kapiuna.

MeTto napHbIX CpaBHEHUH TEOPHH IOJIE3HOCTH J1a€T BO3MOKHOCTb IIPUMEHUTD I1OJIXO]IbI
B (popmupoBanuio MHOXecTBa DkBopTa -IlapeTro mpu AByX KpuUTEpusAX Ha JAaHHOM YpPOBHE
HEpapXHH.

4. IlocTaHOBKA 3aJa4u

B [2] aBropom BIepBble OblIa BBICKa3aHa MBICIL O TOM, YTO B paboTax He
MIPOCJIEKUBAETCS OUEBUIHAS CBSI3b MEXKIY HWHTEPAKTHUBHBIMU METOJAMU M KJIACCHUYECKUM
METOJIOM aHAJIMTUYECKOT0 KOHCTPYHPOBaHMs ONTUMaIbHBIX peryisitopoB (AKOP), B kotopom
JIITP mo cymiecTBy 3agaeT Takue e YCIOBHS: Ha3HA4YaeT BECOBbIE KOI(PPHUIIMEHTHI YaCTHBIX
KPUTEPHUEB ONTHUMAIbHOCTH, HAKJIAIbIBA€T OTPAaHUYCHHS HA 3HAYCHHs] YACTHBIX KPHUTEPUEB
ONTUMAJIbHOCTH; BBINOJHAET OLEHKY npeiaraeMbix MKO - cucremoit anbTepHatuB. BaxkHbIM
CBOMCTBOM MHTEPAKTUBHBIX METOJIOB SIBIISIETCS TO, uTo npeamnoytenus JIIIP moryt usmensarbcs B
MPOLIeCCe ONTUMHUBALINU.

JlanHast cTaThsi CTAaBUT 3ajavell cBsA3aTh 00a monaxona K pemeHuto 3amaun MKO.
OxuaeMbpIM TPEUMYIIECTBOM Oy/IE€T COBMEIIEHUE aHATUTHUECKOTO pEelIeHUs, 0a3UpYIOIIEerocs
Ha Qopmynax mMetoga AKOP u mpeogoneHue HeJOCTaTKOB CBEPTKH KPUTEPUEB, CBS3AHHBIX C
TPYIHOCTBIO BbIOOpa BecOBbIX KOddduimeHToB. HOBU3HOM CTaThU SIBISETCS TO, YTO OUYEBHIHAS
uaesi OTHICKAHUS OTHOIIGHUH MEXIy BEcaMH KpPUTEPUEB IIyTEM IIOCTPOCHHUS KpPUBOM
6e3paznuuus (pponra [lapero) mpumMeHsieTcs yxke He IMHEHHOW CBEPTKE KPUTEPHEB, UMEIOIIEH
CBOM HEJOCTATKH, a K CHEIUalIbHBIM BUAAM KBAaIPATUYHBIX UHTEIPATIbHBIX KPUTEPUEB.

5. OnucaHue MmeToJa

MomuduuupyemM KBaJpaTHUYHBI KpUTEpUH KadyecTBa, pa30MB €ro Ha HECKOJIbKO
coctapistounx. B reopun nugpdepenumansupix urp [31],[32] gacto npumensiercs pa3oueHue Ha
7IBa KpUTEpHUs, YTO MO3BOJSAET MOJYyYUTh IpaUUecKyr0 HHTEPHpPETalMi0O Ha IUIOCKOCTH B
KOOpAMHAaTax KpuTepus J1 u kputepus J,. B Hamem ciiydae paccMOTpUM HUHTErpaji oT (a3oBbIX
KOOpJAUHAT

3,0 = [ Ooxo]a )

W UHTETpAJ OT 3aTpaT Ha YIIPaBJICHHUC.

3, - ; tj U ()Rudt .

[TockonbKy 4YacTo METOJ MPHUMEHSeTCS Uil CTAOMIM3allMd OTHOCHUTENIBHO OIOPHOM
TPAaeKTOPUH, HATJISAHBIM SIBJISICTCS TIPEACTaBICHNE X U U KaK OTKJIOHEHHH (pa30BBIX KOOPAMHAT U

3aTpar Ha yrpaBlIeHHE.
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[TpunsB MaTpuibl BecoBbIX K0d3(durmenton B (16) u (17) auaroHanbHbIMU, TOTYYUM O]
UHTETPAJIOM CIEAYIOIIUE COOTHOLLCHHS

XXM =[x % .. X] =

_qlxl— (18)
X
:[Xl X, Xn] %z ZQ1X12+Q2X22+---+QnX§
0. Xn |
AHaJIOTUYHO, JJIs 3aTpaT Ha yIPaBJICHUE UMEEM
r, 0 0 0]y, ]
0 0 Of{lu
T 2 2
u ()Ru(t)=u, u, ... u =
19
0 0 0 rlu, (19)

2 2 2
=nu, +LuU, +...+1r.u,

[Ipeanonoxum, 4YTO BHYTPM IE€PBOIO M BTOPOrO  HMHTErPAJOB  COXPAHSIOTCA
IMPpONMOPHUOHATIBHBIC COOTHOICHU, T.€.
2 2

_ 1max . _
i = | Qu V=] | s

nim

q; =FRay =Fa,; r; =U;n;=U;n

||
2 2
leax . u1max
F=| 2 U= e

Xi max

(20)

jmax

Bommonnenue cootrnomenus (20) oOGecrnieyuT cCOXpaHEHHUE PAaBHOTO B3BELIEHHOTO BKIIAJa
OTJENbHBIX OTKIOHEHUH.

OpHako MBI OTKaXXEMCSl OT IPUHUMAEMOro OObIYHO IMOJIOKEHHS O TOM, YTO CyMMAapHBIH
BKJIaJ] MAaKCUMAJIbHO JIOMYCTHUMBIX OTKJIOHEHHH (Da30BBIX KOOPAWHAT JOKEH MPUOIU3UTENHHO
paBHATBCA CYMMapHOMY BKJaJly MaKCHUMallbHO JIOIIYCTUMBIX OTKJIOHEHHH CHTHaJIOB
yrnpasneHus. ONTUManbHOE KOMIIPOMHCCHOE pelleHre Oy/ieM UcKaTh B cooTBeTcTBUU ¢ (13) —
(15).

Tenepp BecoBOE€ COOTHOLICHME MEXAy 3aTpaTaMM Ha YIpaBlIeHME M ITpadamu 3a
OTKJIOHEHHS ()a30BBIX KOOPAUHAT OyeM ONpeesaTh Yepe3 mocTpoeHue tuuuid pponta Ilapero.
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JUJis 3TOrO MCHONb3yeM JOMOJHUTENBHOE MACIITAOMPOBAHUE G MEXAY ABYMS IpYIIaMH
BECOBBIX KOA(PPHUIIMEHTOB, a UMEHHO

q,=of. (21)
BennuunHa 6 cBsizaHa ¢ KOMIIPOMHUCCOM MEX/Ty 3aTpaTaMH Ha yIPaBJICHUE U JOMYCTHMBIMH
OTKJIOHEHUSIMH (Da30BBIX KOOPIAHHAT
Torna ¢ yuerom (18) u (19) umeem cienyromue BeipakeHus 111 uHTErpasion (16) u (17)

J(u)== j[qlx + X5 + . G, X n]dt_

I[Q1Xf + ,Fo X5 + ..t qunxj]dt _

t

(22)
fo + F, X5 +..+ an,f]dt.

ty

B (22) BBIPpAXKCHHUC 1101 MHTCIpaioM HEIUKOM OIPCACIIACTCA 3aJaHHbIMH TCXHUYCCKHUMHA
Tpe6OBaHI/IHMI/I K CUCTEMC

AHaJIOTHYHO UMEEM
2
J,(u) = Hru + ru2 +...+ rmum]dtz

[u +rUu +..+rU.u ]dt

(23)
j[uf +U,u, +...+Umur2n]dt :
ty

[Mpunsas kodddumment 11 = 1, momyqynm mo (21)

O,=0.

Torna HEeoOX0IUMO HCCHENOBaTh MOBEIEHHE ONTUMAIBbHOM CHUCTEMbl B COOTBETCTBHU C
npeoOpa3oBaHHBIMU ypaBHEHUsAIMU (22) u (23)

Ju=0c_ Hx + FyX; +...+ F x ]dt (24)
tk
J,(u)== Hu +U u2+ +U_ U ]dt

(25)
to

3,£[CCB o MHTEIPaJIOM CTOAT TOJBKO M3BECTHBIC U3 TEXHUYCCKOI'O 3aaHNs BEJIMYHNHBI

Hayka u oopaszosanne. MI'TVY um. H.D. baymana

115


http://technomag.bmstu.ru/

O4eBHIHO, YTO CHMIKEHUS OTKIOHEHUH MOJKHO JOCTH4Yb, YBEIMUYMBas 3aTpaThl Ha
ynpasieHue. 1 0KOHYaTeIbHOro BbIOOpa KOMIIPOMHMCCHOTO PELIEHUS CTPOSITCS 3aBUCUMOCTHU
MeXay unTerpanamu Ji u Jp. Ilpu 3ToM perraercst oObIYHASA 3a/1a4a CUHTE3a M0 00beTMHEHHOMY
KPUTEPHUIO KayecTBa, HA peIIeHHEe KOTOPOM HEe BIUSET pasliesieHue OOIIero KpuTepus Ha JBa.
[TockonbKy KOX(pGUIMEHT G UrpaeT pojib OTHOCHUTENBHOW CBSA3M MEXKIy 3aTpaTaMd Ha
ylpaBlieHUe W OTKJIOHEHHSIMHM, JJIs BBIOOpa CIEAYyeT pacCMOTPETb MOIUGPHUIIMPOBAHHBIC
uHrterpaisl (24) u (25):

1%
5 [xl2 T an,f]dt, (26)
tO

‘Tl(u) =

-
J,(u) =;I_uf +U,u; +...+Umu,i]dt

KOTOPBIC OTPAKAIOT PCAJIbHYIO KapTUHY IIEPEXOAHBIX ITPOLIECCOB B CUCTEME.

: (27)
t

IIpu sTomM BHYTpeHHHE KOI()PHUIIMEHTHI Fo,...F, ®u Ug,. ..Uy wurpaor poms
MacIITaOUPYIOUINX (PaKTOPOB BHYTPU KaXKIOTO U3 KPUTEPUEB.
[Tonyuyennas o (26) u (27) 3aBUCUMOCTb MEXKITY ] | 1 J, UMeeT XxapakTep, OKa3aHHBIA Ha

puc. 1.

J

o

)

1

~

Puc. 1. B3anmM03aBUCHUMOCTD KBaJIpATUYHBIX KPUTCPUCB \] 1 U ‘] 2 IIpHA U3MCHCHUHU BCIINYHNHBI G (CTpCJ’IKOﬁ

[OKa3aHO HAMpPaBJICHHE BO3PACTAHUS G )

[Tocneayromuii BEIOOp ONTUMAIBHOTO PEIICHHS OMMPAETCsl Ha METOAbl aHaiu3a (PpoHTa
[Tapeto. B nannHo# paboTe onTHUMaNbHOE pelieHrne ObUIO OMPEACNICHO MO OJHOMY M3 METOJIOB
Teopuu KoornepatuBHbIX Urp [31], a umenno, meroay Kamu- CmopoanHcku. McxonHble JaHHbBIE
JUIS TIPUMEHEHUS TOr0 MOAXO0/a K ONTHMHU3ALMY 33/1aBAJIUCh B BHUJIE MPENEIbHO JTOMYCTUMBIX

3HAYEHUH MO KaXKIOMY U3 KPUTEPHEB, 4 TAK)KE 3HAUYCHHUIN UICATbHON TOYKH.
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KauecTBeHHas kapTHHa IpeCTaBIEHA HA pUC. 2

-

J1

Puc.2. OnpeneneHue onTuManbHOro pemeHus no Kam- CMopoaAnHCKH:

| — uneanpHas Touka, d — mpemenbHO AOMyCTUMAs TOUKa, P — GponT Ilapeto, S — 0671aCTh MOMYCTUMBIX PEIICHHI,

K- onTuManbHOe peneHue.

6. Pe3ysibTaThl pacyeToB

B kauectBe npumepa ObLI1a BLI6paHa MOZCIIb YIPAaBIACMOTO ABUXXCHUA JICTATCIIBHOTO

armmaparta [20], B KoTopoii UCO0Ib3 TCA TUHAMHUYCCKUC KO3 HIUCHTHI a;;.
) ]

X'= AX + Bu,
u=[A8,],
(_aoo ) (_aoz ) (—6104 ) 0
A= (_a4o ) (_a42 ) (—8.44 ) 1
a40 a42 a44 0

!

(_alO +ay, * a4o) (_a12 + a1’2 * a4z) (al’Z * a44) (_all - a1,2) )

(—ap;)
(—ay)
Ays

(al'z *a43 - als) )

B=

x=[AV Aa A® Aw,], u=[AS,] x{dAV dAg  dA® dsz]
dt dt dt dt
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rae matpuilel A u B cootBeTcTByIOT 001Ieli 3aqade (1). Bektop ¢ha30BbIX MepeMEHHBIX COCTOUT

U3 OTKJIOHEHUH ckopoctu AV , yria ataku Aq, yriia HakjoHa Tpaektropun A® u yrioBoi

CKOpocTH A@®, , ONHOMEPHBIN BEKTOP yIpaBiieHUs U — OTKJIOHEHUE PYJIeH BBICOTHI.

Ha puc.3 [OCTPOCHA 3aBHCHMOCTh KBADATHYHBIX KPUTCPHEB J; H J o IS
PacCMOTPEHHOM TUIMOTETUYECKONW MOJEIH M BBIIMOJIHEHO OINPENEICHUE ONTUMAIBHOTO PEIICHUS
o Kosm- Cmopoauncku (Touka K)

4
I Bxﬂ]

e e e e S R s et
[y i gttt )t iy ot

oot Pl e My s . st ol it iy s i . i
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Puc. 3. 3aBucUMOCTb KBaIpaTUYHBIX KPUTEPUEB J 1 U J 2 st 3aga4m (28) (cTpenkoil moka3aHoO HalpaBIICHHE

yBenudyeHus koodduimenra o)

~

Jlnst HalieHHOW Toukd K ONTHUMalIbHOTO pEIieHUs] Mmapbl KPUTEPUEB Jl u J 2 TaJiee 1o

rpadUKy 3aBHCHMOCTH JHOGOr0 M3 KPUTEpHEB J; win \]20T napameTpa G OIpeneseTcs

TpebdyeMoe 3HaUCHHE ATOM BEJIMYHHBI, B paccMaTpuBaeMoM mpumepe 31o 6=0.6.

Pesynbrar MonenupoBaHHS 3aMKHYTOM CHUCTEMBI C ONTHMAalbHBIM YympasieHueM (11),
MOJIYYEHHBIM C HCIONb30BaHHeM BecoBbiXx Matpuil (20), (21), mist omHOM u3 (a30BbIX
KOOpJWHAT, a IMEHHO YTJIa aTaku o, Moka3aH Ha puc. 4. Tam e npuBeneH rpaduk U3MEHEHUs
yria aTakd MpPU HCIOJIb30BAHMM YIPABJIEHUS, PACCUUTAHHOTO MO COOTHOILIEHUIO BECOBBIX
KO PHUIHUEHTOB Omax. COOTBETCTBYIOUIME 3aBUCHUMOCTH JJISi M3MEHEHHS YIPaBIISIOLUINX

BO3JICHCTBUI MTOKAa3aHbl HA pUC. 5.
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HapeTo; Omax -~ MAKCUMAJIBHO JOIIYCTUMOC

. €

, PACCUUTAHHBIU 10 OITUMYMY
3HA4YCHUC I10 pUC. 3
MOXHO OTMETUTBH CEphE3HOE COKpAICHHWE 3aTpaT Ha YIPaBJICHUE IMPH HCIIOJIb30BAHUH

Puc. 5. 3aBucumocThb YIIpaBJIAKOMICTIO CUT'HAJIa OT BpEMCEHU JId 3aMKHyT0171 CUCTCEMBI C OIITUMAJIb HBIM

YIPABIEHUEM: Gpo — KOIPOHUIIHEHT.
OIITUMAJIBHOT'O PAaBHOBECHOI'O PCIICHUSA I10 Kamu- CMOpOI[I/IHCKI/I, IMOJIYYCHHOI'O Ha OCHOBAaHUU
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1.

i pa30BBIX KOOPAUHAT, T.€. IPU G

YIPaABIECHHUE U OTKJIOHEHU

Jlnst cpaBHEHUS Ha puc. 6 U puc. 7 Takke NMpHUBEICHBI 0a30BbIe PEIICHUs, TPAAULINOHHO
o, paj

MMOJIy4aCMBIC IMPU HUCIIOJIB30BAaHUU MPCAJIOKCHUA O PABHBIX BKJIAJAaX 3aTpaT Ha AJOIIOJHUTCIBHOC
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— PaBHOBECHBIU ITOAXO[

10

1

[Tapero;

Puc. 7. 3aBucHMOCTS YIPaBIISIOIIETO CUTHATA OT BPEMEHH I 3aMKHYTOM CHCTEMBI C ONITUMAaJIbHBIM
, PACCUMTAHHBIH 110 ONTHMYMY

YIPABJIEHUEM: Gpo — KOIPQULMEHT.
Hayka u o6pazoBanue. MI'TY um. H.O. baymana
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W3 puc.6 crnegyer, 4TO YXYALIEHUS 10 IEPEXOJHOMY IIPOLIECCY IPAKTHUYECKH HE
IIPOM30LLI0, HO MOJIYYEH B COOTBETCTBUHU C PUC. 7 BBIMTPBILI 110 3aTpaTaM Ha yIIpaBJICHHUE.

AHAIIOTUYHBIA TOJAXOA MOXET ObITh NPUMEHEH M K pPa3/eiCHUI0 Ha Mapbhl YacTHBIX
KPUTEPHEB BHYTPH BEKTOPHOTO KpPUTEpPHUS, CBSI3aHHOTO C OrPAaHMYCHUSMH Ha (a30BbIC
KOOpJMHATBI, a TaKXe, B CIy4yae NPUMEHEHUs MHOTOMEPHOIO YIpPaBJICHHUS IpPHU pa3ielieHun
OTJENbHBIX ympaBiaeHuil. Takum oOpa3om, OyJeT BBINOJHEH OTKa3 OT MPUHIHUIA PAaBHOTO
B3BEIICHHOTO BKJa/Ja OTICNbHBIX OTKJIOHEHHH (20) MU MHCTPYMEHT MOUCKA KOMIIPOMHCCHBIX

penieHuit ctaHeT 60s1ee THOKUM.

7. BbIBOJBI

[Tomyyena MeToauKa ONpeseseHus BECOBBIX KO3()(PULIMEHTOB B METO/I€ aHATUTHUECKOTO
KOHCTPYUPOBAHMsI ONTHUMAJIbHBIX PEryIsATOPOB, UCHOJb3YIOLIas nocrpoenue ¢ponra [lapero u
PaBHOBECHOI'O PELICHHs 10 OJHOMY M3 IOAXOIOB, B 4acTHOCTH, 1o Kamu- CMOpoauHCKH.
Bo03M0OKHO TaxkKe IPUMEHEHUE U IPYTUX TUIIOB PAaBHOBECHBIX pelieHuil. 1loydennoe pemenue
IIOKA3bIBACT NPEANIOYTECHUE 110 CPABHEHUIO C TPAaJULMOHHBIMU moaxonamu. Ilokasano
HaIlpaBJICHUE JAJbHEHIINX MCCICAOBAaHUM, CBA3aHHOE C OTKa30M OT IIPUHLMIIA PABHOIO

B3BCIICHHOI'O BKJIaJa OTACIIbHBIX OTKJIOHCHHIA.
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The article studies methods of determining weight coefficients, also called coefficients of
criteria importance in multiobjective optimization (MOO). It is assumed that these coefficients
indicate a degree of individual criteria influence on the final selection (final or summary assess-
ment): the more is coefficient, the greater is contribution of its corresponding criterion.

Today in the framework of modern information systems to support decision making for
various purposes a number of methods for determining relative importance of criteria has been
developed. Among those methods we can distinguish a utility method, method of weighted pow-
er average; weighted median; method of matching clustered rankings, method of paired compari-
son of importance, etc.

However, it should be noted that different techniques available for calculating weights
does not eliminate the main problem of multicriteria optimization namely, the inconsistency of
individual criteria. The basis for solving multicriteria problems is a fundamental principle of
multi-criteria selection i.e. Edgeworth - Pareto principle.

Despite a large number of methods to determine the weights, the task remains relevant not
only for reasons of evaluations subjectivity, but also because of the mathematical aspects. Today,
recognized is the fact that, for example, such a popular method as linear convolution of private
criteria, essentially, represents one of the heuristic approaches and, applying it, you can have got
not the best final choice. Carlin lemma reflects the limits of the method application.

The aim of this work is to offer one of the methods to calculate the weights applied to the
problem of dynamic system optimization, the quality of which is determined by the criterion of a
special type, namely integral quadratic quality criterion. The main challenge relates to the meth-
od of state space, which in the literature also is called the method of analytical design of optimal
controllers.

Despite the features of the problem, allowing us to obtain an analytical solution, it should
be recognized that this criterion is, essentially, another form of a convolution of individual crite-
ria. The problem to determine the weighting criteria in this quadratic convolution is still relevant
and one of the main problems of the method.
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The author traces the obvious connection between the interactive methods for finding Pare-
to-optimal solutions of the MOO problem and the classical method for analytical design of opti-
mal controllers (ADOC), in which decision-maker, essentially, specifies the same conditions:
assigns the weights of private optimality criteria; imposes restrictions on the values of private
optimality criteria; evaluates proposed MOO, using the system of alternatives. An important fea-
ture of interactive methods is that during optimization process the decision-makers' preferences
may change.

The article aims to link both approaches to the MOO problem. The expected advantage is
the combination of analytical solutions based on the formulas of ADOC method and overcoming
the criteria convolution shortcomings because of the difficult choice of weights. The novelty of
the article is that the obvious idea of finding relationships between the weights of criteria by cre-
ating an indifference curve (Pareto frontier) has been already used for the special type of quad-
ratic integral criteria rather than for non-linear convolution of criteria that have their drawbacks.

A modification of the quadratic criterion by breaking it into several components is made.
Splitting into two criteria, which allowed us to obtain a graphical interpretation on a plane in the
coordinates of the criterion describing the management costs and the criterion of the phase coor-
dinates of the control object turned to be convenient. Since the method is often used for stabiliza-
tion relative to the reference trajectory, representation of x and u as deviations of the phase coor-
dinates and management costs was visual.

The article abandoned a traditionally taken provision that the total contribution of the
maximum tolerated deviations of phase coordinates should be approximately equal to the total
contribution of the maximum tolerated deviations of the control signals. The optimal solution
was treated as a compromise and was in accordance with the Edgeworth - Pareto principle.

A weight ratio between the management costs and penalties for deviations of the phase co-
ordinates was determined through constructing the Pareto front lines and analysis of the Pareto
front. The optimal solution was determined according to theory of cooperative games. The
source data to apply this approach to the optimization were specified as maximum tolerated val-
ues for each of the criteria as well as for the values of an ideal point.

The obtained formulas and technique were applied to the synthesis of the aircraft move-
ment control. An optimal solution was determined according to Cayley - Smorodinskii approach.
Significantly reduced management costs were found through the specified optimal equilibrium
solution.

It is noted that a similar approach can be also applied to the separation of private criteria
into pairs within vector criterion related to restrictions on phase coordinates, as well as in the
case of multidimensional control with individual control divisions. Thus, there is a possibility for
renunciation of the principle of the equal weighted contribution of individual deviations, which
will make the search tool for compromise solutions more flexible.

Science & Education of the Bauman MSTU 126



http://technomag.bmstu.ru/en/

10.

11.

References

. Nogin V.D. Prinyatie reshenii pri mnogikh kriteriyakh [Decision-making in many criteria].

St. Petersburg, Yutas Publ., 2007. 104 p. (in Russian).

. Romanova I.K. The application of analytical methods to the study of Pareto - optimal control

systems. Nauka i obrazovanie MGTU im. N.E. Baumana = Science and Education of the
Bauman MSTU, 2014, no. 4, pp. 238-266. DOI: 10.7463/0414.0704897 (in Russian).

. Nogin V.D. Reducing the Pareto set based on set-point information. Iskusstvennyi intellekt i

prinyatie reshenii, 2010, no. 2, pp. 54-63. (English version of journal: Scientific and Tech-
nical Information Processing, 2011, vol. 38, iss. 6, pp. 435-439. DOI:
10.3103/S0147688211050078 ).

. Nogin V.D. The axiomatic approach to narrowing the set of Pareto: computational aspects.

International Journal “Information Theories & Applications”, 2013, vol. 20, no. 4, pp. 352-
359. (in Russian).

. Nogin V.D., Prasolov A.V. Multicriteria Evaluation of the Optimal Amount of the Import Du-

ty. Trudy Instituta Sistemnogo Analiza RAN = Proc. of Institute of Systems Analysis of Rus-
sian Academy of Sciences, 2013, vol. 63, no. 2, pp. 34-44. (in Russian).

. Nogin V.D. The limits of applicability of the axiomatic approach to narrowing the set of Pare-

to. International Journal “Information, Theories and Applications”, 2014, vol. 21, no. 3, pp.
275-282. (in Russian).

. Nogin V.D. Weighted sum scalarization in multicriteria optimization. Iskusstvennyi intellekt i

prinyatie reshenii, 2014, no. 4, pp. 73-82. (in Russian).

. Saltykov S.A. Experimental comparison of methods of weighted sum, utility theory and crite-

ria importance theory for the solution of multicriterial problems with score criteria.
Upravlenie bol'shimi sistemami: sbh. tr. = Large-scale Systems Control, 2010, iss. 29, pp. 16-
41. (in Russian).

. Shaposhnikov D.E., Kostina I.V. The use of the generalized logical criterion for approxima-

tion of the efficiency area in multiobjective optimization problems. Inzhenernyi vestnik Dona
= Engineering Journal of Don, 2014, no. 4. Available at:
http://ivdon.ru/ru/magazine/archive/n4y2014/2552 , accessed 01.03.2015. (in Russian).
Potapov D.K., Evstaf'eva V.V. On the methods of determining the weighting coefficient of
reliability of commercial banks. Sotsial'no-ekonomicheskoe polozhenie Rossii v novykh
geopoliticheskikh i finansovo-ekonomicheskikh usloviyakh: realii i perspektivy razvitiya: sb.
nauch. st. Vyp.5 [Socio-economic situation of Russia in the new geopolitical, financial and
economic conditions: Realities and Prospects for Development: collected scientific articles.
Iss. 5]. St. Petersburg, Institute of Business and Law Publ., 2008, pp. 191-195. Available at:
http://www.ibl.ru/konf/041208/60.pdf , accessed 01.03.2015. (in Russian).

Lukashevich N. S., Garanin D. A. The evaluation of investment attractiveness of the project
using the generalized indicator and reducing the degree of subjectivity. Nauchno-

Science & Education of the Bauman MSTU 127



http://technomag.bmstu.ru/en/
http://dx.doi.org/10.7463/0414.0704897
http://dx.doi.org/10.3103/S0147688211050078
http://ivdon.ru/ru/magazine/archive/n4y2014/2552
http://www.ibl.ru/konf/041208/60.pdf

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

tekhnicheskie vedomosti  Sankt-Peterburgskogo gosudarstvennogo politekhnicheskogo
universiteta. Ekonomicheskie nauki = St. Petersburg State Polytechnical University Journal.
Economics, 2013, vol. 2, no. 163, pp. 103-108. (in Russian).

Nekrest'yanova Yu.N. Opredelenie vesovykh koeffitsientov kriteriev effektivnosti investitsii
[Weighting of the criteria of efficiency investments]. Publishing house Education and Science
s.r.o.: website. Available at:

http://www.rusnauka.com/15_NPN_2013/Economics/8 139451.doc.htm , accessed
01.03.2015. (in Russian).

Postnikov V.M., Spiridonov S.B. Approach to calculation of weighting coefficients of ex-

perts’ rank assessments when selecting a development option for an information Ssystem.
Nauka i obrazovanie MGTU im. N.E. Baumana = Science and Education of the Bauman
MSTU, 2013, no. 8, pp. 395-412. DOI: 10.7463/0813.0580272 (in Russian).

Semenov A.O., Labutin A.N., Tarakanov D.V. Calculation Method of Preference Parameters
of Action Versions for Disaster Response on potentially dangerous objects. Vestnik
Ivanovskogo gosudarstvennogo energeticheskogo universiteta = Vestnik IGEU, 2012, no. 3,
pp. 51-54. (in Russian).

Yatsalo B.l., Gritsyuk S.V., Mirzeabasov O.A., Vasilevskaya M.V. Uncertainty treatment
within multicriteria decision analysis with the use of acceptability concept. Upravlenie
bol'shimi sistemami: sb. tr. = Large-scale Systems Control, 2011, iss. 32, pp. 5-30. (in
Russian).

Dmitriev M.G., Lomazov V.A. Estimation of the linear convolution sensitivity of particular
criteria during the expert determination of weight factors. Iskusstvennyi intellekt i prinyatie
reshenii, 2014, no. 1, pp. 52-56. (English version of journal: Scientific and Technical Infor-
mation Processing, 2014, vol. 41, iss. 6, pp. 400-403. DOI: 10.3103/S0147688214060033 ).
Kolesnikova S.I. Properties correct modification of method of paired comparisons.
Intellektual'nye sistemy = Intelligent systems, 2010, vol. 14, no. 1-4, pp. 183-202. (in Rus-
sian).

Protalinskii 1.0. Algorithmization of process of finding Pareto-optimal control for group of

mobile robots. “Nauka vchera, segodnya, zavtra”: sb. st. po mater. 5 Mezhdunarodnoi
nauchno-prakticheskoi konferentsii [“Science: yesterday, today, tomorrow”: collected articles
on proc. of the 5™ International scientific and practical conference], Russia, Novosibirsk, Oc-
tober 16, 2013. Novosibirsk, “SibAK” Publ., 2013, pp. 35-40. Available at:
http://sibac.info/10671 , accessed 01.03.2015. (in Russian).

Lobarev D.S. Multi-criteria dynamic problem with peer review. Molodoi uchenyi = The
young scientist, 2010, vol. 1, no. 11, pp. 32-37. (in Russian).

Romanova I.K. Upravlenie v tekhnicheskikh sistemakh. Ch.1 [Management of Engineering
Systems. Pt. 1]. Moscow, Bauman MSTU Publ., 2014. 120 p. (in Russian).

Backes A. A necessary optimality condition for the linear-quadratic DAE control problem.
Preprint no. 03-16. Humboldt University, Institute of Mathematics, Berlin, 2003. Available at:

Science & Education of the Bauman MSTU 128



http://technomag.bmstu.ru/en/
http://www.rusnauka.com/15_NPN_2013/Economics/8_139451.doc.htm
http://dx.doi.org/10.7463/0813.0580272
http://dx.doi.org/10.3103/S0147688214060033
http://sibac.info/10671

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

http://www?2.mathematik.hu-berlin.de/publ/pre/2003/p-list-03.html , accessed 01.03.2015. (in
Russian).

de la Pena D.M., Alamo T., Bemporad A., Camacho E.F. Feedback Min-Max Model Predic-
tive Control Based on a Quadratic Cost Function. Proceedings of the 2006 American Control
Conference, Minneapolis, Minnesota, USA, June 14-16, 2006. IEEE Publ., 2006. DOI.
10.1109/ACC.2006.1656443

Ho M., Shumway R., Ombao H. The State Space Approach to Modelling Dynamic Processes:
Applications in Neuroscience and Social Sciences. In: Walls T.A., Schafer J.L., eds. Models
for Intensive Longitudinal Data. Oxford University Press, 2006, pp. 148-171.

Adlakha V., Kowalski K. On the Quadratic Transportation Problem. Open Journal of Optimi-
zation, 2013, vol. 2, pp. 89-94. DOI: 10.4236/0jop.2013.23012

Bohner M., Wintz N. The Linear Quadratic Regulator on Time Scales. International Journal
of Difference Equations, 2010, vol. 5, no. 2, pp. 149-174.

Zanella F., Varagnolo D., Cenedese A., Pillonetto G., Schenato L. The convergence rate of
Newton-Raphson consensus optimization for quadratic cost functions. 2012 IEEE 51st Annu-
al Conference on Design and Control (CDC), 2012, pp. 5098-5103. DOI:
10.1109/CDC.2012.6426750

Tervo Kalevi. Human adaptive mechatronics methods for mobile working machines. Report
168. Helsinki University of Technology Control Engineering, 2010. 232 p.

Wiebke H., Tobias J. An experimental and analytical study of order constraints for single
machine scheduling with quadratic cost. Proc. of the 14th Workshop on Algorithm Engineer-
ing and Experiments (ALENEX). SIAM, 2012, pp. 103-117. DOI:
10.1137/1.9781611972924.11

Nori F., Frezza R. Linear Optimal Control Problems and Quadratic Cost Functions Estima-
tion. Proceedings of the 12th IEEE Mediterranean Conference on Control and Automation
(MED '04), June 6-9, 2004, Kusadasi, Turkey. 2004, art. no. 1099. Available at: http://med-
control.org/index_Conferences.php , accessed 01.03.2015.

Pauwels E., Henrion D., Lasserre J.-B. Inverse optimal control with polynomial optimization.
20 Mar 2014. Cornell University Library: website. Available at:
http://de.arxiv.org/abs/1403.5180v1 , accessed 01.03.2015.

Engwerda J. LQ Dynamic Optimization and Differential Games. John Wiley & Sons Ltd,
2005. 511 p.

Reddy P.V., Engwerda J.C. Necessary and Sufficient Conditions for Pareto Optimal Solutions
of Cooperative Differential Games. IEEE Transactions on Automatic Control, 2014, vol. 59,
no. 9, pp. 2536-2543. DOI: 10.1109/TAC.2014.2305933

Science & Education of the Bauman MSTU 129



http://technomag.bmstu.ru/en/
http://www2.mathematik.hu-berlin.de/publ/pre/2003/p-list-03.html
http://dx.doi.org/10.1109%2fACC.2006.1656443
http://dx.doi.org/10.4236/ojop.2013.23012
http://dx.doi.org/10.1109/CDC.2012.6426750
http://dx.doi.org/10.1137/1.9781611972924.11
http://med-control.org/index_Conferences.php
http://med-control.org/index_Conferences.php
http://de.arxiv.org/abs/1403.5180v1
http://epubs.siam.org/action/doSearch?ContribStored=Engwerda%2C+J
http://dx.doi.org/10.1109/TAC.2014.2305933

	T514141629

